


MATRICULATION ALGEBRA 

WITH NUME,]?OUS EXAMPLES 

For the use of Schools an6 Colleges 

Based o?7 the Neio Reflations of the Calcutta University 


KV 

lIAURI SANKAR DE, M.A., 

I'KOKc S--<\R 01' MATHKM.^TICS, (.KNfcKAI ASsEMW.y’s INSTITUTION 
iO ANIl IKI.IOW tH' TUB CALCUTTA UNlVBRSnY. 


Calcutta: 

C. AUDDY CO., BO?!)KSJ:LLERvS AND PUBLLi; 
, ss > 13, WELlitnCTOr Srh'EET. 



IINTED BY B. K. DASS AT THE ‘SVELIJNCrj ON rRINTHi^l WORKS, 
10, HALADIIAR BURDIIAN LANE, CALCUWVI^ 



DEFINITIONS AND SIGNS. ' 


3 


over the other with a line between. them, in the fqrm of a fraction. 
The result is caheA the quotient. 

Thus, a-^b and ^ both m^n that the nuii!^?er denoteoj^by a is 

to be divided by the number cfen^fted by If ^*=2, then 

a-^b or ’^=3. Also means'^ that the sum of th^'\numbers de- 

noted by a and b is to be divided by the difference of^the numbers 
denoted by c and d \ that, if tf = 8, ^=4, ^=5, and' <f/ = 2, then 
af-b __8 -1-4 _ I2_ • 

T-d~ 

Souietimes the symbol / is used to denote the operation of 
division Thus 8/5 — 8 -h 5 = [J. 

c 

14. Any collection of algebraical symbols (letters and figures), 
together with the signs, is called an algebraical expression, 
or briefly an expression. 

Thus, sob + ad—;^bc is an expression. 

15- The numerical value of an algebraical expression is the 
numlier found when a certain value is given to each letter, and he 
operations carried out as represented by the signs. It is worth 1 re 
remem leering .that if one of the quantities forming a produr o, 
the whole product is o, and that o divided by any quantii nicJi 
is not zero is o. 

16 ."^ The numerical values of the following expressions will 
illustrate the use of the p) 7 ‘incipal signs explained above. 

Ex. 1 . If d — 8, ^ — 4, c=3, ^=2, then the numerical value of 

(1) 4^4-3/^ = 4x8-1-3x4 = 324-12 = 44. 

(2) 6 rr 4 -cy^- 4 c = 6 X 8-H9X4-4 X3 = 48 4 - 36 - 12 = 84 - 

(3) 7 « - 3 /^ + 4 ^- 2//=7 x 8-3 X44-4X3-2 X2 = 56-- i2 4 ;i 2-4 

= 68-16=52. 

Ex. 2 . If rt=i, ^ = 2, c=3, //=4, c=o, then the value of 

(1) 6 ^^^:- 3 ^ 6 - 4 - 7 «^= 6 x i X3-3>^2X34-7 x i X 4 

= 18-184-28 = 28. 

(2) 6a^i4-3^c^-6^-2<2fl'^?=6xi X2X34-3X2X3X4-6X2 

-2x1 X 4x0=364-72- 12-0= 108- 12^1*;^ 

* ' T * * 

Ex. 3 . If « = 24, ^=8 .^c= 4, ^=6, then the value of^.^. 

(I) 9<^‘^^C 9x8x4x6 _i7l8^^g‘^ ■ 

^ ' 4a 4X24 96 
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. sa + 2 p .3>^24 + 2 x 8_72+2^^^.?^.. 

^ ' 5^p 5 X4-3 x6 20-18 2 

\ ,/ 

Exercise I. 

/ 

% 

1 . Uuy'^, ^ = 2 , ^:=4, d=Z, fir)d the numerical values of : — 

(l) sM. C (3) i^ic. . (3) jabc. (4) jz + ^b. 

( 5 ) 9l>-2(*’\-d, ( 6 ) ta-2b’~y. ( 7 ) ^c-^b. ( 8 ) 15^-2^^ 5^. 


2 . If a = I. ^= 2 . ^= 4 , find the values of • 


(i) ibc^2ad. 

(3) i 6 ac—‘^bc + ’^ad. 

( 5 ) 9 ac + — 4 !< 24 r - z^bc. 
( 7 ) ^’zc— 2 bc-cd+ /i^acd. 


(2) ab + bc + ^cd^ 

(4) 2bc-Y(->ad—2dc. 

( 6 ) yic—bc — cd-V/i^ad. 

(8) + 2 abd — bd — 2^1^^:. 


3 . If a = 24, ^= 8 , r= 4 , 4 ?*= 6 , ^=2, find the values of : — 


/ \ 


(2) 


( 6 ) 


1 ob - 2^' 

2rt^+ 3 ^^' 


4 £ 

( 7 ) 


, . rtc 


( 4 ) 


i8/>g 
3 c-d ' 




15 ^- 3 ^ 
4 (i- 3 ^ ' 


(8) I - 

4^ 


2('/ ' 




4 . If ^z = 6 . b=Sf ^= 4 ) ^==2, /=i, and ,^^==0, find the 

numerical values of the following expressions ; — 

(i) 3i-4a-6c-+-7d-h2e-4jr- ( 2 ) - 3 « + 2 ^ + 3 r- 2 c+/ 

( 3 ) ab + S^^-A^^^+S/A" ( 4 ) 

(5) — ^^^b ^ 2 ar+ 4 bc — abo (6) abed — 2bcde 4 - 2,cdef — 4dc/g. 

5 rt=3, ^ = 4, jir = 2,^=8, find the values of : — 


(I) 

( 3 ) 


(ibci.^ ^xy 

3:r T * 
%a-b ^ \ox-y 

X 4 -y a 


~y ^ ^ ^ ’ 

\ 2 ^g — 4 - 6 ^ 6a - 4 b 

\f / r 


5 .r-y 


2 x-y 4 ‘C 


, . 12XV C)(ib 

(2) — ' 4 . 

^ ^ a-y c 2 x 


( 4 ) 


i 8 «,r 4by 

a-\rb4-c a-b+c' 


6xy ^ 4bc 

^ ' X ^ ah y 

^ ^ 2x4-y 4 b-~ 4 a 


^ . Find the value of — 

b 

when ^ = 3 , 


+ 3^, 2 ab-c ^ad 
7 a a a 4- e^ 

e=$'a.nd d=o. 



signs; 5' 

17 . The riunibe#, Whe^ther positive or negative, prefixed to 
any algebraical qu'^ntity showing ho,w many times tha^ quantity 
is to be added to itself, is called its numerical coefdciOsi. 

Thus, in 3a, 3 is the numerical coefficient of a and 3^ means 
; in — *]ax^ — 7 iS the coefficient of ax, 

18 . If no number is expressed, the coefficient i'^ understood, 
being i ; thus a means \a\ab means iai>, 

19. The term literal Coef6.cient is sometimes applied to 
a coefficient which is represented by a letter or letters instead of 
a number. 

Thus, in a is the literal coefficient of b ; and in abc^ a may be 
termed the coefficient of bc^ or b the coefficient^ of or c the 
coefficient of ab. ^ 

20 When an,y quantity is multiplied by itselj number of 
times, the product is called a power of the quantity, and is briefly 
expressed by writing down the quantity, with. a. small figure above it 
to the riglu denoting the number of times it is repeated. 

Thus, instead of a x we write and is called the second 
power of a. Similarly, we write c? to denote and^z® is called 

the third power of and so on. 

21 The small figure of the above Art. in any case is called 
the index or exppnent of the corresponding power. 

Thus, in ii' the inffix is 3 ; in a? the exponent is 4 ; \A a** the 
exponent is «. ' ^ 

22 . When a quantity has no exponent, i 'is always understood ; 
thus, a = a\ and denotes that a is taken once as ^ factor, 

23 . The student must carefully notice the distinction oe?ween 

a coefficient and an exponent. ’ 

Thus, 3^1 means three, times a ; here 3 is a coefficient. But 
means a times a times a ; here 3 is an exporjnt. Xl^us, 3^=^+^+,^, 
but c^ — ay. ay a. . * , 

24 . The second power of Vz, written is often called the 
square of cz, or a sqimred ; the third power of zz, wrigtfen is often 
called the cube of or a cubedr\ the fourth power of zz, written 

is called a to the fourth.^ and so on. ^ 

25 . Those parts of an expression, which are connected by the 

signs + or -, are called itJi terms, and the expres.sion itself is said 
to be simple or compou];;^!, according as it contains oue or 
more terms. . • ' ' ^ ' 

.. Thus, 2ab and -5^®, are each simple quantities, and a^+2ab 
- is a compound quantity, whose terms are z?V and — 
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26 . A quantify of one term is called a monomial, of iwo 
terms, a Toinomial, of three, a trinomial, &r., and, generally of 
more than two terms, a multinomial. 

Thus, rt, ab^ a monbmial a-^^by a binomial \ 2a-^b -Cy a 
trinomialy and + 2/^ — 36 + qr/, a. muUinonital. 

27 . Those parts of an expression which are connected by 
Multiplication are called its factors. 

Thus, the factors of are a and those of ^ab are 5, a and b> 
those of - are - 3, ^ and by or, as we should rather say, — 3 
and b'^. Of course we might include i as a factor in each case ; 
thus, since the factors of tz- are 1 and a'-^j and so of 

the rest. 


Ey. 1. If a = 3 , b = 4y ^= 5 , <r/= 6 , the numerical values of 

(1) 3 ^‘^- 2 «^* 3 x 5--2 X 3 ^= 75 -S 4 = 2 i. 

( 2 ) 4^i' + 3^r/»--3(," = 4X3^ + 3X3“X4*‘-3X 5‘^=io^^ + 432“375 

= 54 o ~375 = * 65 . 


Ex. 2 . If a=iy b--=2y c^Sy then the values of 


(0 

V2) 


3 + r _ 2 + 3^_ 24-27__ 

"" 3 a _ 2 ?' 9 - s r 

a‘-^4-3ab-hac-h2b"’^- 2bc^ i^ + 3X i X2 + i X 3 + 2 X2‘^-2 X 2 X 3 
a + a''^- b“-i-2bc-c^ 1 +i^-2‘-^-f 2 X2 X3-3“ 

_ I + 6 + 3 4 ^-- 12 _ i 8 ~I 2 
~ 1 4- 1 ~ 4 + 12 - 9 “ 14- 13 “ i~ 


Exercise II. 


1 . If a = 3, b = 4, c— 5, rl=6, find the numerical values of 

(I) Sa-^b^ (2) 3a^«-\ (3) 7abV^. ( 4 ) 3^''^- + 4 ^‘V-. 

(5) + (6) 5.tW + 4a"r2?^. (7) 9^“ + 2aV-- 3rf2. 

2 . If rt— I, ^ = 3, r = 5, <f=o, find the values of 

(!) a-^ + 2b‘-^ 4-30^ + 40^^. (2) 3a*^ + 2^V~2<2V + 3<5V. 


( 3 ) a^- 3 a-c+ 3 ^^^^-^”‘ 
— r + 2bc 


(4) «■* — 4rt^/5 + — 4£z/r + 


( 5 ) 


b'^- 3 a 


( 9 \ 

y a^ + 3 a 


a'-^ + b'^ + c^ ‘ 
b 4 -^ 4-2 
3a^ + 5^-H-2r® 


(7) 

(10) 


56 ' + ^^-- ' 

4 ^^^ 4 " 
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3. Find the value of — 

when I, ^ = 3, r= 5 . 

4. Find Ih. V.U,. cf -yU , 

b-^-c a + d ’ 

when a= i, ^ = 2, 6 = 3, d— 6 , 

5. If -^■=i,j' = 2 , ::t= 3 , ;5 = 4, $^=6, find the values of 

- 4A'®j' + 6.r-:r* - -hs* 

q-p ' V* - + fiyV-^ - 472'" + ' 


(I) 


x+y 


(3) 


.r- + 2.t:y + + IT® 5:2 4 - ^^2 

_L <1. I -- ' - • ^ 


.r 


28 

w :^2 4.yir7J+^iIVJ 


y^rii 

24 


5 :+;^ 

16 




28. Brackets, (),<}»[ 1 ^.re employed to shew that all 
the quantities within them are to be treated as though forming but 
one quantity. 

Thus, a + {b + c) means that the sum of b and c is to be added to 
rt, and a-{b + c) means that the sum of b and c is to be taken from a. 
Again, a-’{b — c) is not the same 3 .S a — b-^c ; for, in this last both b 
and c are to be subtracted, whereas in the former it is the quantity, 

^ — which is to be subtracted, <'i(^ 4- ^r) means that the sum of 

b and c is to be multiplied by rtfl|Bpikewise {a’\-b){x~~y') means that 
the sum of a and b is to be multiplied by the difference of x and j/. 

Hence, if a — \^ b = 2f’) we have 

(i) a-i^-^=4~3 - I = 0, and <'^-(^-^) = 4-(3- i)=4- 2 = 2. 

(2} 4a--3^4-2£:= 16-94-2 = 9, and 

4 u:-( 3<5 + 2c)= i 6 -( 94 * 2 )= 16 - Ii=s5. 

(3) 2a 4 - < 5 -^:= 8 4 - 3- 1 = 10, 2(a + ^)-^=2.7- 1 = 14-1 = 13, 
and 2(a4-^-^:) = 2(4 4 -i 6 - i) = 2(7 — i) = 2 x6= 12. 

V 

29. Sometimes, instead of brackets, a line is used, called a 

vinculu m, and drawn above the quantities that are conne?:ted ; 
thus a - ^ ^ is the same as a — — c), 

I 

30. The line, which separates the numerator and denominator 
of a fraction, is also a species of "Jinculum^ corresponding, in fact, in ' 
Division to t*he bracket in Multiplication. 
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Thtfs, implies that the whole quantity a+^ + ^r is to be 
divided by V and might have been written i{a + d^c). 

SiX. 1 . If ^=4, r=5, d— 6 j ^*2, then the values of 
fi) (^ + 3)3-(^:+^^2^(8 + 4)®-($+6)^=i2.i2-ri.ii = i44-i2T=i23. 
(2) (rtr+/?) 3=(6 + 2)s=8.8.8«5i2. 

*■ (3) W^^“0’’=(8~4)‘’*(6-*2)*=4^'X4®=i6x64=io24. 

« 

Exercise III. 

1. If <*s=6, ^=4, ^=1, <^=3, ^=2, find the values of 

(i) a + ih-^c). (2) (3) 'ia-b-c-(L 

(4) za-h-{d-c\ (5) ^a~-{b-c-d\ (6) ga-(^b + 2c), 

(7) 2(<J4-i5 + ^-^. (8) (v) + 

2. If d: = 8 , < 5 = 4 , ^= 5 , d=6y e=2, find the values of 

(i) (b + d)(a-~c). (2) 4a{b^ + c% (3) + ^ + 

(4) (a + df{c 4 ^d)\ (5) {d + c+d)^ (6) {a + bf-{c+d)\ 

(7) 3^‘'<** + ^) + 2^(a8-rtr2). (8) + 

3. If if=io, ^ = 4, <r=3, find the numerical values of 

(i) 2^ + rt!-3^:. (2) 4 a + b-yi^c. (^) a + 2b-c+a — 2d + c^ 

4 . Find the value of 3<5(<22<54-^//®) — ^(<»^^ + ^:‘V), 

when a=S, ^=4, ^^==5, d= 6 , e=^2, 

5 . If rt=o, fi=2, £’=4, <f=6, find the values of 

( 1 ) 3a +/2^ - cY + - {2a + 3^5)} + 13^: - {2a + 3^)>2. 

(2) 3<5 + - ^ )‘^ + {33 - (2c - ^ )P - {33 - {2c - d)^, 

(3) ^J + (3 + c)3-.r/M(« + ^)* + (^- 


31. The square root of a quantity is that quantity wht. . 
square power is equal to the given quantity. ^ 

Thus, the square root of 9 is 3, since 3^=9 ; the square root^^d 
is cf', of 25 is 5. 

So also the cube, fourth, &c. root of, a quantity is that quantity 
.whose cubcy fourth, &c. power is equal to the given one. 

Thus, the cube root of 125 is'5, ^ince 5®== 125 ; the cube roof oi 
d^ \s a ^ of {a — 3 )® is (a - 3 ). ** 
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32 . The symbol used to denote a root is ^ (a corruption of r, . ’ 
the first letter of the word radix\ which, with the proper^ irffiex on 
the left side of it, iS set before the quantity whose root is .■expressed. 

Thus, ^3125 = 5, ^ &c 

The index, however, is generally omitted in denoting the ^square 
root ; thus ^/fl is written instead of i^a. 

Ex. 1 . Find the value of >J{yihc\ when i 5 = 3, ^=8. 

J{3abc)^ V^(3X 2x3x8)= ^/(9X i6) = 3X4=I2. 

Ex. 2 . Find the value of c b y) J{ac^i\ 
when ^ = 6, ^ = 5, ^=8. 

The Exp. = 8 V( 5 '- 3 * 8 ) + 5 v/( 5 “ + 3 . 8 )- v'(6.8+i) 

= 8 s/( 25 ~ 24 )jh 5 V'(^ 4 - 24 )-. v /(48 + f) 

= 8x yi + 5 \/ 49 -" ^^49 = 8 XI + 5x7-7 ==8 + 35-7 = 36. 
Ex. 3 . P'ind the value of 4 J(rt + /J + 2i: + ^) + 2 J{d~b) 

+ 3 V(26’ + 3^/- i), when « = o, /^ = 2, c — /\^ d=6. 

The Exp. = 4 \,'^(g + 2 + 8 + 6) + 2 »J {6 — 2) + 3 \/(8 + 18 — i) 

= 4 v/(i 6 ) + 2^4 + 3 -/( 25 ;= 4 X 4 + 2 X 2 + 3 xs 

= i6 + 4+i5«35- 

Exercise IV* 

1 . If «=4, <> = 5, c—gy d=2y find the values of 

(I) J{Sabc). {2) (3) J (4) ^{gc^). 

(5) by/{ad+2C’-i), ( 6 ) ^^{3ac + 2bd^2a + i)y (7) V{a{c-b)l 

2 . If <2=25, ^ = 9, r=4, rt?= I, find the values of * 

(i) iJa + 2 Jb + 3 Jc+4 Jd. (2) iJ{4dj+ fj(gb)+ V{2$d)» 

( 3 ) 3 n>'^^ + 2 >/(4^)-4 v'(9^)+ n/(i6^)^ 

(4) ^{Sa) + 2^3b)- Sf{2c) + 4^d. is) ^^a"“ 2 i 5 r 3 =* + 3V^-4V/f. 

(6) >ribc) + 3j{acd)-4V{b-d)+^Jid-d^y 

3. If <2=0, ^=2, c=4y d=6f find the values of 

(1) 2 s/id‘^b) 4 r 3 \J\Z^’\-2c— i)+4<\/(^ + ^ + 2^' + </). 

(2) 3^r(2^2^tf) + 2 + + 

4 . Find the value of yj + ~^~d^ 

when <3=2, ^=4, ^^=3, </=*5. 
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5 . If ^ = 2, = r=3, ^i?=4, find the numerical values of 

36rr‘f +^/^) I 

J 




33 . It is very necessary that the student should learn at once 
g-to distinguish between /er/;is arid factors. 

Thus, is a compound quantity of three 3^z, and 

; 3(rt + /^) “ is one of two terms only, 3 (/'z 4 - 3 ) and -t’, of which 
the former, 3(^2 + /^), consists of two factors,^ 3 and a + ^. the factor, 
<2 + /^, being itself a compound quantity of two terms ; and so also 
— IS a simple quantity or sinf^lc term, of tw'o factors, 3 
and (£2 + /;-r), of v'hich the latter is itself a compound quantity of 
three terms. 

Hence, terms are the^i'quantities which make up an expression 
by way of Addition or Subtraction.^ whereas factors, by way of 
M ulitplication. 

34 . Each of the letters which occur* in a product is called a 
dimension of the product, and the number of letters is called the 
degree of the product. 

Thus, a^h'^c or 22 x a x « x 3 x ^ x is said to be of six dimensions.^ 
or of the sixth degree, 

A numerical coefficient is not reckoned ; thus, and 
are both of six dimensions. 

35. An expression is said to be homogeneous when all its 
terms are of the same dimensions. 

Thus, yz^ + 4d^b — 7 abc IS /lomogcneous, for each term is of thre'e 
dimensions, but 3^2** + + 5 ^ 2 W^ is not homogC7ieous. 

36. Algebraical C|uantities are said to be like or unlike, 
according as they contain the same or differ eiit combinations of 
letters. 

Thus, a and 322, - ^CL^b and 7/z-^, and -d-bc., are pairs of like 
quantities ; c^ and a'-*, 3^2^ and — 722, 522^*^ and 522*-^^, of unlike 
quantities. 

37. The sign is used to denote that the less of two quantities 
is to ‘^oe taken from the greater, when it is not known which is 
the greater. 

Thus, a'^b denotes the difference between a and b. 

38. The sign stands for tfiien or therefore, and */ for 
since or because. 
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, . abc{a + d — c)-\- bed {b- ^rc — d^ 
ad{ci — d) + hc[b — c) 


II. SUBSTITUTIONS. • 

Ex. 1 . If a=4, ^=3, c=2^ ^=1, find the values of 
<i) ^d^bc\ 

^i) The Iilxp. = 5.42.3. 2^=1- X 16 x 3 x 8 = 3 x 4 x 3 x 8 = 288, 

<2) The Exp = 4 - 3 - 2 U + 3 - 2 ) + 3 - 2 -i( 3 t 2 -l) 

12) iheExp. 4.,(4_,)+3.2(3_2) 

• ~J.)_ 54 ^ 5 .ti> 2 i 4 =: '20 + 34 i 44 _ g 

4X3+6XI 12+6 18 j8 

Ex. 2 . If <'^=4, /^ = 3, ^=2, <y=i, find the values of 
* + a^ — ab'a -b) 4 - d\ ) 

2 ab d^c^ 


( 2 ) 


ab“ 4- ad — d *• ^4 i 

libd \(i + d){c - d ) ’ 


(1) The Exp. = 


4 - 4 - 3 '-' + 2 -'* 4^ ~ 4 . 3(4 - 3 ; 4 ^ 4 " + 3 “) 

4 4. iAziii- 4 (i^> + 9)_ 29 1^6-12 

16 24 164 16 24 

“9 , 4 __ 100 ^ 13 I ___ 9 ^ i 5 • 

16"^ 24 64 16 6 164612’ 


4.25 

64. 

,V 


<2) The Exp. = 


4 : 3 ! + 4. i'-* 
4 - 3- 1 


2 ^ - I *•* 4 - T _ 4 . 94 - 4.1 
( 4 ~+ 3 X 2 -*i) 12' 


47 I + i 
7 ~r' 


36+4 4 _ 40 4 _ 'o 4 _ 

12 ~7~i2 7” 3 7~2l'“"2l' 


Ex. 3 . If a=5 , i=2, f=3, find the value of 

s/(2<** - - ^) + V (3f® - 2^® + 2 C) + - 5)). 

The Exp.= .^/{n/(2.5®-3.2®-2)+ J(3.3®-2.2® + 2.3).{- ■«/'(5.2.3- 5)} 
- ^/{x/( 5 o-^ 2 - 2 )+ >/'(27-8+6)+ s/( 3 o- 5 )} 

= n/U/( 5 o- 14)+ V'( 33 - 8 )+ ^/(2S)} 

= ^/( 36 )+ n'( 2 S)+ ■/( 25 ))= n/K’ + S + 5}= >/(iQ = 4 - 


Ex. 4. If = find the numerical value of 

3^-^+ { (t: 4^ + i) } • 
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The Exp.-= 3 .J.i + 


{(t. 


i , A , 

(y-i-i if \4W+^/J 


= J+(iX2+2X4)-(^xS) = i+(^+8)+i 
= i + 8 i - i = i + -V 3 = i + V * V - = 2 6 . 


Bx. 5. Shewthat(^ + ^:+^/)(^ + ^‘-^/)(<^ + ^-f:)(^: + ^-^) = 4^V- 

when ^ = 2, r=3, ^=4. 

The left side = (2+3 + 4)(2 4-3-4)(2+4-3)(3 + 4-2) = 9.i.3.5=:i35. 
The right side = 4 . 23 . 3 ®-< 4 ®-( 2 ^ + 3-)}2 = 4 - 4 - 9 “<i 6 -( 4 + 9 )P 

=*i44-'{i6'-i3>2=i44-3«=:i44-.9=i35. 


Exercise V. i 


1. If <2 = 3 , find the numerical values of 

3^ ; ; 3a^ ; {^af ; ^ + a; 3-a; 3/a, 


2. When .^ 5 = 2 , ^ = 3 , find the values of 

3’r^2y ; 3'^ -27 ; (3,r + 27)2 ; 3^3+272 ; (3.r)3 + (27)3 

3 . When <*=“ 9 , ^==3, find the values of 

- 3rt^a j a\a - 3d){a + 3d) ; a\a - d)^. 


4 . If .r=4,7 = 6, s'=8, ^ = 3, w=i, find the values of 
X ^ V , 22 2 z- 2 q , 2/4- 3W 3 p-x P , y 

^2; - ^ -- - rr— - - - -h ;: . 


(I) - + -+ x- 
' " 7 ir / 


37-25 3/-fw X 


( 3 ) 2 ;t- 3 y+ 4 ^-"^+--’^"“"-+='-^. ( 4 ) (£±i:KZz£). 

^ 2 px X y xy 


(e) ^y+ P ^+'^9 ' I pq2a-xy2+2 pq 

ps--xy -^wq 2 q — 2 px xyw' 

5. If ^= 0 , ^= 1 , ^7=2, ;ir= 3 , 7 = 4 , 5=5, find the value of 
rt® + 3d^d 4- 2d^c 4- l<tx^ 4- cxy 4- 3dyz, 


6. If <*= 4 , ^= 2 , ir=o, ;r= 5 , 7 = 3 , 5 = 1 , find the value of 

2cx - ^jr 5 + 2axy 4- 3dyz - e^ac. 

7 . If a = 5 , 3 = 2 , ir=i, find the values of 

, ^ (2iZ4-3)^X(2^?-2)*-^(<2-3)*X(3- i)- 

..... _ 

(« + 3)‘-*j. («^-3)' 2(«-h3)^ 

a3"^ «3» «-3 ad{d^y 
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, , (2a+^+f)» / a+t \» 5<*^.3f+i 

2 a 6 + 2 a- 6 ^ (a*- 6 i)‘ '*‘W-i) "i»-t +5 

/ \ « . .»Le . . a+aH+d^ a 

<4) «* + «^i^ + 2+ -^3. 

8 . Find the values of 


(0 


\oh 


a r+^ r » when iz=4, ir= c. 

8a-7^ iia~3^ ic-^a^ 5 

— -^+r’ '^=4- ^= 5 > 

(3) («* + ^*)(«-^)‘'*“^(ir-^)® + (ii~^r)S when ^1=4, ^=1, ^=3. 

(4) x(y’\-s)-\‘(x^-+y^+z^)'h(x+y + z)\ if jr=i,_y=2, 5'-=3. 
a^(d^ + c^ + ^d) ^ 2 a{c + 2d+2e) ^ drii(i-c) 

^5) -“ 7 ^ 7 ~ 7 ~ + le + ~ 7 ^r— • 

if ij=o, < 5 =^, t=i, ^f=^, «=i. 

{6) /v/(a + 2) + 4, when a =7. 

w v/f*-::?-?-’}. -■*. *->. 


( 8 ) 






sj{d^-\‘b-) s]{<^-b) 


-, when <7 = 4, b^^. 




(9) a - { ■>/(<»+ l) + 2} - ‘^^^^-4) ' = 

, . ab"Cd-\-d^ a-b-Vc , * , 

(10) — 1 — -j — -,^H -. — , when a = 2, b = 4, €^3. 

^ ^ab + cd-d^ a + b-c^ ’ 

sf {if+2i^ci ‘^=4* -^=5, e=9, rf=2. 

n/ -^= 5. ^=9, rf=2. 


9. If a=i, ^= 2 , ^= 3 , find the values of ^ 

(i) (3) a' + d* (3) <:<■•"’■. (4) 5“^* (5) 8i, 

+ 9 ^ 7 ^ + ,os 

d^-ab+b^' 3rta + ^a+^a- 


( 8 ) 


numerical 

(l) {d-{^-b-\-a)){{d+c)--{b+a)) and //*- (^* + ^“) + a® + 2(^^ -<»/). 


10. lf vi=i, b=2, c^3, </s=4, shew that the numerical values 
of the following are equal. ! 
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if 

^2) {(^ + 1) - (rf- rt)>* + {(t + rf ) - + {(-5 + ) - (C - 

■+(<i+f+rf-«)s and 4(a2+/>=+£=+rf®). 

(3) d'^ ’-{2d--c)c’^{2{d-c) + b\b-‘{2{d’-c-{'b)-‘a\(' -and 

{{d-a)--{c-b)\\ 

(4) {(a-^d) - (r - b)\{{(i + c+ d- b\{c - {d- a - b)){{b + c-\- d- a)} and 

^,-)2 _ {{a^^+,P) - {p + 

11 . Find the value of 2bh‘^ + 2c\i^-\-2d^b- — a*’-b^ — c*, 

when ii = 2, <5 = 3, iT- 5. 

12 . Find the value of — b^ — — '^abc\ 

when <2 = *05, <^ — •035, f= 01 5. 

13 . Find the -/alue of, when df=:*o5, / 5 =‘o 3 , ^ = *03 

L_ 4 . _* a.„ 

^2 4:72 j _ 7> • 

14 . What arc the numbers 3 and 4 called res]>ectively in 4<2® ? 

15 . Find the value of ^ ~ - 2. , when x = S> 

.r + I x — ^ X — 2 


CHAPTER II. 

SViMIK)LICAL EXPKKSSIONS AND NECiATIVp: (QUANTITIES. 

I. SYMBOLICAL EXPRESSIONS. 

39. The student who has already become familiar in Arithmetic, 
must carefully notice the following examples of the expression in 
Algebraic symbols. 

Since 4 Rupees = (i6 X4) annas, 

a Rupees = (16 X a) annas = I6^^ annas. 

Similarly ; a Rupees = i92« pi?s. 

Again, 240 annas = (240 16) Rupees 

* /, a annas = (a 16) Rupees =£f/i6 Rupees. 

X Rupees A-y annas »=( i6.t +j/) annas. 

If 2 be taken from 5 the result is 5-2, that is 3. 

So if be taken from x the result is x^-y. 

The number which is 3 greater than 5 is 5+3. 
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So the number which is 3 greater than x is 

5 oranges at 2 plje each, cost (5 X2) picc. 

X oranges . Ljy pice each cost {x xy) p]ce—xy pice. 

A man walking 6 miles an hour, walks (4 x 6) miles in 4 hours. 

Thus, he walks (.r x6) or 6x miles, in hours. 

Again, he walks 26 miles in hours. 

X 

he walks x miles in hours. 

6 

Exercise VI. 

I. . .By how much is .r greater than^ ? 

2 What is the number which is 5 less than x ? 

3. A has X Rupees, B has annas, and c has z pice ; how many 
,pice have they l)etvvcen them ? 

4. If jr be a whole number, what are the numbers next above 
and next below it ? 

5. Ram had v oranges, out of which he gave Jadu y ; how 
many oranges has Ram now ? 

6. Bepin has a marbles more than Sham, who has fi marbles ; 
how many mail)les has Bepin ? 

7. Express a Rupees (i) in annas, (ii) pies, (iii) fn pice, 

(iv) in quarter-rupees, (v) in two-anna pieces. • 

8 . Express d yards (i) in feet, (ii) in inches. 

9. Express /? inches (i) in feet, (ii) in yards. 

10. Each of a boys has x marbles ; how many maiibles have 

they altogether ? ' ^ ^ 

II. By how much is x greater than 13 ? 

12. By how much is 13 greater than x ? 

13. If I give 2 rupees to each boy, how many rupees do I give . 

to X boys ? How many pice do 1 ^ive them 1 * 

14. If a book costs a shillings, how many can I buy for five 
shillings ? How many for five pounds ? 

15. What is the total number of pies in a rupees and b annas ? 

16. What is the co«t of X maunds of sugar at y rupees per 
maund ? How many maunds for rupees ? 

17. If X rupees be equally divided amongst y boys, how mucli 
does each boy get ? 
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18 . If I walk a miles an hour, how far do I walk : 

(i) in 3 hours? (ii) in half-an-hour ? (lii) x hours ? 

19 . Express a square feet in square inches, 

20 . Two boys write an essay ; one writes x lines and a words 
in a line ; the other writes j' lines and d words in a line ; find the 
total number of words written between them. 

21 . Express in symbols the following ; — 

(1) The sum qf x and divided by s. 

(2) Five times the square of multiplied by x minus 

(3) Six times the cube of <2, diminished by the fourth power of 
jr, »and the whole multiplied by the square of c. 

(4) The square of a added to the cube of d divided by the 
excess of the sum of a and ^ over 

(5) The square of the sum of a and d multiplied by the differ- 
ence of c and d. 

22 . What is the coefficient of rv' in ? of in ? of 
in \abx^ ? of ^ in ax^y ? of x'^ in c^x^ ? 

23 . What does the expression a{b'\'C) denote ? 

2 i. What does 3a stand for ? And what does mean ? 

25 . Of how many dimensions does the expression (i) Jai^b^c 
consist ? (ii) 3r/<^V consist ? (iii) d^xy^ consist ? 

' II. NEGATIVE QUANTITIES. 

40 . Any quantity to which a + sign is prefixed is called a 
positive quantity, and any quantity to which a — sign is prefixed is 
called a negative quantity. 

41 . The expression 3-5 has no arithmetical meaning f. we 
cannot subtract 5 from 3. In Algebra, however, such an expression 
has a meaning quite intelligible. 

This idea may be made clearer by considering the following few 
examples. 

(i) If a man whose income ia /?r. ;oo, spends Rs.70^ he saves 
Rs.^o. But, on the other hand, if his income be Rs.70 and spends 
/^j.ioo, he incurs a debt of Rs.^p, 

‘ Thus, Rs, 100 - Rs. 70 + .^J.30, 

, and Rs. 7 o- 7 ?r.ioo= - A’j.30. , 

'iH 

(ii) If a man gains ^^.50 and then loses Aj. 30, his total is 
Rs.20. But, on the other hand, if he gains 30 and . then loses 
Rs. sOj the result of his trading is a /oss of Rs.20, 
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Thus, Rs, 50 - Rs.^o *» + 
and Rs.jo^Rs,so=r ^Rs,20* 

Moreover, if he loses Rs. 50 and then g^ins Rs. 30, the result 
of his trading is still a loss of Rs. 20. 

Thus, — Rs. 504* Rs. 30= -Rs. 20. 

(iii) If a man sells first 5 horses and then again 3 horses, he has 
B horses less than he had at first 

Thus, - 5 horses - 3 horses == - 8 horsey * 

(iv) If a man starting from a given place walks 100 yds. along a 
road, and then walks 30 yds. backwards, he will be 70 yds. from his 
starting place. But if he first walks 30 yds. and then 100 yds. back- 
wards, he will still be 70 yds. from his starting place, but on the 
opposite side of it. 

Thus, 100 yds.- 30 yds. = + 70 yds., 
and 30 yds. — 100 yds. = — 70 yds. 

, Hence, we see that + 70 and - 70 are the exact ot one 

another. In considering a man^s money -[-^^.30 means an increase.^ 
whilst 30 means an equal decrease; +70 yds. and -70 yds. 
means 70 yds. in opposite directions.^ and so on. 

(v) Again, in periods of time, if a date after A. D. be denoted 
by a number with a + sign prefixed, a date before B. C. will be 
denoted by a number with a — sign prefixed. 

Hence, using symbols, we have 

8« — 5^2=+ 3a; 5^2-8<2=-3«; 

— 8a — 5^2= — I3c2 ; —8^2-1- 5 <2= —3a. 

42. Graphical Illustrations. Take a straight line XOX' of 
unlimited length, and consider all distances measured to^the right 
, as positive, whilst all distances measured in the opposite direction.^ 
from right to left, as negative. 



Take OA4=A,Aa=AsA^=A,A4=; x along OX, 

and = x along OX^ 


Taking p as the starting point^n each case, 

OAg denotes +s;tr, whilst Oa^ denotes -Sjt, and so on. 
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Also A4A7 demotes +3.1% whilst A^A^ denotes - 3.r. 

Again, since OAr, denotes 5.r (5 spaces to the right\ 
and AgA, denotes — 2jr (2 spaces to the left) ; 

/, 5;*: — 2.r=OA3 = 3vr, (3 spaces to the right). 

Again, since denotes — 3.r (3 spaces to the left\ 

and ^pAj denotes d-y-i* (7 spaces to the right) ; 

- 3r + 7.r=OA^--=4.r, (4 spaces to the right). 

Again, since Ooq denotes — 6r (6 spaces to the Iejt\ 

and denotes +4r (4 spaces to the right) ; 

/, -6.r + 4.f =0^72= — 2,v (2 spaces to the left). 

Again, since* 0 ^j, denotes —31' (3 spaces to the left\ 

' and denotes ~ 5.1- (5 spaces to the left) ; 

/. -3,r~ 5i'=0/'7g= ~8.r (8 spaces to the left). 


Exercise VII. 

1 . If Ils.s loss is the unit, what is again of /ls.6o? 

2 . If lls.^ gain is the unit, what is the loss of Rs.60, and a gain 
of Rs 60 ? and a gain of A\r.40 ? 

f 

3 . If a debt of Rs.^o be represented by 10, what will an income 
of A*.?. 600 represent ? 

4 . A boy lost 40 marbles and afterwards won 25 ; how many 
did he (i) >vin (ii) lose altogether? 

5. A man walks East for 20 miles, then 35; miles due West and 
then East foi 30 miles. How far (i) East, (ii) West is he from the 
starting place ? 

6. A man said that he missed the 5 o’clock train by —15 
minutes. When did the train start ? 

7. If a mannd weight is '.00 heavy by - 5 seers, what is its 

actual weight ? 

% 

C. If a man - 10 years younger than another whose age is 
40 years, how old is he ? How old, if — 10 years older ? 

9 - -t If a foot measure is -3 inches too long-, what is its length? 

10 . A man has 15 cows in’ a field ; he drove away —25 cows ; 
bow many has he now in the field ? 
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Graphical Examples. 


Prove the following graphically, using squared paper : — 


t 5-3=2. 

4. -7 + 3= -4- 

7 . -3,r+5;r=2.r. 

10. - 7 ^ + 3 fl:=- 4 a. 


2. 8-3 = 5 * 

5 . 3 - 8 =- 5 . 

8. -3Jr-5^=.-8;t:. 

11 . ^€t — 7a—-2a. 


3 . 6-4 = 2; 

6 . - 2 - 3 =- 5 . 

9 . - sx+2x= -2x, 

12 . — ^a-\- $a = 2a. 


III. CHANGE OF THE ORDER OP TERMS. 

43 . When several Arithmetical quantities are connected to- 
gether by the signs -t- and — , the value of the restilt is the same in 
whatever order the terms are taken. (See Arith. Art. 57)^ This 
rule also holds good.for Algebraical quantities. 

Thus, = ; a-b=—b-Va\ 

• a-hb':~c^a--c-hb — b-ha-c^b-~c-\ra^’-c-\‘a’\-b^—c-\-b->ra. 

44 . Graphical Illusti’ations. Using the diagram of Art. 
42, and adopting the same convention as regards signs, dec. 



6,r — 7,t' -t- 4-r brings us first from O to A(. (6 spaces to the right), 
then from Ay to (7 spaces to the left), then from a, to Ag ^ spaces 
, to the right) ; 

/, 6,r-7,r-f-4;r = OA5=3.r (3 spaces to the right). 

Similarly, ^ 7 x brings us first from O to Ay (6 spaces), 

then from Ay to A^y (4 spaces), then from A jq to A3 (7 spaces to the 
left), (/. e.) to the same point as before ; • 

6.r + 4.r-7.;i:=OAg = 3.r (3 spaces to the right). 

Hence, bx- jx + ^x— 6 x -f- 4,r - 7 x. 

Again, -;i;-3;r-t-6jr brings us first from O to (t space to the 
left), then from to (3 spaces to the left), then from ^4 to A^ 
(6 spaces to the right) ; 

/, -;r:-3x+6:r=OAgar2jr, (2 spaces to the right). 
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Similarly, brings us first from O to Aq (6 spaces), then 

from A^, to Ag (3 spaces to the left), then from^ Aj to Ag (i space to 
the left) ; 

6.r-3-r-jri=OAj = 2:tr (2 spaces to the right). 

Hence, -^-34r+6jr=s6A' — 3,v — ;r. 

45 . Any algebraical expression consisting of like terms may be 
simplified by collecting terms. 

Ex, Find the simplest form of 

6^7 + 3^ - + 3(r - 3 - 2rt! + 5^ - 5/2 - 6r +43. 

The Exp. = 6t7 - « - 2<2 - 5^1 + 3^ - + 4^ + 3r + 5^: - 6^: 

(collecting like terms) 

= 6tt — 8^ + 7^ — ^ 4* 8^ — 6^= — 2 a-¥(ib+ 2 C. 

Exercise VIII. 

Find the simple forms of the following expressions : — 

I. 12-8 + 7-5 + 3. 2. -8 + 4-9+6-10 + 2. 

3. 3^ - 6/2 + 4^7 - - 3^1. 4 . 6 ;r + 3.r - 9.r - 7;r + 5;r. 

5. 7«-2i5-3c-4ii + 5/5 + 4 r+ 2 a- 3 ^- 5 i:. 

6. 5 a® + 3a^ - 2^® - ab + 9^^ - 2 ab - 7^^ + 4<t:<^ - 

7. 3a® - 2a^ + 5<7 + a® + + 9^1® — 4^^® - 6 a + 2a^ - ja. 

8i ^x^y - 4jr® - ^xy^ - 6;r‘-^ + 2.rj® - 3-r - 5<i^® - 32-® + 6 + 22/® + Jx^, 

Graphical Examples. 

Prove the following graphically, using squared paper ; — 

1 - 5 -l‘ 3 - 4 =+ 2. 3 + 6-7 = 2. 3 . -i-2-4=-7. 

4 . -5+3-4= -6. 5 . -6-7 + 3= -10. 6 . -7 + 3 + 4 =o- 

7 . -2+3-4 + 5-6 + 4=-o. 8. i -2 + 3-4 + 5 -6« -3. 

9 . 3;r + 4:r-9;r= 10. - 3 .r- 4 .r + 7:^=0. 

II. -7.r + 5;r+;r= -.JT. 12. -^-3^- 5/2= -9/2. 

13. 3a+4fl-6rt=^j. “ 14. -7«+4fl-3a= -6tf. 

15. — 9 ir+ 8 :r + 62 r- 72 r=s - 3 :r. 16. - 8 a+ 6 rt- 3<2 + 5 a««o. 

«• 

IV. STJBSTITVTIOHS. 

46 . Hitherto we have considered the numerical value of every 
expression to be a positive quantity, but the numerical value of an 
algebraical expression may be a negative quantity. 
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Ex. 1 . If ^1=2, ^=3, fs=4, find the numericah value of 

+ adc. 

The Exp. = 2.2.2.3 + 3. 3. 3.4 - 2.2.3.4 - 4.34.4 + 2-34 

= 24+108-48- 192 + 24= 156-240= -84. 

Ex. 2 . Find the value of 3^^ - 5-t>' + , when;r=i,j^=2,srss«3, 

2 2 “? 

The Exp. = 3.i.i -5.i.2 + ~-j=^=3- io + 6=9-»io= - i. 


Ex. 3. Find the values of 2,r^ — 52:- 10, when x has the values 
2, 3, 4, 5, 6. Tabulate the work. • 

When 


x = 

0 

I 

2 

3 

4 

5 

6 

2 X^ = 

0 

2 

8 

18 

32 

50 

72 

- 5 ,r = 

0 

-5 

- 10 

-15 

- 20 

-25 

-30 

- JO = 

- 10 

- 10 

- 10 

- 10 

- 10 

- TO 

- 10 

2;r®- 5;r- 10 = 

- 10 

‘-■11 

- 12 j 

-7 1 

2 j 

15 

32 


.% - 10, — 13, — 12, —7, 2, 15, 32 are the required valties. 


Exercise IX. 

1 . Find the value of 3<J-4a-6r+7;r + 2j, and of 3 fl^- 8 ( 5 r+ 2 Arj/, 

when rt=6, ^= 5, ^=4, ;r=3, 7=2. ■ 

2 . Find the value of -3«^-<*^^r+4<Jr-3ar, and of 4fl®^-93V 
\ 2 ^abc whena = 6, ^=5, ^=4, 

3 . Find the value of + + 

'A{abc-o^S% when «=i, ^ — 4> c^ 6 . 

4 . If «=2, ^=3, r=4, find the Values of 

(1 ) l7« - (« + ^ + 1:)} - {6/i +a(2a - ^ + 2c)}, 

(2) « - (^ + f - {3^1 - (2^ + rt - c)). 

(3) |4^+2f - x( 2 c- 33). 

5. Fine? the value of 6<z;r + 2i>^-f5r-(2^i:;r-3^+4£:2')-fjEr-a^, 
when a=o, ^= i, i:=2, ;r=8, 7 — 3 , 5r=*4. 
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6 . When 4, ^ = 3, find the values of 

(i) 3c^ — 4hc — ^ad-\-.3d^btd. (2) 1Lt)^C'^^a--ah4rcd. 

7. If a=iy ^ = 2, c = 3 , find the value of 

(ac - bd) st{a^bc + b'kd + c^ad - 2). 

8. Find the values of .r‘^-5jr+6, when x has the values o, i, 
2, 3, 4, 5. Tabulate the work. 

9. Find the values of i ia* -- 10, when .v’ has the values o, 
I, 1*5, 2, 3, 5‘5, 8. * Tabulate the work. 

10 . Prove that - 7.r + 1 2 =0, when ;r = 3 or 4. 

• 11 . Prove that 3;r^~26.r‘^ + 7i.r-6o = o, when 3 or 4. 

12 . Given 1^=4, /=io and ^^=32, find the value of 
' ( i ) 5 = {2) (3) ‘ 5 '= 


CHAPTER III. 

THE FUNDAMENTAL OPERATIONS. 

I. ADDITION. 

^ . . . 

47 . Addition is the process of collecting several quantities 

into a single term. This single term is called their sum. 

48 . The Addition of like quantities with like signs-will 
be obtained by addding the numerical coefficients, prefixing the 
common, sign and annexing the common letter or letters. 

Ex. 1. Add together 4^2:, 5<af. 

Here, we have to add 4 like things to 5 like things of the same 
kind, and the total is 9 of such things ; 

/. 4 ^r + 5 ^z = 92 : 

Similarly, 4u^ + 3d^b + 2 a^b 4 -d^b= I2(vb, 

px. i Add together — 2;i', — 5.r, -,r, -3X. 

Here, we have to take away successively 2, 5, i, 3 like things of 
the same kind, and the result is the same as taking away (2 + 54-1+3)* 
or n such things on the whole. 

Therefore the sum of — '2;ir, — 5.f, — .r, — 3;r=-ii£. 

Similarly, ( - dx^) + ( - 3^:*^) + ( - .r^).+ ( - gx^jy) = - igx'^v. 
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49. The Addition of like quantities with unlike signs' 
will be found by adding separately the positive and negative, coeffi- 
cients ; taking the difference of these two sums*, prefixing the sign 
of the greater and annexing the common letter or letters. 

Ex. 1. Add together 6^1 and -2a. 

Here, we have to take away 2 like things from 6 like things of 
the same kind. Now as the difference of 6 and 2 is 4, and the 
greater is positive, 4 

6 a - 2 a = da. 

i 

Ex. 2 . Find the sum of — i2^r, 4^c) -8^r, 

The sum of the coefficients of the positive terms =44-5 + 12. . 

negative =* 1 2 -f 8 *= 20. ^ 

The difference of these two sums is (20- 12) or 8, and .the sign 
of the greater is negative ; 

/, the required sum == -8^ 

Exercise X. 

Add together : — 


1. 

Sa, 7a, 3a, 6a, a, 2a. 

2. 

4X, 9 

X, sx, 6x, 

.r,=.r. ^ 

3 

6a0, ab, Zab, 311b. 

4 . 

yz-b, 

4!i^b, 6(vb. 

, C)d“b, d^b. 

5 . 

-2^, -7-r, -5.r, -9.1', -.r. 

6. 

- 3 « 

, - - I 

2a, -4a, 

7 . 

4ab, — 3ab. - 3ab, 6ab, ab. 

8. 

44 ^ - 

-S.r, -8,r, 

6r,. 3;t. 

9 . 

5a, - 3a, 6 li, ()a, - ya. 

10. 

ab, - 

-2ab, ^ab, 

-- 6ab. 

11. 

•~3abc, —2abc,3(ibc, \oabc. 

12. 

d^b\ 

- 5 ^ 7 /-, - 

6aH\ 4«V/^. 

13 . 

— - ^a~b'\ \od'b^, 6crb*, 

14 . 

I lab' 


0 

1 

15 . 

3abcd, —4abcd, ^yibcd, —loabcd, 6i 

ibcd. 




Find the value of 





16 . 

- 2aV + 

17 . 

— 2a 4- io<2 

4 - a -4a- 5(2. 

18 . 

2ax - ^ax — 7 ax + i oax -1- 4ax,. 


19 . 

3a^ + 4d^ - 

2>d^ + - yd^. 

£ 0 . 

7ys — 2yz — Sy^ — 6ys -4 3yz -h gyz - 

■6yz. 




50. The Addition of unlike quantities can be foftnd by 
writing the quantities one after the other and prefixing the proper 
sign to each. * ‘ 

Ex. Add together -3^, 2^. 

The sum = - 2a -h -- 3^ + 3^^. 



24 


MATRICULATION ALGEBRA. 


« Exercise XI. 

Find the sum of the following quantities : — 

^1 -3^ 5^*6^ -7ar. ?. -6A:y3, 

3. 4^^ ~5^^. 4. 2^2, "3(2®, 2(2®, 

6. - 3^^^, - 7 a^^\ - - sa\ 2 <)a^b. 


51. The Addition of quantities partly liko and partly 
unlike may be /ound by writing the like quantities so that they may 
fall conveniently in' the same column, and adding ||ch column 
separately by the preceding Rules and writing down ihefbthers with 
• their proper signs. 


c 


Ex. 1. Find 
5a -4^+3^* 

2a -33+ c 
a + 2 d — 
-3a+ 3 + 2^ 

' _l'i±3^_4£. 
Sa+3^-4^' 


the sum of 2a - 33 + <r, 23 - 3^: + a, - 3a and 

Here, re-arranging the expressions so that 
like terms may fall in the same vertical columns, 
tind then adding up each column separately, we 
have the sum = 5a + 33 - 4c. 


Ex. 

.72- 


2. Add together 3a® + 2ad\ 4a^ - 3a3®, - 8a*^ + 4a3''^, 5a® - 6a3® 
aLi 7a®4*3a32. 

1 - -.9 . ^ 


3a® + 2a3® 
4<2^ ~ 3a3® 
-8a® + 4a3® 
5a®-<5a3'^ 
f 7 a^ + 3a3® 
iia" 


Here, the algebraical sum of the terms in the 
first column is na®, and that Cyf the terms in the 
second column is zero. 

Hence the sum =ira®. 
t' 


Ex. 3. Find the sum of 2a + c+r/, ~3 + a + c, ~3a — 
and -2c + 2^-2c. 


2a C ^ 

a- b + ^ 

c- d 

-3« - e-f' 

-2C+2d- 2e 


Here, the terms are arranged in 
alphab'etical order and then each column 
is added separately. 

The sum= ~3 + 2(/-2c-/[ 


-3 +2^f-2g-/ * 

Ex. 4. Add together a®-23® + 3a3®, 5a®3 - a3® - 3a®, 8a® + 53®, 
•a®3 - 2a® ■k‘ai>^ and - 33® - 1 2a®3 - 6a®. 


a® / + 3 a 3 ®- 23 ® 

— 3a® + 5a®3 - a3® 

8a? + 53 ® 

* -2a®’+9a®3+a3* 
-6a®-<-i2a®3 -33® 

-'2a® + 2a®3 + 3a3® 


Here, the terms are arranged accord- 
ing to the descending powers of’ a and 
ascending powers of b. 

The sum = - 2a® -f 2a®3 + 3a3® . 
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52 . The Ri'le laid down in Art. 51 is only an illustration of the ; 
principle given in Art. 45. 

Ex. Add together x- 2 y + 32r, 3^ - 42- - 2X^ 3Jr - - 5 ;r + 2^. 

The sum=;r-2^+3jBr+3y-42'-2A'+3:«^“S5^-5/+;r+2j . 

- 2jr + 3.r + A- - 2J/ + 3 - 5 4 - 2J/ + 32r *r - 55r 
(re-arranging terms) 

= 3.r-2/-6sr (collecting like terms). 

Exercise XII. 

Add together ; — > 

1- 3^ +J'» 2.r + 2y, 4x -1- 3 j, + 2^, x + 4X -I- 6/. 

2. -4a + < 5 , -2<2 + 3 / 5 , + + ^a-^ 2 b, 

3 . a-b^ b — c-a. i. a-k-b-c^ b + c-a, c+a-b. 

5 . 2:2 -H 3^ - 4^", -3^ + 4 ^-^, 4 ^j: + 7 ^ + 7 <^» - 5a + 2^-,6^r. . ‘ 

6 . 7 ^“- 3 ^ + 4 i:~ 2 /fH- 7 , - 8« + 4 ^- 6 /:-l- 2 ^- H, 13^ + 3^- 5 f+ 4</-4 ' 

2 < 2 -"/ 5 +i:+ii andfl + 2//-3. 

7. ax-4by + ^cz^ iyzx-^by + 7csy - Sa;r-l- 7 ^/- i4C2r, 2ax -- by ^ cZy,‘ 

and — 1 1 «.r -H '^by - 4cs. 

8. 2fl^ + -1- 3^2, 3/^2 - 4^3 + 2<J®, 3 ^ 5 ^ -h 3^^ ~ 1 2 a^ - 14 ( 2 ^ - 7.. / 

and 3«®- I2(2^ + i 7<5^. t 

9 . 2 .r- 3 j|/ 4 - 42 '- 4 , A- + 2J/-32', -Vc^ 2 y-S^-^ 7 > 4 -^'-^+ 2 - 2 r- 3,. 

9.r - iqy -}- 1 15 r - 1 2 and -r +y -I- S’. 

10. 8rt^ + 3c^- 5c®, 7ab-2cd+(>c^y (^ab-^cd-ioc^y 7 ab- 2 cd 4 r^c^y 

6ab + 7cd- yc^ and yab - 3^:^+ 4^'®. 

11 . 20 jr® 20x'^y - 3 .rj/® + 1 4 _y®, — 1 7 ;ir® -H 1 4 .r®_y - 1 2 ;iry® - 3 ^®, 1 4 X^ + 

I yx'^y + 1 5jry- - - 1 2x^ — i y^x^y - i i^xy^ - 5^® and 1 2;tr‘’5y + 3 y\ 

12 . AT + ATj/ - sx^y^, 3^ + 3;rj/ - 4 ^!y®, 6 ;r + 7;rj -f- 1 ox^y\ 3;ir + 2 + 6 .r®_y*^ 

yx “ 6,r^ + 34: — bxy — 3:^^®, — 4:1: — ^xy — 5;ir yxy -1- 

x^y'^ and - 2;r - \oxy - Q.r^y**. • 

13 . / Zax -yby-V 3 y% ax^ + 2by- 7/, 9<zjr + 4^’ - 2, 7 + 3^.^ - 2^® ■+ 4 aXj, 

6ax^ — and 2hy + 3^ — 5. 

14. 2 x^ — 3 ^y — 4y®5 3 XS + 2^® - jsr®, ;r® — 2/sr + 5 ^r®, y^xy - 6 .rsr - 3^2, 3 ^sr 

- 2;2r®-f 5^s' and 4 j^®v“ 3>f‘3'+2jr®. 

15 . x^ - 3^Mr® + - a®, 4^'* »- - 1 5a®, + 4<!i.ar® + 2a®j?* 

+ “ 1 7x^ + 1 9«,r® - t $a^x 4 - 8«®, - 1 3^?;;*:® - 2 7fr.®:r 4- 1 8^® and 
gx^ - 1 2 a^x + 4 ax^ - 1 6a^, 
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>* 

^l 6 . 4 . 6iibcd, — + 6abcif^ Sc^d^ — -* 6i^b\ ax^ — 

4-5, - 6 4 ax"^ - 6 d^b^ 4- ‘labcd and - 6 c^d^ — 2ax^ + 1 yc^b'^ 4- 1'. 

17 . - 2 ab'^ — ac^ 4 d^b 4 20 ^ c 4 2abc^ — d^b 4 — zbc^ 4 2 ab*^ 4 2 abc 4 

^ 2 d^C'^Pc+t^-\‘ 2 abC'^ac^-\- 2 bc^ and — a® — — 

18/ I r 4 1 4 “"‘V - 7.r y ® 4 3 y^z 4 ,r^ — 2 x\y ~ 2 4 3 xy^ — yy”, 2 y^ — 

1 1 c"® — “^xyz 4 4 VJ?® 4 4 X-®, 1 - \yz^ 4 ^xyz 4 ^xy^ 4 3 ^^ and 1 22 r® 
— 1 2 x^y ~ xyz 4 2 — 3 ‘dz. 


63- When compound expressions, with brackets, areTo be added, 
it is p.iore convenient to retain the brackets. 

•r 

Ex Find the sum of 6(^5 4^) and 3 {a^b). 

Here^ taking a-\‘b as a single quantity we have 
♦ 6;r4 3-r=9.r, 

’* ■ /. 6(as4/^)43(^4^)— 9^/g4/d. 


64. When the numerical coefhcienjL& ttre fractions, they must be 
^vreated by the Rules of Fractions h^lfithmetic. 

Ex Add together ^4^^ ib\ - \d-\‘lab, ^ab--\d^ + la\ 




shd^ ■\‘ub — ^b^ 


Here, 

^4i-4i=j4S4j = v;=i. 
— i 4^ — ^ 4 t¥ — i\ = 

/Hence sum = ^^a^4^- lb'\ 


• BC) =vro* 


/ 


Exercise XIII. 


3. 


Add together :— 

A{n-b), 2 [a-b\ ^y{a-b). 


rj|. - 2 {a-b)x^^ A'A-d)x^. 

\ 4(^2+/-) + 2«^(.r^-/)-3, -2(;r^4j')-5^(^''~y)+4, 3(^®+y) 

^ - 2ab{x^^ -/) - 5, 4^ ) 4 - /') + 4, 

•" 3 (^^+>'^)-- 2 <a!^(j:^-y -)- 5 and 2 (x^ +y'^) - 5 ab(x^ -y^) + 5 , 

A, 6^-'2(sr— j/)a®43«®, ya + 3{x—y)d+4d, ^6a-‘6{x—y)d^6a\ 

y '/« 4 1 3 (r •-y)d - i oa\ - I oa 4 4 {x -y)d 4 i od^ 


and — 1 2 (.r —y)d — d. 


rS. + y- 6 * ixy-hwxy- 3 xy-ixy. ^ 

^ 6db+idb^ ^ ya^b 4“ ia*b\ 2db+idb^*~ia*b\ 

- gdb 4 rud^ - \db'^ and - \ldd 4 -jdxsdbK 
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— ani ^a-^+3 , 

9 + 4 r* + ^rS + 4 H=* + J;r, - 

and " ot ‘ ^ ^ ^ 

10 ga^b^+-i{a^-b‘*)+ ^a-aby \a b^-^}{a^-^5^)+ia-~abf 

+ ia-{- 2 ad £Lnd 


II. SUBTRACTION. 

T 

55 Subtraction bein^ tne re\eise of Addition, it isevid»M^ 
that to subtract alt,tbiiicil quantities, chafij^ the signs aj t«# 
gu intitics to bt sub/f acted ind then proceed as in Addition ^ 

Thus, if uc SLibtidct b Irom «, the result will be , bdt ‘'f 
take b-c fiom a flie icsult will be ^/cater than by c than the t 
since the quintity no\/ to be subti acted is tess by c thar^^'S^ 
•foimer case , hence the result will be a-b + c, which is tl 
the value of - c), so thit the quantities when subiafacAt^/ 
become -b, +6, respective!) 

58 We will further confirm the principle of the list Aiticle 
as follow s — 

(i) Since i^b + by if wc subti ict fiom dy the result u a- by 

the s mie as if we tcld — ^ to it , • 

(ii) Since a — a + b-by if we subtract from c, the lesult is 

the same is if \ e uid to it 

Thus, if i pel son possesses i Rupees and owes b Rupees, his 
mone) m hand may be expreS;>ed by +a Rupees and his debt by 
-b Rupees, so that he miy be oiid to possess -ha md Rupees, 
or in one sum, a-b Rupees Now if wc subtract or innul his debt, 
that IS take awiy his negative property, —b Rupees, he will possess 
the whole positive propeity, -{■a Rupees, the same as \t we ^/V^him 
+ ^ Rupees, to pay his debt with 

Hence, the following results are obvious — 

6a — 2a^4a , — 6r — 6^2 — ( — 2fl) = 8a , 

— 6« - ( — 2 a) = — 4 ^ 1 , 2 a — 6« « — 4 ^ 

Ex 1 Suhtr ict a + b from a—b 

The result ^a — b-(a + b)f=a — b — a-‘b!= — 2^ 

Ex 2 • What must be added to 2 a + b to make ? 

The icsult =: 2 a--( 2 a 4 -^)** 2 <a! — 2a — ^ 
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Exercise XIV. 

Subtract ; — 

1. 4a from 9«. 2. —4ad from ^Sa 3 . , 3 . from loa^. 

4. — 4xy from ycy. 5. - from 1 2b, 6. from - <^b, 

7 . -4<*frO!no. 8. 2^ + 5^ from o. 9 . from 

10. n from — <2. 11. ;r from o. 12. 20: — ^ from 3<2 — 3 ^. 

13 . - 2a from - 3^. 14 . ahc from 2hcd. 15 . - from - 3^^. 

16 . ^+^^fromrt. 17 . -<'^from 3<^r. 18 . -2<i:from —ytx, 

19 . a4-b from x —y, 20. 3^ — ^ + from 3« + b. 

What must be added to 

21. 3 y to make 2 x ? 22. to make 3^^ + ? 

23 . *• , ^' + ax + b to make 5;r® -ax? 24 . ^ f 2^ + .; to make a ? 

25 /' ' 7.r + 6 to make yx - 6 ? 


67 . Jn dealing with compound c.xpressions containing unlike 
♦2rms we may conveniently apply the following Rule. 

Rule. IVrt/e like quantifier under like quantities^ change the 
sign of all the quantifies to be subtracted and then proceed as in 
Addition. 


Ex. 1 . Subtract sx + 4y-’5x from ^x-^yy-^x. 

5^^ 4. 7^ -.go- The like terms are written in the same 


— 3.r — 4^+54? vertical column (the signs of all the terms 
'2x+Yy~^ lower line being changed) and each 

(by adiUnon). ' separately. 

Note. It is not necessary that the signs should be actually changed ; 
the change may be made mentally. 


Ex. 2 . F rom 5;r® - ^xy 4r 4 take - 4X^ - 3:1:^ + 'jy^. 

'iiX^-ycy4‘4y'^ Here, sx^-(-4x^)-S^^+^—9^^- 
-4y^-3^y±7y^ -34rj/-(-3.i7)= -3xy4-^^o. 


_ ( 4:7y) = 4y - 7 ^ = - ^ 


Ex. 3 . Subtract - 7 a^ + zb^- 20"^ from -3a^4-4ab^S^^- 



Here, - 3r*® + 7«* = 1 4^^ - o 4ab f 
- 5 ^ 2 - 3 ^®=. - 8 ^*; b4-2c^-=^2c^ 
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Exeroiae XV. 

From 

1. take + 2. take 5 a® -6a + 3. 

3. ^x^ - ycy +y take 4.r- + 4;irj - 2^. 

1. 5iM:-7^/ + ^2' take a;r + 2^/ — . • » 

5. 7^:® - 2;ir + 4 take 2.r® + 3a‘ - 1 . 6. 2a® - ^ take 4a® - 4a^ + 3^ ®. 

7. 4a® 5^® + 1 1 (.'® take 3a® - 23® — 8^® + 1 . • 

8. 4;r® - 2:1:®^ + 4,ry® + 3^® take 30:® + 4-'i''*ti' - ixy^ + Sjj'®. 

9. — 5a® +7a®3 — 3^3® + 63® lake 7a® — 4a®3 — 3^3® + 33®. 

10. 5a® - 7a®3 + 6a3® - 3® + 5 take 3a® + 4a®3 + 3 - 8a3® + 33®. 

11. 8a®~2a + 63®- 5a3-t-5i:®-33£‘4*2 take a®+a + 23'- + 2a3 + 3^® + 

33^: + 2 ; 5a®3 - 33® + ^xy take — 3a®3 - 53® + xy, * , 

12. 2;r® *“ 4.r®j/ — 3 + 6 - 2-;»r® — ^xy^ —14/® take 3.^® + 2:r®^ “yi"* 3^^ 

* + - I oji/® ; 3^:® - 2 rj/ + 4^® take 5:1* 4- 

13. 5^:® + 6.r^ - 4y^ - r 2xs - yy:; - 5/® take 2.r® - 3/® + 4;»r5' - S^r® + 6^5* 

- yxy ; 7;*:® 4- - 25-® take • 7.rjBr + 5;ir® ' 

14. 4a^ - 3a® - 2ah - 7a + 7 take a* — 2a® — 2a3 + ya - 7. 

15. 5a 4- 3^: -43 -7//- 4? take 4a + 73 -5^4- 6t:- 5^. 

16. 6^® - 9^® 4- 1 2pq take 6/® 4- 8^® - 1 opq and 5;>® - y^q 4- 2^®. 

17. ^®^® 4- 2 jr®y - 4.r/* take 4* 4^3®^® - 3.1^ V “ “‘*^‘** 

18. 3.;ir®4-2:rj/->'® take - x^--ycy4rZy^ and 3;r® 4- 4^^ - 5JK®. 

19. I - 2:r 4- 3.r® take yx^ - 4jr* 4- 3^ 4- 1 and - 4:r® 4- 3:r - 2;ir®. 

20. a*-2a®34-3a®3®-4a3®4'53‘ take 2a3®-3a®3®4-4a®3--5a*, and 

3a* — 2a®3 4- 6a®3® — 2a3® 4- 33*. • 

* 21. What must be added to /J® - ^2 4- 2pq - q^ to make /* - 4pq 4- 2^* ? 

22. What expression must be taken from 2a®-6a®34-4a*3®-2 to 

leave a® - 7a®3 - 4a®3® ? 

23. From 4a 4* S3 - ic take the sum of a - 3 4-^^, 2a 4- 23 - 5^:, -a-b-c 

and -3a 4-4^ 4-4^* ’ 

24. Subtract 5:r®-2JC4-6 from unity, and 2;p-3;r®-5 from zero, 

and add the results. * 

25. If K=s5a4-43-6r, X=* -•^a-()b+yc^ Fas2oa4-7^-5^» Z*i3a 

- s 34'9<:, calculate the value of V-{X4r Y)-^Z. {M. M. 1883,) 
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68. In the subtraction of compound expressions, with brackets^ 
retain the brackets, and of quantities with fractiojial coefficients, deal 
with the fractional coefficients as in Arithmetic. 

Ex. From + take 2 (a -- and 

from ^ r® take ixy + iad - 1 

(i) + (ii) l.ry--iad+lc^ 

2(a- \xy + ^nb - 


Exercise XVL 

r 

1. F rom 4a( x -y) + 5 (x^ -y^) take 5 {x^ -y^‘) 4* 2 a{x -y), 

2. , Take a\a -h) - (x 4- yW" 4- ^in - b) {x -y) fi om a^(a - b) 

+ 3 (^ “ -f) + (^r+yYA 

3. Subtract 4(a + b}“-2x(d‘^+b^)+x^{a + b) from 2 (a+b)^ 

-x(a^4‘b'')4-3x‘Ha4'b). 

4. Subtract fidbc — \ia“b + from j^abc+ la^b - 

5. F rom I + 5 d^b 4- 1. a^b^ take iA 4- ^ arb 4- :[ Ab‘\ 

6. Subtract *]aH%a - //) 4- 6 1 ^ 4- b'^) - 2ah{<v' - lA) from 

I t(Ab\a - h) - io.ry 4- h") 4- lah[a^ - 1^). 

7v Take liX^' 4- liX^ys 4- }iXy^x + i from ^^x'iy^ + ra^y^^r + f.xyh+i, 
. 8 .' ' From - \abc 4- ix^::- + ? - b) take 4- ^/ibc 

9. Subtract 3r?-p-h:iV from 2rt 4-^^- ^r. (c. E. 1875). 

III. BRACKETS. 

69 . We have already seen (Art. 28) that when two or more 
quantities are to be treated as a single quantity, they are frequently 
enclosed in brackets. 

60. Removal of brackets. Since ^jf4-(^-l-^:) means that the 
sum of b and c is to be added to we have, by the rule of addition, 
' a4r{b~\’C)^a'\’b-{'C. 

Similarly, a-^-ib-^c) means that to a we are to add b, diminished 

bye. 

Thus, a + ib-dj^a + b-^c. 

In like manner, a + b-c+(d-V-\‘/) = a + b-c + d-'e4^. 

Hence, the following Rule. 
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ftule. When an expression within brackets is preceded by the 
sign ( + ), si 77 tply remove the brackets, 

61 . Since a-{b-\-c) means that the sum of b and c is to be: 
taken from a, the result will be the same whether b and c are taken 
away separately or in one sum. Thus, by the rule of subtraction, 
we have 

a — (b-\-c) — a — b — c. 


Again, a~-{b-c) means that we are to take away the excess of 
b over c from a. If from a we take away we g^t a-b \ but by so 
doing we shall have taken away c too much, and must therefore 
add c\.o a-b (Art. 54). 

Thus, a — {b — c)~a — bAr c. 

In like manner, a — b — {c-\rd—e) = a — b — c — d-\-e, 

Jlence the follow ing Rule : — ^ 

Rule. WJl'u an expression within brackets is preceded by the 
sign ( - ), the brackets 7 nay be remoi/ed^ provided the signs of all the 
qiiantities within the brackets be changed. 

Bx. 1 . Trove, by removing the brackets, that 

{a + (sa - 2b) - {2a - 36') + 3 ^ - + 3^ - 4^) = - + loc. 

The given expression — a + b- 2b -2a + ^b + 4c 

= a — Sa + 3b — ^0 4-100= -ya-h loc. 

62 . A straight line, called a vinculum drawn over sevjeral 
quantities is equivalent to a bracket. (Art. 29). • 

Thus, a- 3b -^20 is the same as a-{3b + 2c). 


63 . In the case of a fraction with a numerator of more than 
one term, the line separating its numerator and denominator is 
also a species of vinculum — , drawn underneath and may beirernoved 
by the preceding Rules. 


Thus, 

Also 


5+-y-'^ = 5+^(3-^“4) = 5^ - 

5-^— = 5-^(3-tr-4)«S-y'+ 


4 
7 ■ 

4 

7 ’ 


Ex. 2 . Simplify the expression 

6.r-8 . io.r-5 I4ji---^ 

-y 

t>x 8 . io.ar 


^■1+12^5. 

2 s 


rp, . . b;r » I0.ar 5 

The given expression = — — -4* “J"— 


i4.r ^ 
7 7 


“3'''t^-4 + 2;r-i-2;r + 3-5'^-2ar-5 + 3±=3x-2. 
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Exercise XVII, 

Remove the brackets from the foIlowing|*and then reduce' the 
resulting expressions to their simplest forms 

1. + 2 . 3.r-(2:r-4^). , 3 . 

1 5 . ( 35 « + 4 ^)--(S<*- 7 ^). 6. 3 <*-(^+ 2 ^- 3 ^)‘ 

^ 

7 . 8. . 2 ;ir- 4 jr + 3 J'- 3 ^-^- 

9 . <i--r-( 2 .r-a)r( 2 "- 2 a) 4 -( 3 -- 2 r)-(T -r). 

10. (a^ — 2<j V -h 3ac^]' ~ (a^c — 2<2® + 2ac^) + (a^ - - «*£■). 

11 . ( 2 ra - 2 ^ - 8^) - ( 3 ^ + 2 r* - j?*) - ( 3 ^® - 2 ^ - x^), 

12 . (r« + + a^x) - ( j ;3 - +(^34- cz ^ + ) - (r* -/ + r«) 

^ + (or® + + C8^) - + c^s). 

13 . ( lor* - 2^ + 1 ^z) - (Syz - 7y® + •^‘^) - (6 ^ + ^yz - 9^®). 

11 ( 3 «-^+ 7 ^)-( 2 ^ + 3 ^) -( 5 (^- 4 ^)+(-rt + 30 ^ . 

15 . (7«® - + 3^®) - ( 1 7^1^ - 2 a ®3 + 1 5^) - ( - 1 5a® - 13^ + Sa®^). 

Prove the following by removing brackets : — 


n i£ziS+»r 4 .H^.^_,. 

17 , 

18, 6.y+8 ^ 27-»^-S4 12+4 2^_ _^. 

K 2 9 6 

19 . ( 4 a -23 + 5 ^)- 2 a- 3 ^ + 7 (r+ 9 <r+ 3 <J- 2 a 5 ss 4 ^- 07 i:. 

20. 9 «-“^+ - 2 a+ 33 - 6 a + 5^-a--3^ = o. 


61 ' When there are bracjkets within brackets, first remove the 
innermost bracket, then the next, and so on. 

Ex. 1 . Remove the bratkets from 

{ 3 a-^-( 3 i:-/f)l-l 2 a-(^ 4 - 2 f) + i/}. 

The given expression »={3« ^ }- {2a- 

= 3<2-5-3^ + ar- za’Vh^zc—d^a-c^ 

65 . ^ When there is a coefB.oient before a bracket, all the quan- 
tities within the bracket must be multiplied by that coej^iznL 

Ex. 2 . Simplify 4(1 4- 2a) - 2[3d! + 2(20 - (4a - i)l]. 

The given expression =* 4 + 8« - 2[3« 4- 3(24 - 4ii + 1}] 

**4+8a--2[3c+4a-8a+2] - \ 

a» 4 + 8a -6a -^8a + i6<i -- 4«toii. 
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Exercise XVIII. 

■JEkpress, removing brackets, in their simplest forms 
1 * 2a {6 -{a -2d)}. 2 . a - {2d - (2d + 3c) - a). 

3 . 7a-{^'-^{'2a + d)-(a-d)\. 1 3^-i^-‘(2x-y]-(X'+j^)}. 

6. - {d^ - c^) - {^2 - {c^ - a^)i + {c^ - {d^^ - a% t 

6. {2a^ --(sad- d^-)} - {a^ - Uad + 3^)} + {2d^- {a^ - a^)}. 

7. +y - ( 3 ;ir 2 ^ ^ 3 *^;^^)} - -.J®)}* 

9. 2a-{3a’^4(d-a)-2d\. 10 . 2a - 3{d - c) - 2{a - 2(d - c)). 

11 . 2x - 3{y + :::)} - 2{x - 3{x -jy)). 

12 . a-[sd-{a- {3c - 3d) + 2c-(a-2d- 1 :)}]. 

13 . 7 ^ “* -[3^ -2d + {{a + d)-(a- d))]. 

14 . {2a - {3d + c-2it^)]- {{2a - 3d) + {c^2(i)) + {2a -{3d + c)-2(i) 

-\{2a-3d-\‘C)-2d\. 

* 15 . 4(3^ -■*^) - 3 [ 7 « ~ 3 {( 2 ^ -d)- 2{d - a))]. 

Vl 6 . {m - n- {3x - 2jy)} - [3m 4-2n- {x + (w + 2 «) - (2j/ - x)]]. 

(M. M. 1890.) 

17. x-[a^A2a-{3a-'4a^))\ (M. M. 1889). 

18 . {3a - (d - 2^:)} - {2d - (c - a)} + {2d -[4a - a - a - 2d]}. 

19. 3a-2[3a -2{3a-2(3a-2a + d) 4 ’d\ + d]. 

20. 5^ - 3[2^ + 9 J' “ 2{3r - 2(;r - + ^ jy }]. 

‘^1- “ [77 - {2.r - (65: ~ 4^ - 3 > -^) 4. 4^ - (,r - 5 /+£)}]. 

22 . S'^ + L 3 ''^'~< 7 j'- 2 ^ + 3 j/- 2 ijK}- 6 ^]~[ 6 j/ + { 7 ,r-C 3 ^ + 4 ^) + 9 .>'} 

o + 5-^1 and then find the value of the resulting depression, 
when x=i^y — 2. 


66. Formation of brackets. It is often necessary not only 
to break up, or resolve, quantities contained in brackets, but also 
to form such ^quantities, that is, Ho take up in a bracket any given 
terms 9|. an expression. Now, in doing this, it should be noticed 
that, whatever term we choose to set as first term within the bracket, 
the sign of that term h%ve to be placed defore the bracket, 
and this sign )vill of '^course affect all the terms we may place 
within the bracket. • 

Thus, collected in af bracket with +a as first term,’* 

will be +{4? - 4! - ; but, with - ^ as first term, -(d-a + c\ and with 
- <r'>as first term, -{c-a +^]^. " 
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' So also we might use an inner bracket, and write the 
thus 

^r{{a-b)-c]^ox + or + or &c. 

Hence, the following Rules 

Buie (i) Quantities ca 7 i he enclosed within a bracket ^ preceded 
by the sipt ( -f ), 7 vithout chq^ging their signs. 

, Buie (ii) Quantities can be enclosed within a bracket^ preceded 
by the sign ( ~ ), provided the signs of all the quantities within the 
bracket be changed. '' 

Ex. + 5=^-f2^-4<: + 2//+^4-5] , 

~a-[ 2 b-{^c- 2 d-e- $}] 

■=a - [2b - Uc - (zd'te + s)f\ 

= « - [2^ - {4f- (2fl^+^+ O}]- 
‘t ^ 

67. Wlien any terms of a quantity contain some common 
factor, a bracket is often employed to collect the other factors, , 
considered as its literal coefficients, into one quantity, which is set 
before or after the common factor. 

Thus, we have seen already that 3.r 4-5.r-6.r=2,r, that is, 
= (3 + 5-6).v. 

In like manner, ax^bx-^x^ia^^b-^i^x. 

^ 2 a — e^ax 4- ^ay = 2 a{ i — 2.r + 3 j/). 

{a + 2b)x‘ - igb - c)x^ - (2c - a) x^={(a + 2b) - {2b -c)- {2c - a)}x^ 

— ( 2 a-c)x^. 

68. Conversely., when a bracket comes in this way before or 
after a single term as factor, it may be resolved after multiplying 
each term of the quantity within it by the common factor. 

Thus, a[b - .r) - (a - y)b = [ab - ax') - {ab - by) 

^ab-ax — ab-^by—by-ax^ -{ax~^by). 


Exerciae XIX. 

Place ihe following in a bracket preceded (i) by a positi^ sign, 
(ii) by,^ negative sign : — 

1. -3«r+5^-4r. 2. 2 -a + ^-c. 3. 2i?4-3^-4^-5. 

Express by brackets, keeping the terms in the order given, and 
taking them (i) in sets of two, (ii) in sets of three 

4. 3;r-2j/ + 5s' + ^i + 3^-2^. 5. 3e^- 3^ + 4<:-3^-^+ 5. 
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8. sy^r-*3^^-|s-j;4-3.r 9. -3r®-2y-5^®-<j + 23-3^, 

19 -llSl^' Sx|^s<« Examples 4-9 by biackets, m sets of three, with the 
^ Y second and third of each set enclosed in an inner bracket 

In fhe followings expressions brae ket like pow ers of x 

16 . ax^ - dx^ or® ^dx+ r r® - dx^ ex 

17. 4:r -f 5^;r« 4. 3^;r - ax. 

18. - 3:^"* + *. 2CX 4* 2,ax ^ + ^;r - 31® 

19 3^** - - 4adx^4- + 3'*^'' - 3al r® 

20 4^;r + 6r® + /i®;r®-334r®~2i - 5^1®. 
x\dd together — 

21. i+j, and + , 

22 {a4-c)t'^ - a - if)vy4‘{d-L)j'\ {d-'()x^ + 2{a-\-l))vj +(a- d)y\ 

and {a — $/f}x^ — (a — c) j^‘^ + (a-\-d)x^ 

(<I~2/5r®-21'‘4(26 - 3/)!', (rt + 2^).^® + (^-^)i-~ r, -(/>-«) i® 
+ i)t, and -:r’*4-3^i®- (ir-2r)r 

21 (a + fi)x+id + c)y and (rt — ^)t -(^ and subtiact the latter 

from the foinier 

25 From ar’ ^ 4* r take -^x^+rx, 

IV MULTIPLICATION. 

69 Multiplicat i consists in finding the sum of a numbei 
repeated any nurnhei oi times 

Thus, axd means a repe ited b limes 

= ^4/^+<2+ . continued ^ terms 

70 To prove that ax& = &xa, when a and b are positive 
integers. 

As a numeiical example, let a and h stand for 4 and 5^respectively. 

Then 4 x 5=*4 repeated 5 times 

= (i4-i4-i4-i)+(i + i-l-i4-i)+ . .. repeated 5 times 
= i+i+i+i 
4 - 1 + 1 4- 1^+ 1 
+ 1 + 1 4 1’+ 1 
4‘14-i + X + I 
• 4-14.14.1 + 1 
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'f f 

=(i + i4-i + i + i)+(i + i + i + i + i) + iep(i^^4 

(adding vertical columns) 

==5 + 5+. repeated 4 times 

= 5x4 

Hence, algebraically, axb^bxa 
* 

71 Ihe dehnition of Multiplication given m Art 69 does not 
hold good VI hen the quantities to be multiplied together are not 
positive whrle numbers It has to be modified. (See Arith, Art 269) 

Thus, to muhipl) 5 b} ■*, we do to 5 that operation which when 
done to unity gives 4 » that is, we divide 5 into 7 equal parts and 
take 3 such parts 

So algebiaicall), to multiply ci b) d in this sense, is to do to a 
that operation which has been done to unity to get d 

72 In this extended sense of multiplication the statement a/> 
^ba can be extended so as to include every case in whah a and b 
stand foi any quantities 

Hence, abc=:axbxc^(axb)xc — dxaxo-baLy 
=sbx{axc)^bxc xa^bca^ and so on 

Thus, as we have ahead) seen (Art 10) that factois can be 
multiplied in an) oidei without affecting the value of the lesult, but 
it IS usual to wiite the letters in alphabetical Older 

73 Rule of Indices cC^ ^axaxa, 1 - 

, r (b) definition) 

and a ^axaxaxaxa, J 

/, ci' xi 7 ^=axaxaxaxa xaxa xa (8 factors) 

(b) definition) = 

Similarly, a^xa^xa* = a xa^ — a^j and so on 

Hence the following Rule — 

Rule I he produtt of powers of the stxme quantity is obtained 
by addtne^ the tndia s of ihe powers 

* 

74 If w be a positive integer, a and b having any values what- 
ever, then 

\a + b)m — {a + b)’{-{a + b)^(a^b)+ 1 epeated m limes 

= a + ^+rt+ 1 epeated w times 1 

-1-^-1-^ + ^+ • 1 epeated in times J 

taken m times -f ^ taken times 
^avt-^bm 
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Ifdnc^, when m is a positwe integer, we have • 

i (a+d)?n = am’^dm (i) 

The above law being true for any positive value of w, it must 
also be true for any nee^ative value. For, suppose ;«= -,r, where ^ 
is any positive quantity. 

Then (^? + ^).( - -r) = -{{a+lf)x)— -(ax-^ 3 x\ by (i) 

= —ax-bx =n(-x) + b.{-'X) ; 

Hence, for all values of d and we have * 

{a-\‘b)m—am-\‘bm (2) 

In like manner, , 

b)-^ .. . repeated times 
= ^ repeated m times — ^ repeated m times * 

= am - hm. 

^ 75. R'fl.le of Signs. Let it be required to multiply <1-^ by 

c-d. 

Here, {a-b){c-d) — {a-b)r^ (writing ;r for c-d) 

= aA'-3'i, Art. 74 

=a{c- d)-b[c-d ) 

= (or - ad) - (be - bd ) 

— at — ad— bc-^bd. 

If on the ii^ht-hand side of this result, each teim be ronsidcied 
separateh, we find that 

( + ^1 X ( + r)= (+a) x(~</)= -a//, 

{-b)x{ + c)— -be, (-^)x(-^)a=i 4-^^. 

The results enable us to state the following Rule * — 

Rule. Libe stt^ns muittphed together give plus ( + ). 

Unlike signs multiplied together minus ( — ). 

Or shortly, lAke signs produce + and unlike 

76 The con\entionof signs for direction (Art. 42) enables us 
to illustrate more clearly the Rule of Signs, 

(i) To multiply +3 by +4'. this is arithmetically intelligible. 

( + 3)x( + 4)=+3 repeated 4 times, 

=(+3)+( + 3)+(-l^3)+( + 3 )=+i 2- 
So, in*algebra, (+«) x(4-^)=» +/i^. 
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(n) To multiply -3 by +4 ; this is arithmetiqally intelligible^^ ^ ^ 

( 3) X ( + 4)= “■3 repeated 4 times, 

«(- 3 ) + (- 3 )+(~ 3 ; + (- 3 )**-i 2 
So, in algebra, ( -“^) x( + ^)= 

(ill) To multipl> 4-3 by — 4 , this is meaningless in aiithmetic. 

Its algebiaic inleipietation is the fqjUowing — 

( + 3) X ( -“4)= + 3 repeated 4 times, tn the opposite direction^ 
= + 12, in the opposite dire^tion^ 

- = - 12 

So, in algebra, (^-^^)x(-^)= - ah 

(i\) To multiply —3 by —4 , tins is anthmetiralJy meinmgless. 

Its algebraic inteipietation is the follownit/ — 

(^3l^(“4)===" 3 icpcated 4 tunes, but in the opposite dinc/ion^ 
= — 12, t/iL oppo^iti dnctiiony 
= + 12 

So, in algebia, ( - ^7) x ( - 

77 # To illiisiiate the Rule of Signs, \\c shall add here a few 
examples in Substitution, wheie some of the s^mliols denote negatne 
quantities It mav easily be shewn b> lepeatcd applications of the 
Rule of Signs that an> odd powci of a negatue quantit) is negative^ 
and any even power of a negatne ciuantity \^p>o\it/v^ 

Ex. 1 If - I, ^ = 3, c- -2, find the value of - 6 a^hc\ 

Heie, - - 6 x ( - 1 x 3 x ( - 2)® We write down at onte, 

=--6xix3x-- 8 (-i/= + iand 

= 144. -2)’=-: 

Ex. 2 If a = o, ^=-1,7=2, find the value of 
{a-bf^-{b-cf-^{c-af, 

The given expression =(i)® + (-3;^H-(2)“« i + 94 ‘ 4 ®*£ 4 ; 

Ex. 3 . Find the ^alue of 

when ;r=4,^» I, ir = 3. 

The given expression = ( 16 + i)(3)® + i(~ 2)® + (-- 1)* 

**17 x^+i X -8 + 1 = 153-84- 1 « 146. 
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Exerciae XX. 

<*= -‘3, - 3, I, find the value o'* 

1, yic, 2. — 3. 4(3®^. i 

5 . 6. 7 . -aHc\ 8 

9 . <2*4-^*+^:*. 10 . ab’\-bc’\-ca 11 . 

12 . dr^rb'^'\-c^-“bL — ca-ah. 13 . + 3^V. 

If £* = 3, / 5 = - 2, o, </=2, hnd the value of* 

14 . b{a^rc)'¥c[a’^b)'>ra{c-b) 15 . 16 . 

17 . Find ihc value of {a -bf + {b’-c)^-\‘{a-'b){b-c)-^S^^'t 

when < 2 = I, - 2 , • 

18 . Find the value of (^a - 2>^)(a -b)- bi^a - ^(4^ -b)- b\a + c)}, 

when <2 = 0 . b= - i, ^ =4. 

19 . Find the value of 

(t) {ac- hd) sj{a^b( - b‘^cd-k’C^ad-2)^ when a— — i, ^ = 2, ir=3, d—o 

(2) 2>^ibc-^2bcd ¥{a^bc — brd+^), when <2~o, ^= 1 , r— — 2 , d- 2>' 

(3) '^hen r= 1*5, >/= - ‘4 

U) AV^ v\hen 1 = - 2,_y-= 3, ^2= -‘25. 

(5) 3f<2 + 2 t ‘^- 2 (<? + 2t)(^i-2i; + («-2ir)'‘*, when .1:= i, aqp - 2 . 

20 . Find the value of ^ when ;r = 2,^= -i. 

78 . To multiply two simple algebraical quantities. 

Hule. Multiply together respeUtvely the numcrual ^coefficients 
and letters and give to each letter In the product an mdex tqual 
to the SUM of the i?i dices that letter ha? tn the uparate factors; 
andkthen, if both the factor? have the same i^ign^ prefix to this product 
the sign 4-, tf dijfferent sig/?\, the sign — . 

Ex. 1. 3tzc: x2d=+3X2xax^x<;= (mb^ 

EXt 8 . X 4^^= - 5 X 4 X a® X b^^^— ~222!£!l 

Ifo. 3 . - "]d^bc X — yPlt^c'^ = 4. 7 X 3 X x ^ x = 2iaib'^c^. 

7v. When several cyiantities- are multiplied together, their 
product is called the continued ;groduot. ^ 

80. Tp find the continued product of several simple quantities, 
instead of multiplying them together successively by the above Rule, 
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it will be shorter to multiply them at once together, and then prefix 
to this product the sign 4 - or according as th^ number of negative 
factors IS even or odd. 

Sx. Find the continued product of 2 ^*^, — 

X : The work, however, may be done 

— + 30 ^^^^ shortly, thus 

Tims the complete product 'id^b x — x — ^ab^ 

IS 3 o^z‘>^L = + 2 X 3 X X 

Exercise XXI. 

Multiply . — 

1 . ya by 4 ^. 2. - 2a by 3 ^ . 3. - 3<7 by ~ 5 ^. 

4 by 2 ^^. 5 . ^a^x^hy 6. 3^3® by ~-a^b 

7. by - 2 ^^/. 8. - yi^b'^c* hy ^a'^b. 9. 9<iV>*by-23V. 

10 . - X 3 ;rV“c'®by“ 2 ryV. 11, axy^ by b\y. 12 i^hy—xy^. 

13. —abc by -^ac, 14. — acr by — 2 axf, 16. mx^hy —nx''. 

Multiply together 

10 . ^d^b, - 2 ab\ - 2 a^. 17. - 3 ^, - 3 c", - ad 

18. - 2a^, - ^arb, - 6a. 19. 3abc, Sa^b,- J^ar^y. 

20. 6;r j"', — 4;rj/, -* ()x*y^. 21. 2a^b^, — yab^. 

Write down the v^alues of 

22. (-4ry?^ 23 (~ 9 ^^) 2 . 24. ( 121 ^) 2 . 25. 

26. 27. {2x^yV)\ 28 i3^bc)K 29. (-sabc)''. 

30. {-^2a’'b)\ 31. (- 3 ^^^^*- 32 33. (-«P. 

34. [-‘ab)^y.(-aby^'<{-abf, 35 ^{bcfy,3{ucy'y.labc. 


81. We have {a- b ’\’dm = {:n +c)w, (uiiting x for a — b) 

^{a-b)m^rcvt^ 

^am — b7n-\-cfn. 

Hence, to multiply a compound expression by a single quantity 
;ve have the following Rule . — 

Rule. Multiply each tcr^n of the 7nultiplicand separately by the 
simple quantity beginning at the left. 
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Bx. Multiply by 2alr and + 

by -4«^. 

The process is generally conducted thus : — 

(i) 3jr®- 2;r^ 4-4y® (ii) -7^^ • 

6a\r^ - - 20 ^ + 280?^* 

Exercise XXII. • 

Multiply 

1. rt® + 3«^by4. 2. + by «:r. 3. 4-r + 37 by 6. 

4. a:t:^ + 3^®sr by -2/^. 5. c^b^ — b^c^\^yab. 6. 3!2;r + 2^ by -3a- 

7. - /ifX^y - 2y-*2: by - l^y^. 8. - by - 

9. -3<*^^4-2/*®^ + 7^^*by — 3a^<^, 10. -4+6a(5 + 4a’*^‘^ by — 

11. - xy + y^ by x. 12. - a,r + by - ax. 

13. X'-aX'-^bhy —abx. 14. ;r® — 3;^ V + S'f by — xy. 

15. a® + 4^*"^ ~ by - 16. aW^- 3<5i: + 2f:^by 5a®^V. 

Find the continued product of 

17. -3a^, 4at:, ‘-2b\ 2a^b. 18. ~2xj/, y, ~4,t*^_y. 

19. -3y^ 2.r-, 4.8-®, -5, -2xyV-*. 

20. -t-y, —xy::, c^b^, —yx^y^, — 2 a*x^, — 3 ^'^. 

Simplify the following ; — 

21. tb<?{2b^ - ibc - 4C-) - 86'3(2^« - ibc - 4^^’)* 

22. 2xj(3xr + 4/0 “ 3y\3‘^J' + 4y'')- 

23. .r®(2.r® — ax + a®) — ax'(2.r‘'^ — ax + a®) — 2X^ - ax 4- a^). 

<34. a2(a^ +2a®/)® + 4^') - '2.b\a‘^ + ^aH’^ + 4^*). 

25 . 4a( — a® + 2a®^ — ^®) + 8^( — a® + 2a^^ — ^®). 

82. Since [a + b)f/i = am+b?n, Art. 74 

We have (a f d)(t:4-<f)=a(^ + <f) + ^(^+^), (writing c + d for m} 
=aC'\- ad be bd. 

Similarly, it may be shewjn that 

(a'\‘b){c- d)^ac — ad+^c — bd ; 
(a^b){c-\-d)^ac-\-ad-bC'~bd ; 

(a - b){c — d)==ac-ad—bc'\‘bd. 
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83. Again, sTnce (a - ^ + c)m Art. Si 

" We have {a-b-\r c){x -j/ ) — a{x ^y) - b{x -» + c{x 
^ (writing x—y for m) 
=s{ax~-ay)‘^{bx~~by)’{‘{cx-“Cy) 
^ax-ay'-bx-k-by+cx-cy. 

Hence, to multiply one compound expression by another, we 
have the following Rule. 

r 

w 

Hule, Multiply each tcrm^ of the multiplicand by each term of 
the multiplier and add the several product together for the complete 
product. 


Ex. 1 . Multiply 2,r-5 by 3.r + 2. 

(2.V -5)(3-r + 2) = (2^ - 5)3x + {2x - 5)2 
— 6r'^ - 1 sx + 4x - I o 
= 6-r- - I i.r - 10. Ans. 


The operation is generally arranged thus 
2-r - 5 

Like terms are -i^x = product by 3.f 

Plaf edm^the same _ +4^-10 ^ product by 2. 

- i IX- 10^ whole product (by addition). 


Ex. 2 . 



Multiply 3^^ — 2 d^b - ab^ by 7 ab- 5^1 

3 ^^ — 2 d^b — ab^ 

yab - 

2 1 u*b - 1 

- 1 4- 1 + Sab* 

2 ia^b- 2 ()a^^ + ^a^b^ + 

Multiply 2x'^ - 5.r + 6 by 3.r® - 4ir - 3. 

2.r2 -5.^ + 6 



6.r* -l\x^ + 1 Sx'^ ^ = product by 

- ^x^ + 2o;r2 - 24;r =>*= product by - 4jr 

- 6 ,r 5 ' + i5.r- 18 -product by -3 

- *— . , .. — i — - f 

6.y^-23.r^4-32.r‘‘^- 9L^'•~l8 « whole product. 
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81 . A re-arranj^ement of the terms will bd found 'convenient 
when' the expressions are not arranged according to the powers 
{ascending or descending) of some common letter. 

Ex. 1 . Find the product of - 4^® and 5^® + 2^1® - 

- sad - 4d- 

20? — ab 4 - 

20^ — 6 (V‘b — Sa'^b^ 

- o^b4‘Sa^b^+4ab^ 

+ “ I 20^“* 

* 20 ^- ya^b -•iiab^ — 2 ob^ 

Exercise XXHL 

Multiply 

, 1 . .r-6by 4:4-13- 2 . .r + 5 by ,r + 3- . 3 . 4*4- 5 by 4r- 3 

1 . 4r-5by4:4-3. 5 . 2^z by a + 2^. 6. 5^?4-2/^by4ir4-3<^. 

7 . 2^ 4- 3 by <2 4- 3^. %, 2 a-bhy 9 . 34r4-2jby‘2.r4-3>'. 

.10. 3^ ^ -I- 4^"* by 2 <2^ — 3 1 1 .1 ® — 4^' 4-j/® by x +^. 

12 . 4r®4-3-'«^“2 by 4:4-3., 13 . 4:2-44:4-3 by 4: -2. 

11 , x^ 4- 2xy 4- 4^V^‘^ + by x - 2f. 16 . 24-*^ 4- 44:’-* 4- 84: 4- 1 6 by 3.r - 6. 

16 . 64'^ - 4^74' ’ - 3<?24' 4- 20^ b)' 3.r 4- 2a. 

17 . 54:"^ - 24 * 2 ;!/ - S^^y'‘ + 24 ;y" 4 - sy by 24: - 3 /. 

18 . 274:® 4- 9 ^'y 4- sxy 4-7® by 34: - 

19 . a* - 2a''b 4- 4a^b^ - 8 ab^ 4- 1 by 77 4- 2b, 

20. a* 4- a'^x^ 4- x‘^ by a? - x'^. 21. a 4- 2<^ - 3i: by <2 - 2^ 4- sc. 

82 . fl*+2« — 1 by a*— « + 1 and by a*— 3a - i. 

23. 4:® 4- 2ax 4- 3«® by x^ - 2^4: 4- a\ 

21 . 4:^ — ax ^ -f ah" — a* by x^ 4- 4- o '. . 

25. 24:^ — 34:® — 34.*® 4- 34: — I by 4:® - 34: — 3. 

26 . a* - 2 a'^b 4- sa^b^ - 2 ab^ 4- b* by a? + 2 ab 4- 

27. X'^ - ax 4 ‘ 2rt® by 4:® 4 - 3 ^ 4 * 4- 4^^^ 28 . 34:® - 24: - 5 by 24® - .r® 4- 3. 

89 . 9®’ ““ 3 ^^*!-^^ — 6 a^ 2^4-4 by 3 « 4 -^ 4 - 2 . • 

4 -a^ — 77£'4-^7r by « — ^ 4 -(r. 

31 . ii® 4 - 4^* -f 9^® + 271 ^ 4- "Sctc — 6 bc by ^ — 2^ - 3c. 

32. 54® - io.r^ 4- I24r - 8 by 54:=^ 4- 104:4-8. 

33 . a® - 2(1^ b 4“ 2a^® - ^ by 3^^ - 2ab 4- b\ 
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34 . ga^ + 4^® + - 3^^ - (yab by 3^1 + 2^ + ^ 

35 . yi^ + 5a” — 6^^** — 6t0^b + 7^* by ^a — 3/^. 

36 . aa® - 6 - 4^? + a® by 2rt - 3 + a®. 

37 . + 1 1 tf - 4rt''- - 24 by <2® + 5 4- 4<2. 

38 . + 2 iZ* + 2 « + T by rt’ ~ I + - 2 / 2 ®. 

39 . jr^- 2 .r® 4 - 3^“4 by 4 .r® + 3.^® 4 - 20: + i . 

40 . I - 2 .r + yc ^ - 4;r® by i + 2^1: 4 - 3.r® 4 - 4r®. 

41 . ab 4 - a: ^bd-\-id by ab - ac ~ bd 4* /r/Z. 

43. d^ — 2/2^ 4 - 4 - 1'® by /i® 4 - 2^3 4- ^® — ^:®. 

43. I --r 4 -.r®-.r® by I 4 -:r 4 -.f® 4 -.i^®. (c. K. 1859). 

Find the coefficient of .r"* and of .t® in the following products : — 

44. (a'® 4 - 6 .r® 4 - 8 .r - 8 )(.r® - 2.r 4- 4). 

45 . (3.r® - 7,r® - 8 .r - 9)(5.r® 4- 1 i-r® - 7.1* 4 8). 

46 . (8 1 a:* 4- 27.1 4- ycy'^ 4- y'*)( 3.^ -y). 


85 . The following Examples with their Solutions, illustrating 
the use of brackets in Multiplication, should be carefully noticed. 

Ex. 1. Multipl y .r 4- <2 by ;r 4- ^ and .r® - {a + b)x 4- ab by x 4* 

(i) X’\-a (ii) x'^ — {a’\-b)X’\-ah 

x-\-b Xj\-c 

. 4- ax x^ - \a + ^}.r® 4- abx 

4- 4- ^ 4- cx’'’- — {ac-V bc)x 4- abc 

A ns, x-^A-(a + b)x+ab .t® - lu_j- b ~ c)x^ 4- {a b - ac - bc)x 4- a bc 

^X. 2. Multiply .r® - ax^ -^bx — c hy .r® 4- mx 4- n. 

— ax^ + bx~‘C 
, x^’\-rnx + n 

x^— ax^^ + bx^ — cr® 

4- mx‘^ — arnx^ 4- bmx"^ - cinx 

■Vnx^ ~anx'^'\‘lnx — cn 

Ans. x^ - (rt - 7n)x* 4 - (^ - am + n)x^ -(c- bm 4 - an)x^^ - (tw - bn)x - cn 
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lizeroise XXXV. 

Multiply 

1, x-a\iyx-‘b. 2. by ;r+/5. x-\-ahy x^b, 

4. x'^ — ax+b by and by x^-^-ax-c. 

5. a + mx - nx^ by a - 2 mx + and by a- + 2«4.' - mx'^, 

0. + b)x + ab hy x-\-c^ an d by x^ - {a + b)x + ab. 

7. .r’’ + (m + n)x- + 2 mnx + i by ( /;/ + /2).r - i . 

8. — (a - p).v + --ap+q by X — a. 

9. I - ax 4- - cx^ by I 4- x - xK 10. ax^ -bx-^c by x^-x+ 1 . 

11. Find the coefficient of .v^in the product of , 

X* - ax^ + bx^ - cx + {f by x“ ^px + q. (c.K. 1885). 

12. Find the coefficient of x"^ in the following product : — 

( ax* + bx^ -t- c’x + ){ax‘ - bx + i ). 

• Find the continued product of 

13. ax - by^ ax + rj/, an d ax - ciy. 

14. 2x - w, 2.r + fis X + 2m and x-zn. 

15. X- + ax - Z/*^, + bx - a- and x - (a + b). 


86. When the coefficients are fractional, they should dealt 
with by the Rules of Fractions in Arithmetic. 

Ex. 1. X - ^,a-bx= -ix -ja-V/V. 

Ex. 2. 24 a(ia 2 + 4Z;^-- 5^fr) = 24 ax 5a” + 24 ax 

= 8a^ + I Sab'^ — i ^abc. 


Ex. 3. (-i,r - ly - . 5 ) X - - ixyh x |jf + 4,xy^r x 5_y 

+ 7,Xy^S X 5" 

M ultiply ia® 4- ia^ — by Ja 4- 


ia2 4-iaiJ- 

__ _ 


Ex 4. 
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Exercise XXV. 

Multiply 

1. - by ~ 3. V by ixh. 

3. by i. 

5. by 6. ~-i.r“^by 

» 7. 3 , 1 '^ + 2.try^ - by 8. + by I2;f. 

9- ia\v* — + y\ l^y ■” 5 

10 . + by and by - 2 / 2 *. 

Find the value of 


11 .' ^a^b^ X - ^(zb* X - 5 ^ 2 ^^. 12 . \ra'b- x - x 2a*. 

13 . j\x^ X - ix^y X - x ixj/ x - 

Multiply 

14 . rt® - + ib^ by 2 a-^ - 3^*. 15 . J .rj - by ix + 

16 . }a^ - tM + by ^a — 2b. 17 . « 4 - t by + 2a + }-. 

18 . K' + -Ir' - ir^ by Ivy + -h Irl 

19 . 3.V* - 2.r^’ + - ‘3 by ^x* + ix^ - 

20. i - ia + ia'-* + by l + ia ~ 


Continued product. A judicious choice of arrangement 
of the (jLiantities to be multiplied together always lessens the trouble 
of multiplication. 


Ex. Find the continued product of a - b, ^ and q* + b*. 

Here, instead of multiplying the quantities in the order as they 
stand, we first multiply a-b by a 4-^, and then the product by 
a^^rb'*^ and then by a* -v b*. Thus, 


(i) a-b 

d^ — ah 
^ab-b^ 
d^ ^ -b^ 


(ii) a^'-b^ 
n'^ + b^ 


a* - c^b'^ 
a* — 


(iii) a* — b* 
a *-¥b* 
a® — a*b* 
^a*b*-b^ 
flS -^8 Ans. 


Exercise XXVI. 

Multiply together ; — 

. 1. .ar, and d^—x^* 

3. x-if x+s, and x-3. 


2. 2x^+ax+a^, 2x-a, andx+a^ 

4. ;c4-^i x+b, and ^4-^. 
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5. + 1, a^^a + 1, and 1. 

6 . a-^ 2dj a-6y a-^d and a-\-2d, 

7. + — ah + h"^ and a* - a^b ’^ + 

8. 1* ^2 + 2, ^* + 3 and <*+4. 

Find the continued product of 

9 . X’\‘a^ x--a^ x-^2a^and x — 2a. 

0. mx 4- 2«y, nix — 2«y, mx — yny and nix + yiy. 

1 . x'^ — 2^^ — 2 xy 4 2/*, + 2y2, and ;r® + 2xy + 2 y^, (rj.M. 1 885.) 


88. Detached Coefficients. In such cases the coefficients 
nly are written down, and the powers of the symbols are understood 
ust as in Arithmetic the powers of 10 are understood in expressing 

number by digits in the ordinary system of Notation. If any 
ower 1)6 missing, o must be inserted as in Arithmetic. 

• Bx. 1 . Multiply — 2.r* + 4r+5 by.t‘~3, 

.r^~2.r‘^+4.r + 5 

I “2 +4 4 5 
6 712 -jj 

jf ^ — 5,1 ^ 4 t JX '^ — 7;r 1 ^ 

inserting the requisite powers of x in the last line. 

Ex. 2 . M ultipl y 3-r* - s^'^‘ + ^ '-’y 2.^'-^ - 4 4. 

3:1:^ 4 o.r^ — 5.1-’'' 4 o.r 4 6 
r 44 

6 40 - 10 4 o 4 12 

-9 - 0415 - 0-18 

412 4 o -20 4 o 424 

6.y^ — 9.;!:*^ 4 2:r* 4 1 5.r ^ x '^ — 1 8:r 4 24 

89 . Analogy between the Arithmetical and Algebraical methods 

mtiltiplication, '' • 

Multiply 425 by 23. 425 

•23 
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The above an abbreviated form of the fallowing : — 

4.io'-f-2.io +5 

2.10 +3 

8. 10^+4. 10'^ + 10.10 

10+15 

8. io^+ 16. 10^ + 1 6. 1 o + 1 5 
= 8.io^ + (i.io^ + 6.io^) + (i.io2 + 6.io)+(i.io+ 5) 

= 94io® + 7.io''‘ + 7.xo + 5 = 9775. 

If we now multiply 4.r''’ + 2jr + 5 by 2:1+3, the analogy between 
.the two methods is at once evident. Thus, 

. 4X‘^ + 2X +5 

2; r +3 

8x''+ 4.r'' + io:i: 

+ 1 + 6.r + 15 
8.r3+i6.r2+i6;ir + 15 


Exercise XXVII. 

Multiply (by the method of detached coefficients ) : — 

1. 3.r»-2.r+7 by 2jr-7. 2. 3 x^ + 4 x 4 -S by 4X--^, 

3 . - 3;r - 6 by - .r + 2. 4 . x^ - 2.r - 5 by + 2;r + 3. 

5 . 9a* - 6ad + 4^® by 3a + 2b. 6. x'^ + 2 xy + 4^® by ;r — 2 y, 

7 . 4.V® - 5:r® + 3^: - 1 by + 2;r - 4, and by 4.r® -3.^ + 2. 

8. 5.r* - x^ + 4.r® - 2,r + 3 by ;r® - 2 r + 3. 


V. IMPORTANT RESULTS IN MULTIPLICATION. 


90. The student should notice certain results in 
so as to be able to apply them when similar cases oc 
down at once the corresponding products. 

91. The Square of a Binomial. 


(I) 


a +^ 

+/; 

a‘^+ ab 
+ ab4-b'^ ^ 
d^^2ab4‘b^ 


( 2 ) a ^b 
a ~~b 


a»- ab 

- ab + b^ 

- 2ab + b^ 

T 


Thus, (i) (a+6)®c=a®+2a6 + &®. ( 2 ) (a-J>)®=a*-2a6+6*, 
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From the above products we learn that , 

(1) The square of^he sum of any quantities is equal to the 
sum 0/ their squares plus twice their product 

(2) The square of the difference of any two quantities is equal 
to the sum of their squares minus twice their product. 

Ex. 1. (x + 2 )'^^X'^ + 2 ,X, 2 -^ 2 ^mx^ + ^X+ 4 , 

Ex. 2 . (3£3 + 2^y‘^ = (3^)^ + 2.3^l.2^4*(2^)®«9^Z®+I2«^ + 4^®. 

Ex. 3 . (2;r -yY = { 2 xY - 2,2x.y +y^ = 4,r» - /[xy +yK 
Ex. 4 . {2ax — 2 ,byY =* { 2 axY - 2. 2a-r. + ( iby"^ 

= 4a V' - i2abxy + 

92 . The formulae + + and {a — bY=^a^-‘ 2 ab'{*b* 

may advantageously be applied in arithmetical work. » 

312* = (300 4-12)*= 90000 + 7200 + 1 44 « 97344. 

1 982 = (200 - 2 )* = 40000 - 800 + 4 = 39204. 
ioi‘3®=f 100+1*3)^— 10000+260+ r69e 10261*69. 

Exercise XXVIII. 

Write down the squares of : — 

1. x-\‘ 2 y. 2 . yc-y* 3 . Si? + 3 ^- S^^Sb- 

5. a^+b^, 6 . a’^-b^, 7 . 4 «<^ + 3 - 8 - 2 .r’+ 3 . 

9 . 5i*^ + 7. 10 . ab-'^cd, 11 . 2;r’* + i. '^ 12 . 32:-4j'. 

13 . 2a'* +3. 14 . 3 + 2A:. '- 15 . 2A'-3/. 16 . a'*-3a:r. 

17. bx'^-cxy. 18 . 2a^ + 5 r. 19 . i+ 2 a^r. 20 . 4 a^’- 3 ^*r. 

Without going through the operation of multiplication, find the 
square of : — « 

^1. 99. 22 . 85. 23. 7B. 24 . 105. 25 . 1004. 

26 . 999. 27. 1005. 28 . 500*3. 29 . 7*996. 30 . 99*97. 


93. The Square of a Multinoi|iial. Art. 91 ena\>les us, by 
using brackets, to find the square of an expression consisting of any 
number of terms. 


Ex. 1. (a+5+e)*={a + (^+i:)}^ (taking ^+r as one term) 
=a>+2a(i+c) + ((5+c)* bArt qi) 

« a* + 5* + c* 4^a5 + 2ac + 26 c 
■=a*+6*+c*+2a(6+c)+25c. 


M.A.— 4 
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Ex. 2. 0/-^ (taking ^ + as one term) 
=a»- 2 a(^+f) + (d+^)V ) 

=.a*- 2 «/>- 2 «c+i“ + 2 #<r+f“ } 

= a^+S^ + /:^-2a^'-^ac + 23c 
=a^ + 3^+c^-2a(3+c) + 23^. 


From the above results we lesftrj? that : — 

The square of a multinomial consisting of any number of terms 
is equal to the smn of the squares of each term of the multinomial 
plus twice the product of each term and the sum of all the terms that 
follow it^ trine mberinir the Rule of Signs. 

' Ex. 1 . ( 2 r® + 3^1: + I )*-* = ( 2-r‘^)- + (3 r)'^ + i ® + 2 2x^. 3,^ + 3 . 2 x^. i 4 - 2 . 3;iM 
=z 4.1'* 4. 9 ^ 5 ^ 4. 1 + 1 2 x^ 4 4.r^ 4 6 x 

= 4;i'4 4. 1 2;*:^ 4 1 3 x'-^ 4 6 ,r 4 I . 

Ex. 2 . ( 3 .r^- 2 .r 44 )®=( 3 ^‘‘‘)‘^ + ( 2 .r)^ 44 '‘-~ 2 . 3 :i'®( 2 .v- 4 )- 2 . 2 .r .4 
~ c ) x * 4 4 .V“ 4 1 6 - T 2 x ^ 4 24,v‘'^ - 1 6,r 
= 9;r*- I2.r^428;ir-- 16.1:4 16. . 


Exercise XXIX. 
Write down the squares of : — 

1. a-b-^c, 2, ;t:*43;r'4i. 

4 . 4 .rV- 3 .r- 5 . 5 . a^-^b^-c^, 

7 . 2 .r 3 - 3 Jt'- 4 . 8 . 2 4 3 .r~ 44 :“. 

10 . — 11 . i “ 3 -r 43 .r®-;r^ 


3 . 2 jr* 43 ^- 4 . 

6 . a^^ab^2b\ 

9 . a-\-b-c-~d. 

12 . a^^b^-^c^^-d'K 


91 The Product of the Sum and Difference of Two 
Quantities. 

< 24 ^ 

a^b 

ab 

Thus, (a 4 h){a h\ 

,^rom the above product, we learn that : — 

The product of the sum and difference of any two quantities 
^qual to the difference of their squares: 

Ex. 1. (3«42/J)(3/«-2(5)»v3«)*-(2<5)’*»9a2«4^2 
Ex. 2. ( 2ax 4 2 fiy){; 2 ax - ^by) = - {z^yf *« 4a V - 
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/ ^ 

95 * rht above formula + ' 

be employed in aiithmetical woik » i 

Ex 1 83 x 77 =.( 8 o + 3 X 8 o- 3 )-= 64 oo- 9 «= 639 I. ^ 

Ex 2 93 xio 7 = (iq- 7 )(io 4 ‘ 7 )“ 100 - 49=99 5 «. 

Exorcise ]!ICXX 

# 

Write dovMi the lolloviing pioducts 
1 (rt + i)(^-i) 2 3 X^ + 3 ) 3^{a+x)(a-:x:)* 

4 5 ( 3 ai + ^y 3 rtr-^) 6 ( 3 ^ + 5)(3-^"*5)* ' 

7 3«+5^X3^*"5^J 8 (a + 7^){a-7^) 9 

10 (51 - 4 <*)( 5 t +4<2) 11 12 

13 (4-^% + ^'’) 14: (12-70(124-7^) 15 ( 8 - 5 A )(8 + 5:r‘) 

16 {-a^7b)i a^7b) Vi {a^^-b M -b ) IS 

19 \ -d x^)(\-^(i X ) 20 (3^* 1 -W 3 ^--'^ 21 

22 (1 - ‘^)(l 4; i-X* 4 - 1 ) 23 (i +^)(i “■ 3)(^ + 9 ) 

24 U4-5) ? +2S) 25 (3 + 61 X 3 -^’TtX9 + 36^0 

a + b {a^b){i +b^ 27 t + 8)(a - 8 ) ^ 4 - 64 ) 

t3Jt+2^rX3t “-2a)(9;r^ + 4«0 29 (a^ + 4^ + 

Without peiforinin^ the actual multiplic ition, find the value of 


30 

999 X 

1001 

31 

98 X 102 

32 

205 X 195 

33 

II 5 |IO 

34 

I 95 X 

2 05 

35 

512 X488 

36 

20 06 X 19 94 

37 

305 x 295 

38 

121 X ] 

[19 

39 

20S X 1 92 

40 

9000 5 X 8999 




96 Extended Application of the Product of the Sum 

and Difference Ait 94 enables us, by usin«, brackets, to ftnd the 
product of the sum and difference of two expressions othei than 
binomials 

Ex 1 {a + b + o){a + b-L)=‘{{a+b)-\-c){{a + b)-c}, 

(taking a + ^ as ope term) 

= (a 4 - 5 )«-rS 

— a^ + 2ab-\-b^-c^ (Art 91 ) 

Ex 2 {a + (lb 4* b^}{a^ -ab + b-) = {{a^ 4 - b^) + ab}{(a^ 4 - O - 

= (a* + d*)**-(aO* 

+ 2a^b^ + b* — 
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Eac. 3. (a^^ax- x^){a^ -ax-‘ x^) =? {{a* - x^) + ax] {[a^ - x^] ax] 

=(tf»-^2)*-(<2;c)2 

* - Ztflr* +;i;* - a®;!:* 

Ex. 4. (« + 2^-3^-^(a-2^4-3^-^/) 

« {{^ T + (2^ - - (2^ - 3 ^^)} 

r=(a ’~df^(2b-yf 

^ ^{a^-^2ad^d'^)-{ji,b^-i2bc-\’()c^) (Art 91.) 

= dt* - 2 ad + d^ - 4/^® + 1 - ()c\ 

Ex. 5. {a^-b-{-c){a-^b-r){a-b-\-c){b-\'C-‘a\ (c. E. 1866-67). 
M[aU)^c\\(a^b)-c\\cHa--b))\c-[a-b)) 
^{{a-\-bf-c’^]{c'^-^{a-b)^ 
^{a^-\-2al>‘^b^-d){c^-a'‘-\-2ab-b^) (Art. 91.) 

* {2ab + + ^2 - (^)\{2ab - + 32 - fS) j 

« (2ad ‘^ - (fl* 4- - ^*)® 

«= 4<22^2 _ ^^4 ^ ^4 ^ ^4 ^ 2a^b^ ' 2d''C^ “ 2^®^ * ) (Art. 91 .) 

s + 2ah'^ 4* 2hh^ - <2* - - c^. 

Exercise XXXI. 

Write down the following products :— 

1 . ( 5 d:- 2 ^ 4 -t)( 3 <? 4 - 2 ^-f). 2. (jr2 4 -A' 4 - 2 )(jr 2 4 -.r- 2 ). 

3. (<i4-2^-3r)((*-2^4-3r). 4. (fl®4'2<z<^4-2<^®){«®"2fjrv4-3^*)- 

5 . {c^-ax-\‘x'^){a'^-‘ax’-x% 6 . {a'^'-hax-x^){a'‘‘-ax+x^).^ 

7. (a^‘^ax-^x^)(x’^‘-a^-^ax). 8 (i -2a4-3/^)(i 4-2rt-3^). 

'9. (2flf4'3d— 5)(2a4-3^4"5). 10. {a"^ - aH - 26 ^){a^ ■{• a^b - 2b^). 

11. i 2 d^ - ^ab 4 - ^^)(2a* 4 - 4 - ^). 12. (.r® 4 - 2 xy 4* 2 y^){x’^ - xtr/ 4- 2y^). 

Multiply 

13. <*4-^4-^: by a-k-b-c^ by a-^4-t^, and by 

14. a-^b^c hy a-b-c^hy b-^c-a^ and by c-b-a. 

15. 2a+#-3<r by 2 a—b-\-y:, and by i+3f-3a. 

16. 2 a-B-~ic by 2^2 4-^4- 3^, and by ^-3^-20!. 

17. ^4-^4*^+</by <!?-^4 -c-^^ by a-b-c-^d^ by a-^b'-c-d^ 

by and by 

18. <i-2^4-3f4-flrbya4-2^-3£^^4'</,by 2^-<»+3f4*<f,by a!4-2^4‘.3f-<4 

and by a^-ib-Yic-^d, 
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Find the value of : 

1 9 . (a* + - 2dc^a'^ - 4- 2dc). 

20. (i +2.r + 3Ar^ + 4**®X' “2.!r + 3r^*-4;ir*). 

21 . {ab+cd+ac+hri)(ab+c^’^ac-^ bd), 

y 22 /a'’ 4 * 2 ^/®^ + 2 ab^ + 3 ®)(a’ - 2 a^b + 2 ab^ - 

,,23. (a*’.r' +<ir4- — a;r 4* i)(a*r^~<'»2r^+ f). 

24. ^;i:®4-A)/4*y )fr^- rj4->' XV- iV 

rr 4 - 3 X(t'- 6 t +QX.r* 4 -i 8 ;ir!? + 8i). 


97. Tho Product of Two 

nn#%M«v« 

(i) r +a 
V +b 
‘ x^ + ax 

4'^t® 4 '^< 

;r-^ 4 - i 4 -tt^ 


Quantities having^ a Oommon 

{2) X —a ’ , 

X -b 
v^-^ax 

— bx -tab 
x^--(a + b)r-hab 


{3) ^ +« 

X -‘b 
x^^ax 

-ipX ^ -_tf, 

+ — b)x - a 


( 4 ) 

. t -^b 
--ax 


Fiom the piodiict of the above expressions, we deduce the 
following Hulos — 

( 1 ) The product c ons of th ree terms. 

(2) The first term is the square of the common term. 

• (3) Tht secotid teioi u the common term multiplied by the sum 

of ike second te??ns of the binomial factors. 

(4) The third term is the product of the second term\ of the 
binomial factors. » 

Ex. 1 (x + s)i* + 2)’=x’‘ +(,S + 2)x*+S-2 
^x^ + 7 X + 10 . 

Ex. 2 . (.r-5)(jr-2)=^"+(-5-2)r+(-5).(-2) 

=.x‘ - 7 X+ 10 . 

Ex. 3 . (2: + 5Xx-2)=2r'+(s-2);ir + ( + 5).(-2) 

=x‘ +yc— 1 <# 

Ex. 1 . (#-5)(2:+2)=2r>+(-5+2)2r+(-5).(+2) 

=2:® — w— la 
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Ex. 6. (.v + 2)(Ar-2)(A--3)(.r + 3)=(«'‘-4)(-'^®-9)i (Ait 94-) 

=.r*-( 9 + 4 >J ^’+36 

=.r‘-t3Ar’+36. 

Exei^cise XXXII. 

Write down the following products : — 

. 1 . (.r+i)(.i +3).^ 2 . (.r + 4)(.r-6). 3 . (.r - 4)(-i- 6). 

4 . {ab-‘^)(ab-{-2). ' 5 . {zax — ib)[2ax - b). 6. (.r’' +4 )(a-- — i). 

% {x'‘ -y-)- 8. (5r-2a)(5.r + 3«). 9. (5 +Jr)(3+,r). 

10. {ab--i){af>-y). 11. (.i-‘'‘+2y)'.r= -3 j'). 12. (7.r + ayK7.i'-^)' 

13 . (3Ar+2a)(3T-a). 14 . (4a-’ +3)(4<i'’' - 5). 13 . (3-2.0(7 + 2Ar). 

Find, by inspection^ the coefficient of x in the following 
products ; — 

16 . (-r + 3)Cr + 7). 17 . I5)(.r + 2). 18. (.r + 7)(/i - 2). » 

19 . (.r+r)(^-<2'). (2.r + 3)(2,r~8). 21. (5^'^~4)(5.r -c)). 

22 . Find the coefficient of a in {x-\‘2(j){x — 

23 . Find the coefficient of b in (.r + 3<^)(^- — 2). 

24 . Find the product of .t'4-2, .r-3, r+4 and .r-5. 

98. The Product of Three Quantities having each a 
Common Term. 

X +a x“ + (a-tb)x -heb 

X 4 - x-\-c 

- -- 

• x‘^ -^-ax x^-¥{a-\-b)x^ +abx 

•\-bx -^ab _+ cx'^ + (tf f + bc)x + a bc ' 

.r ^ + (^ + b^x + ah .t® + (<2 + ^ + c)x ^riab -Vac hc)x + abc 

From the above product we deduce, the following Rules 
(i) The p 7 'oduct consists of four terms. 

^ (2) The first term is the cube of the common term. 

(3) The second term is the square of the common term multifilied 
by the sum of the second terms of the binqinial factors. 

(4) The third term is the common term multiplied by ike sum 
of the products of every two of the second tertns of the binomial factors, 

(5) The foin^th term is the product of the second terms of the 
binomial factors. 
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Ex. 1 . {x + 3)(.r - 4 )(^ + 2) =.r M* (3 - 4 + 2):r® 4 - 1(3 X - 4 ) 4 *t 3 X 2) 

+(-4X3)}.r4-(3X -4X2) ^ 

14x^24, 

Ex. 2 . Find the coefficient of x in the product 
(ar4-2)(jr-4)(-r+6). 

The coeff. of x is the coefficient of the third term 

= (2 X -4) + (2 x 6 ) 4 -(- 4 x 6 )= -8 + i2-%4=i -20. 


Exercise XXXIII. 

Write down the followintf products : — 


x 4 ‘i){x + 2)(x + 3). 

3. (a + 2)(fl + 3)(a-4). 

5 U'-4)(t+5)(.t-6). 

+ + - 3 / 5 ). 

9. {x + 2y)(x - 3 r)( ^ 4 V . 

Find the coefficient of r <i 

11. (n-3)(;r-5X.v-6). 

13. ( X - )/)( r - 4y)ix - ^y). 


2 . (.r-i)(;r-2)'.r-3). 

4. {a-6){a-3){a-7). 

6 . (.r + 4)(r-3)(,r+5). 

8. (i“-r)(i+3.A)fi-5;t:). 

10 . 

of r“ in the followinff products 

12. (x + 2 y)(x- 4 ^v)(r 4 ‘Syy 

14 (x + 2){x + 4)(;i: - 6). 


99 . The Product (ax ± ^(cx ± (f). 

liy actual multiplication, we obtain 

( I ) (ax + d){cx + = acx^ 4 - (IfC + ad)x + dd. 

, (2} (ax - 3 )(fx -d) — acx"^ - (bc4-ad)x-^ bd. 

( 3) + b)(cx - acx'^ + (be - ad)x - bd. 

(4) (ax - b)(cx '\‘d)~ acx -(be — ad)x — bd. 

From the above products, we learn that : — 

(1) The product consists of three terms. 

(2) In the first tenn^ th' coefiicient of x'^ is the product 0^ the 
coefificients of x in the first te7'ms of the gwen binomials. 

(3) In the second term^^ the coefficient ^ x is the sum of thq 
products of the coefficient of x in one fj^nd the second term of the other, 

(4) The third term is the product of the second terms of the 
^i'iven binomials. 
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Bat. 1. (2:c-t'3)(4J'+5)=2-4A^“+(34+2-^)^ + 3-S 

= 8;i:' +(I2 + io);tr + i5«=8ir* +22;r + IS- 

Ex. 2. (32r-2)(2X-3)*=3.2r’-(2 2+3 3);r+2.3=62r»-i32r+6. 

B*. 3. (4-t-i)(^+3) ="4-iA'-(Li-4-3)2^-i-3='4.»r® + n2r-3. 
Ex. 4 (s.r+8)(6x-7)=‘5-6A'* +(8 6- 5 7)2r-8 7 

= 3o;i:* +(48 - 35).v- 56= 302:’ + 132:- 56. 

r 

Exercise XXXIV. 

, Write down the following products . — 

1. (3a:+2)(4^ + 3). 2. (32;-4X22-5) S. (82;+ iX32:-4). 

4 . (8+ + 7){22r-i). 5 (ar-Sy)(7A+3)'). 6. (4r-5)(22r-7). 

7 . iOx-y'Ax-z). a (4A+3)(2r-s). 9 - (22^+1X31-8). 

10. {7x+<^){4x-Sy)- 11 (3i^-4)(4-P+5)- 12- (7 a-4)(2a-3) 

13 . ( 72 :- 3 )( 2 Jf + 5 )- 14 . (i3ir-iX2A-3). 15 . ( 5 -a)(i + 2.t). 

16 . ( 42 ^- 5 )( 6 t- 5 )- 17 . { 32 ^- 4 )( 4 i^ + 3 )- 18 ( 42 ^- 3 )( 3 ^- 4 ) 

Find the coefficient of x in the following products : — 

19 . (SA -9^X22:+/). 20. (i3.r- 1)(22--3). 21. (yx-y){,x^r 2 y) 

22. ( 42 : + 3 ) 132 ^- 5 )- 23. ( 32 ^+ 5 )( 2 :- 6 ). 24. (22r-3)(2:+7). 


100. The Cube of a Binomial. 



( 2 ) a-b 


a — b 

ad 

a®— ad 

+ ad + d^ 

— ad'Yd^ 

+ 2 ab + 

a® - 2ad + 

a-\‘d 

rt — ^ 

£i^-\'2a^b-\‘ab'^ 

c^ — 2€^b'^ ad'^ 


— a^b’^2ad^'-lfi 

+ + d^ 



Thus, (i) (a + 6 )®=a®+ 3 a’ 5 + 3 «&' +6* 
* ««a’+ 3 al»(a+ 6 )+ 6 *. 

(2) (a- 6 )®=.a®- 3 a» 6 + 3 a 6 *-ft* 
=» a® — 3 « 5 (a - 6) — 6*. 



multiplication. 


5 /, 


From the above products, we learn that ; — 

(1) The cube of the %Mmof‘a binomial is equal to the sum 
oftkeir cubes plus three times their product multiplied by their sum. 

(2) The cube of the difference of a binomial is equals to the 
difference of their cubes minus three times their product nmltiplied 
by their difference. 

£x. 1. (;i: + 4)®-:r^ + 3.^.4('^+4) + 4‘‘ = '<^® + i2jr''’ +48^ + 64. 

Ex. 2 . (a^ — = — 3.tfr.2(ar--2)-2® • 

= + 1 2ax - 8 . 


101. The Product 

(i) a^-ab^-b'^ (2) d -^abyrb'^ 

a 4 -^ a —b 


cP-d^b-^ab'^ 

<2® + b^ 

Thus, {i) (a + Z^Xa** -a& + ?>'-*) = a® 4 * fr*. 
(2) + 


a^-^a'^b+ab'^ 

— b^ 


From the above products, we learn that : — 

(1) The Product consists of only two terms. 

(2) Each term is the cu^e of the first and second terms of the 

yfven binomial. ^ t 

Ex. 1 . (2.r 4 - 3 )( 4 -^® - 6;r 4 - 9) = (2^)’ + (3/ = 8.r® 4 - 27. 

Ex. 2 . (3.r-4X9r'^ 4 i2A'+i6) = (3jr)®-(4)®«27.ir®-64. 


Exercise XXXV. 

« 

Write down the cubes of the following : — 

1. x — 3 . 2. 2 a + 5- 3. 2 + ax. 4. a*+4^’‘. 

5 . x^—2jr'‘. 6 . 2X — 3. 7. 3a’+2i. 8 - 2a® — 


9. 

ii. 

la 

IS. 

17. 

19. 


Find the following products : — 


(^+ 3 Xa^’- 34 ^+ 9 )- . 
(i+<!jf^Xi ’-ab+a'^b^). 

(2« 4- ^X4^ ® “* 4- ^ 

(4^? — 5^;(i6a* + 2 oab ^ 2 ^b^}. 
{4x* 

(a.+#)(«jr,^)(a*+a^+ 3 ’)(a* ■ 
aX*'" + 2 ;c+ 4 X.jr’- 


10 . ( 2 a+ 3 ^X 4 <»'‘ ~ 6 a( 5 + 93 ’‘). 

12 . if -^x^+xy+y). ^ 

14. (,2XJ/ - I ){^y^ + 2;rj' + 1). 

18. ( 9 « -|^ 22 r )(8 la” - i 8 a*' + 4 x'y 
1 & ( 6 a- 3 X 36 a’+ 6 a^+^*). 
■ai+iy 

2X + 4l 



58 


MATRICULATION ALGKliRA. 




F6rmula0 for Multiplication. 

102. The follow! nii results of Multiplication already proved ia 
this Sectfon should be committed to memory 

-1. («»+&)"=«’ +2«ft + &’. ^^2. (a-6)» = et=-2aft+6>. 

j 3. (a + + c) '■* " a - -H + 2a7p + 2ac + 3?>c. 

{a + b ){a - ft ) = a - ft - . 

1^. (a“ + r»ft + b^)i/i'^ - ah + ft - ) =s a* + a - ft - + ft^ 

6. ijn + a){'X + b) = X' + {a+h)X’^ah. 

7. (x - a)(u!; - ft ) = .r ^ - (<« + ft)iK + a ft. 

8 . * (./• + a){x - ft) — X " 4- (<». - b)x - aft. 

. 9. (^ - a){x \-h) — x‘^- [a - h)x - aft. 

10. (J!' 4 a){x 4 ft)(ic 4 c) = x” 4 (« 4 ft 4 <5)^^^'“* 4 {fih 4 «r* 4 ftc).r 4 «'ftc. 

11. f a-r 4 6)(f.*a5 4 rf) — a r? J'J 4 (ftf* 4 ar/)x 4 ft rL 
112. (ajc - ft )(f.r - r?) ~ aox'-* - (fto 4 af f)^ + ft<7- 

;13. (rex 4 ft)(r*J^ - r7o = - 4 (ftc - ad)x - ftrf. 

' 14. (ax - ft)(r*x 4 c?) = acx - (ftr; - ad)x - bd. 

15. (cf 4 ft)’’ - 4 3rfft(a 4 ft) 4 ft®. 

16. (a - bf^a‘‘ - 3^tft(a - ft) - ft®. 

17. (a 4 ft )(«■"-* aft 4 ft ") = a® 4 ft ®.j 

18. {d - ft)(a" 4 aft 4 ft " ) = a® - ft®./ 


VI. DIVISION. 


103. Division is the inverse of Multiplication. It consists in 
finding the quantity (called the quotient), by which another 
quantity (called the divisor) must be multiplied so as to produce the 
product (called the dividend). 

Thus, dividend = quotient X divisor. 


104. Rule of Signs. Since 

(4«)x(4/0= 4^. 

(-a)x( + i)=-a^, ~-^=+b. 

— 

(-a)x(~b)=:+ab, 
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Hence, in division as well as in multiplication, 
Like signs produce + and unlike signs produce — . 


105. Rule of Indices. 


Since 

and 


a^ = a y Cl y a J ^ 


definition 


7.^ = 


ayayayaya 
ayaya 


= aya~a- 




Hence, One power of a guqf^tify is divided by another power oj 
the same quantity^ by subtracting the index of the divisor from that 
of the dividend. 


106. Since by the above Rule, cv' — d^ — oe'~'^ — d\ * 

, 

but by actual division, -r- i . 

a" 

/, we obtain the curious result, a"— i. 

107. To divide one simple algebraical quantity by another. 

Rule. Divide respectively thf* coefficient and letters of the 
dividend by those of the divisor and give to each led ter in the quotient 
an index obtained by subtracting the index of that letter in the divisor 
from that in the dividend ; and then., if the two quantifies have the 
same sign, prefix to the quotient thus obtained the sign +, if different, 
the sign — . t 


Ex. 1. Divide - by —iiac". 

The quotient = 33 ^ c" ‘ ' 

^ - 1 1 c^ 

= 3<7.<{>'’, for I. (Art. io6). 


Ex. 2. Divide 2 i[a^bKx'^ by — 3 rt^^;r^. 

The quotient— ^ , ^ 3 = -Sa'^-^'b^'Kv^-^ 

i^abx. 


Exercise XXXVI. 

Divide 

' 1 . 6a‘^b by- 2 <a:. 2 . *- loar^bc by Sac. 3 . 6p^qr^ by sp^r‘. 

4u ^ 24 a^x^s: by 2a^x^. ^ 6 . I2a^b^y:s* by 4a^b^a^. 

6. 10 a’* bc^s by — 5ac. 7. — by 

8 . 63 **® by — yab^c. 9 . ah^o^ by — abc. 
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10. - i 65 ^y by - 33 .rj/*. 

12. - by 

14. ...8^by-.r7. 

Simplify the following : — 


-3<2^ * 


rf, 


11. - joa^x^y by lax'^y. 

^A,ah^hy - 3 ^’. 

16. -45^*^ by 9 ^ 1 ^ 


-720^5^'^ 

'■ • 

23 

-3^'^ry»' 


19. 


;i:^ 


108. To divide a compound expression by a single factor. 

Bulo. Divide each ienn of the dividend separately by that 
divisor and take the algebraic sum of the several partial quotients 
thus obtained. 


Ex. 1. 


{fix^y - 3 ;ry + <^xy'^) '^xy 
0 


__6x^y 9.v>'“ 

— 2x'* -xy'^ + ^y. 


Ex. 2. 

f. 


(Sa^Pc'^ — 4ab^c^ — 2^ab(?) 

_ 2>d^bh'^ \a^c'^ __ 2^abc^ 

— ^abc'^ - - ^abc'^ 


- +^+6r. 


Exercise XXXVII. 

Divide 

I. ax - by a. 2. - bx by - x. 3. 6a + 8 ^ by - 2 . 

4. - i 8 tf 5 ^ + 6 /^c by — 2 ^. 5 . b-- 7 hy ab. 

6. x^ - .r* by -x\ 7. 6 ;r ~ 4 Jr * + 6 jr^ 5 r by 2 x. 

' 8 . 5 a®^- 35 a®^*^^ + 2 oa^^* by - 5 a^. 

9 . aHx^y ~ 3 a® + ^ab'^xy^ - at^xy^ by a^A;y. 

10. 1 + 6m^n^ — 3 ?//’ n* by — 

II. .r**5oa®/5^+ loa^b^ - 6a*b ^ - 2 d^b^ + 4a'^b^ by - 2a“^^ 

12 . 4^*b^cd- BabW‘^ 4 - i6iJ by - 2bcd 

13. ^ by pq^ and by -^< 7 ®. 

14. - 1 2X^y^ f qx^y"^ “ 6x*y^ - 3 jr 5 j^* + 1 8 ;i:\;^ by 3x^y\ 

15: i6d^bed^Za^l^c'^d4‘ 1 2ab*(^d^4abcd by - 4 a^c^ 

16. 27 jr^® 2 r®+ 45 ;i:®y^ 5 + i 8 ;r'y 2 *® by 9 ;ir>®jB'*. 
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189. To divide one compound expression by another. 

Buie, (i) Place ihe expressions^ as in Division of Arithmetics 
arranging the terms of each of^thems so that the different powers of 
sofne pm letter^ common to hoik of thenis may follow in order of the 
magnitude of their indices^ {it matters not whether in ascending or 
descending order^ only the same order in each of them) ; 

(ii) Divide the first term of the dividend by that of the divisor^ 
and set the result in the quotient ; 

(iii) Multiply the whole divisor by the first farm of the quotient^ 
and subtract the product from the dividend ; 

(iv) Bring down fresh terms (as may be ^required) from the divi- 

dend^ and repeat these operations HU all the terms frotii the dividend 
are brought down. • 


Ex. 1. Divide - 7.r + i>y ~ 4. 
Arrange the work thus : — 


X’^4 - 7X+ i2ix-~ ^ x'*-hx^jr. Put clown x as the first 

yx'^--4x V term in the quotient. I'hen ;r(;r-4) 
-3.r + 12 ‘' ,r*“4.r. Write -4.r under the 

-3;r+i2 dividend. By subtraction, we obtain 

-3.!'+ 12. Divide - 3;i: by .r and so 
j obtain -3, the second term of the 
i quotient. 


Thus, the complete quotient is ,r-"3. 

The reason for the process is the following : — 

Since, Jt:S-7T + i2=A^2-4.r-3;r+i2=;r(;r -4)--3(.v-4) ; 

• £lz7£+i?== r4) _ 3U"4!f 

•• x -4 x -4 x -4 x ^4 

=4:- 3, the sum of the partial quotients. 

Ex. 2 . Divide + by 3j;-4^. ^ 


IX ; 

-qx^y-i-yc^-ycy ; 


3x^4y |6jt? — I jx^y + ity^i ^xy ^y^ 

J 6 x^- V 

-gxy 

- gxy + 1 2xy^ 


'^I 2 xy^'i‘ 3 x 


- 4^(3^ - 4y) = j 2x: 

.% the requirejjl Ijttotient « zx^ - sxy - 4^*. 





1 . 

3 

5 . 

7 . 

9 . 

11 . 

13 . 

15 . 

17 . 

19 . 

21 . 

23 

21 . 

25 . 

26 . 

27 . 

28 . 
99 . 

30 . 

31 . 

32 . 
31 . 
36 . 

sa 
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Bje. 3. Divide j 12 a by 2^ 4- 3d:* - 4 * 

. First arrang^e each of the expressions in dcscendinsf powers of «• 

3(SI^+2£« — 4 j3oa* +• 1 — 82rt*— i2rt + 48/ loa*- 3^? - 12 

y 20a* + 20a® “ 40dz* V 

- 9^® — 42rt* - 1 2 a 

- 9<2®~ 6«* + i2rt 

- 36^/* - 24df + 48 

- - 24<'7 + 48 

/, the required quotient — loa^ — ^a— 12. 

Exercise XXXVIII. 

* Divide 

;ir* + 6A: + 5'by x+i. 
nP‘ — 6;//® + 1 1 “ 6 by m — 2 

(yc^h'^ — ab^ — \ 2 b^ by ytb-\-^b^, 

— 23-r + r 20 by .r - 1 5. 

8.t-* 4- 1 4:r V - 1 5 by 2x 4- 
64a® 4-125^® I'jy 4^ 4- 53. 
d*//** 4- 2t^b - 1 5 4 by + 1 4. 

64 ^® + b^' by 4(1* 4- 
,r* 4- +y^ by jr* - xy 4- v*. 

a\\’ 1 by 71*4- 1. 

3a*4-^t4-9^®- ] 

38.^* -652:® 4- 2 

— ^a^b — <)a^b^ 4- 23<i^" — 1 2 b^ by — ^ab 4- 4^*. 
6 x^fSx^y’^ 7 ji^- 6 y^’¥i 7 y-S by 3.r*-2;'4-5- 
.r^ - 3.r* 4-4;r® 4- 26;i'* - 92.r 4* 5 5 by ;r* - 3.r 4- n . 
x^ - 5jr® 4-;r* 4- 2a' 4- 3 by x"^ +x - 3. 

X* - 32fz®,r 4“ 24^z V - 8a.r® 4- 1 6a* by 4a* - 4a;r 4- x^. 

4 a 3 ® 4 - 5 ia*<^* 4 - roa* -48^®^ - 15^* by 4a^ - 5 a® 4 - 3^-. 

5.r® — y.r* — 9.1® - i i.r^ - ^Sxk^- 40 by - 5^* + 1 7,r - 10. 
a* 4- isa^b 4- + 2^* - 3a® ir - by a 4- 2^ - y, 

€X^ - 4 rj/® 4- 3y^ by x^ - 2 xy +yK 33. 4- 4 m 4- 3 by w* 4*2»i 4 - 1 . 

I 4- 6x^ 4- Sd;-® by 1 4- 2 jr +x\ 35. 4- 2 a®^® 4- b^ by a* 4- 2ab 4- bK 

.r®-'2;r®4'r by a■*-2.^*4- 1 . 37. 4*4* i by a® 4 - 2 a* 4* 2 a 4- 1. 

I dr* + 36 .^:* 4- 8 1 by 4 dr* 4- 6 .^^ V 9 . 

ds® - 4a®^* — 8a*^® - 1 7ad^ - 1 2^® by a® - 2a^ — 3^*. * 


- I by 3a - I, 1 / 22 . d 
-27 by 2.1'*- + 


2 . 6a* - i6a3 4- 8^* by 2a - ^b. 

4 6.1'* -h 1 3r/ 4 6y* by 2r 4 - 3 y. 

6 . ;r*4-23.r 4- 102 by Jir 4 17. 

8. 8a* 34a^ 4 - 2 1/5* by 4a 4 - 3^. 

10 . 6a* 4 - 7 ah - 3/5* by 3a - 
13 . 8a® — 27^® by 2a — 3^. 

14 .r® 4 - 24 r® 4* 144 by ;r® 4 - 12. 

16 a* 4 - 4 / 5 * by a* - 2ab 4 - 2^*. 

18 . 49a* - 1 1 2ab 4- 64^* by 7a - 8^. 
20 . 4^*7* 4- 1 by 2.r* V* - 2xy 4 - r . 

;® - 6a 4 - 5 by a* - 2a 4 * i • 
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40 . ““ 29^ 36 4 - “ 7a^ + 6a^ by - 4 + 3« — 2^’^. 

41. * 30^ + + 1 c + Zdc + 34® by « + 2i^ + 3t. 

43. 1 5^* - 32^^ + 15 + 50-r'^ - 2^x by 3 - 4x + 5,1:-. 

43. 4«® — 2 5rt®;ir* + 20^.1'® - 4x*^ by 2a^ — 5^.r^ + 2x^. 

44. * — 2ax'^ + 3a^;c® — 2«^;r 4- by 2x'‘^ 4 - ax 4- a^. 

45. ~ 1 3a^d + 3 1 a-d‘^ - 38^^^® 4- 24^* by 2a‘^ - 3ab 4- 4^®. 

46« 1-5 - 5 1 ;ry by + ycy - i . 

47 - —x^ + 2i — 24.n''’ + 8j“ by — x^ 4 3.ry - 

48. 9^:'’ - - 1 2x^ - 50 by 3 1 ^ - 2X 4 5. 

49. 2 8 ^ 4 1 3x^y^ - xy'‘ 4 1 5 by 4.r2 4 ^xy 4 3 y^. (c. E. 1 86 1 ). 

50 . A** 4 A'’' -24^-2- 35.V 4 57 by 4 2,1' - 3. (c. K. 1877). 

51 . by,r^^ 4 .v 4 i. 52 . by « 4 "(C. E. 1863). 

53. .r‘5 4 .^y 4 .vy 4 A'y 4 j^ by .r*-.rb/ (c. E. 1870). 

, 110. Harder Examples in Division. The following 

Examples with their Solutions and others involving the use pf 
brackets in Division should be carefully noticed. 

Ex. 1. Divide - 4^''^ - - ^dc by 3a - 2^ - c. 

3u: - 2^ - 1: \9a^ - 46 - 4f;t,-| 3 ff 4 2 ^ 4 1 -- (Juot. 

/ 9or - (Mib - '3ac V 

4 3ac - 4//' - 4b c - 1 ^ 

-4b^-2bc 

3(IC — 2 //^ — 

3 ar — 2 bc — 

Ex. 2. D i vi de 4 4 — 3«^^^ by a-i-b^- c. 

Arranging dividend and divisor in descending powers of a, 

a-^b-^c \a^ - 3abc 4- b^ + t a^’-ab-ac4’b'^ - bc4-(^—(2^ot, 
)d^4-^b4rd^c V 
- d^b - a-c - 3abc 
-a H-ab^-- abc 

- d^c 4- ad^ - 2abc 

— c^ c _ -‘ubc — ac^ 

4 — abc 4 4 b^ 

±ab^ +b^4’bh 

^ —ahc4‘ac^--b^c 

•-abc ^hh^h(^ _ 

4rh^->r? 

4 b^ 4 
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In the above Example, wheie n is taken as the letter of refer- 
ence^ and its powers iitan*?ed in descending order, there is found.m 
the first remainder the terms -aV 

These terms must be set firsts but since both involve a*, there 
IS nothing as far as a is concerned to shew«whicb is to be set first of 
the two In such cases we take anothei letter, as to be, as it were, 
next in authority to and so, (arranging in descending powers of b\ 
we prefer to — 

The above method is the most eas\ in such a case ; but the follow- 
ing, m which the cdfetficients of the different powers of a are collect- 
ed in brackets, is the most neat and compendious 

5 d-h b + c) '-a(b-\-c) + {b^-bc-^c^)=s:Quot. 

J a\b c) V 

*1— — — 

yibc 

— a'b^ + ^bc-^'C^) 

be €^) 

iov(b’{-c){b^-bc^i’^)^l'^ + i\ Mi loo 

Ex 3 Di\ ide {a - byc^ + {a- b)c^ - - cz® -h (c - a)b^ by 

{a^b)c^--{t-a)b^ (C > 1883) 

Arranging divisoi and dmdend in descending powers of c, 

^a-b')c'' {a — by •^b^c-\- a t +{a-b) 

/{a — be'" — b’^c’* -\-ab^c V 

{a-bYc^ —{a-b)b^c+a^b^—ab'^ 

{a - ^) V" -{a-b)b^c b 

rihnce the required quotient = or a- b + c 

Exercise XXXIX. 

Divide 

1 a® + ~ + 2ab hy a-^b'-c^ 2 — c* — 2 bc by <? -t- ^ 

3 ^{q '^ap)v aq by jr-a 

4 ; r® + {mb - na) r® - (;«c + nb)x ^-nchyntx^-n 

5 <z® — — 2rt/fq-2^c by 

6 + by a-^b-^y 

7. 9^ + 4^-c* + i2a^ by 3cz+r^-<: 8 a®-^+f® + 3<»^r by 

0 + by a + E 1887.) ‘ 
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10 . I +i* - 8^ + 6,ry by i +.r - 2y. 11. i + 8r**- 6.iy by i+x + 2y. 

12 . -« Sy* + 275r* 4- 1 8.rf sr by ;ir - 2^ 4-35:. 

13. ^ — ar* 4“ - 23’® — I by .r® 4-^® — S'® - i . 

14. a® - - iT® - by ^ad + ac-dc. 

15. ;r*4-(d5 + /54-^).r®4-(^<r4-^-/2 4-<2^).r4-^i^r by jr®4-(/54-^).r 4-^^:. 

10. - 3a®^®(<2* - by 4- 3a3(dz 4- 4- 

17. x^-(2a-{-i)v^ + 2a^x' -a* + a^ by .r® - a® + U - rt). 

18. {x 4-^ 4- 3')(jr V 4- xz 4- y3') - jrys' by x -\~y. (c. E. i%66. ) 

19. ^®4-y®4-3^j'- I by a'4-^- 1. (c. E. 1869). 

20. .r®4-8^®-27s'®4- iS^rys’ by .r-32’4-21'. (u. M. 1883.) 

21. rt® 4- 8/5® 4- 27c’* - iSadchy a^-{-4d^ + c)c^-6dc-- ya-2a6. (M.M. 1888.) 

22. fl® 4- 4- ( ^« 4- 1 )a/^(a 4- b y /:z® 4- mad 4- 


111. When the coefficients are fractional, they are treated 
b)? the Rules oS P'ractions in Arithmetic. 

Ex. 1. - iad‘^c^- = - ? x i^s- = ~ ^adc^. 

Ex. 2 . (4 j aV 4- ■? ax) 4 — r,^x 

= - J X -ir«- 1 4- J X 1 - 4. X Iri* ^ 

= - 4- - If, for and.r‘>=i. (Art.^106.) 

Ex. 3. D i vide V ;r® — i.r by x^ ~ hx, 

;r® - ^ ,r i.r* - J.r® 4- V - A.r 1 3:® — ] r 4- 1 — Quo^. 

J x*- Itx^ V 

- J;r®4- 

- Jjr® 4- i r® 

• x^^Tx 

x^-]x 


1 . 

3. 

5. 

7. 

0. 


Exercise XJJ. 

Divide 


by —^ax. 

2. 4a^®;r®by — 

- by - la^. 

4. taV by -}a«4:*. 

\aH\ by 

6. 

— JaW 4- by — \ad. 

• 8. — ^ad — by 


— 4- ^5*^®/:® — bv — and bv 


M.A.— 5 
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Divide 


10 . by ia + id. 11 . 7 a V - j by ax - 1 . 

12. + i.ry* - tV® by Ja: -iy. 

13. + tI - -T V + + ly by + 3 a^ - ly^. 

14. - T kzf by ix - {y. 15. Ja* + by ia + 

16. a^ + W+~Va^ + Ha + j\ by a^ + la + l 

17. - 2a‘^d + ~ i by a^ - 4* 4 d^. 

18. ix* +y^ by + iy^ - J;r^. 

19. Sr* + 2 jr^ + 4 by 3 .r 2 + 2 ;r + 4. 

20f 2 a^ — a^d — 3 a® by 2 rt“ — 3 ^'-^. 


21 . — '■[zX -'r lyy by X^ — yA + 


22. ^ +i\y^+^. 

125 27 5 3 


A* Ti.r^ . 4iA^ 23A . ^ 5A . , ^ . 

3 --TT+T - 4 T" 6 +'• ('’•^- '^ 92 )- 

24 . J A® - 4X* -1- - V-A^ - + 27 by Ja'** -> a + 3. 


25 , 




2a 3^ 


1- by ^ + c. 
4 3 3 4 


112 . Sometinies, it happens, that there is a remainder left 
after the operation of division is finished. In such cases, to obtain 
the cihnplete quotient we place in the quotient, as in Arithmetic, 
the remainder with its proper si^j^n, over the divisor, in the form 
of a fraction. But generally, the quotient is required to a certain 
number of terms. 

Ex. 1 . Divide 2 a^ + ^xy^ - 4x^y^ + x^y ~ SJ'* by x^ - 2y^+xy. 

t . 

Arranging in descending powers of x and ascending powers ofy-* 

A* + jy/ - 2j/* \2X*+ x^y - J^x^y’^ + s^y^ - 5y/*f 2 a* - Ay/ +y'^ 

J 2Ar* 4- 2 - 4jr ^ V 

-x^y 4 - 3 ^^ 

— 3 ^y—x-y'^ 4-2 Ay/^ 

x^y^Txf - 5/ 
x^y"^ +A>^-2>>* 

- 3 y* 

Thus, the complete quotient=2Ar° -xyJty’^ - “a . 

.In this and other cases, as in common Arithmetic, this fraction 
cannot be avoided, since the dividend is not exactly divisible 
by the divisor ; but the student should be cautioned, that^ unless 
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attention is paid to the arrangement according tes powerSy alluded 
to in Art. 109, and that,, not only with the dividend and divisor at 
starting, but also throughout the sum, if care be not taken in all the 
remainders to preserve the order of the indices of the principal 
letter, or letter of reference^ as it is called, th^fe will always be a 
fractional term of this kind, instead of a clear and complete quotient. 


To illustrate this, take the foil wing example : 

Ex. 2. Y>W\dt +^ax*^'\-^d^x+a^ hy x+a, 

A + a + 30^:® + ^a^x + a* i x^ + + 2 ax ♦ 

Jx^ -^ ax^- V 

^d^x + 2 ax^ The process will never terminate, and 

^a^x + the result will be 

s , B . 2(Px-\-2d 

;r* + 3a“ + 2«jr- 


2ax^ - 2a^ 
2ax^ + 2d^x 


x-Va 


— 2or‘x — 


Ex. 3. Divide 1 - a* by i -x-^-x"^ to four terms. 

I 1 -a /I -A® -x^+x^ 

/ I y Thus the quotient 

-AT* = I -at'** -a:’ 4- AT® and 

- 4- x ^- £* the. rem. .r® - xf, 

— AT^+A^ 

-x^+x^-x^ 


r6 

a:®-a'® 4 -a'^ 


Exercise XLI. 


Divide (each to four terms m the quotient) 

J. a by I 4- AT. 2. t 4 - 2 Ar by i - sat. 3. i - 2Ar by 1 4- 3Ar. 

4. I by I - 2a4-4«®. 5 . I by I -2A*4-Ar*. 6- i - oat by i 4 - ^at. 

7. Divide a-i by i -2a + 2a^ to four terms. 

8. Find the remainder, when x^-px'^ -^gx-r is divided by a* - a. 


9. 

11. 

^2 


Prove the following by division : — • 

£l±lH±15^;,+6+-5_ 10. £lzi6£±^=;.-7— J- . 

x+s ■*■+5 ^“9 ^-9 

3 L ^r . 7 . 3 ?A- 

Sa~gd sa-gb 

hS* 


a+ib 


=ai-iab+ib^- 


a+ib’ 
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113 . Detached Coefficients. The work of Division may be 
shortened as in Multiplication by using jfhe method of detached 
coefficients. (See Art. 88). 

£z. 1. Divide 30X* + 1 i.r* - S2x~ - 1 2jr + 48 by + 2jir - 4. 

3 + 2-4 130+11 -82-12 + 481 lox^ -yc-i2 

y3o + 2o-40_ V. 

- 9 - 42 — j 2 

- 9- 6+ j 2 

-36-24 + 48 
- 36 7 24 -f 48 


‘ Ex. 2 . Divide ()a* - 4tr^ + 4 by 3^'^ - 4a + 2. 


3 


-4 + 


2 19 + 

yo- 


0--4 + 0 + 4/ 3rt‘‘^ + 4fl + 2 
12+6 V 


12 - 10 + 0 
1 2 - 16 + 8 


6-8 + 4 
6-8 + 4 


114 . Ana/o^y behveen the Arithmetical and Algebraical meihoas 
of division. 

AHthmetical method. 

123^13899^113 

159 

I23_ 

369 

369 


Altr^braical method. 

io*+2.io+3 110^ + 3. 10*’ + 8. 10^ + 9. 10 + 9/ io®+r.io + 5 
y 10^+2. 10^ + 3 lo® \ 

1.10^ + 5.10^ + 9.10 
1. 10® + 2. to'-* + 3. 10 
, 3 .io® + 6 .ioT 9 

3.10^ + 6.10+9 

.r* + 2;r + 3 \x^ + SX^ + ^x^+ 9 ^ + 9 i 
/ x* + 2^4-3X^ - ^ 

^ + 5 ;r*+ 9 ;r 

;r* + 2;r® + 3jr 

** 3r* + 6i + 9 

3 .r*+ 6.^ + 9 
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Exercise XIiII. 

Divide (by the method of detached coefficients) : — 

1. 8.t®- 12:^2- 14.1: + 21 by 'ix-l. 2. «* + 9a* + 8i by + + 

3 . iix+6 by sx^-x + ;^. 

4. 27 by .r^ -|-3;r + 9. 6. 27;r^ + 1 by 3:1: + 1 . 6. — i by ;r+ 1. 

7 . 1 2x* + ^x^ - 33^-* - 6 x + 20 by 4x'^ - or - 5. ' 

8. 6r * — 2 x — x* — 4 x^ + x^^ by x^ — 4 x + i. 

9. 27a® - 54^1®^ + 36^2^'^ - 8^'^ by ga‘^ - i 2 ad + 4 d‘\ 

10 . - 1410:'^ - i8o4; + 5;r* - 58 j»'” — 32 + 92.r^ + 24.ir® by 2-1“ -3:^-4. 


VIL IMPORTANT RESULTS IN DIVISION. 


115. The following results in Division should be carefully 
noticed. 

1. «t”~6"*is divisible by a-/>, if n be any whole number. 

.p, .. a- b . , , , 

thus, (.) (3) 

(3) -■-~=a’* + a* + i5» (4) = rt= + «“^ + ad-+^» 

0 a-- 0 

And so on. • 

2. is divisible by a + />, if n be any odd whole number. 

Thus, (i) (2) ^ =a*-a^ + ^^ 

(3) = a* - + a’* ^ — ai^ + 3*. And so on. 

a’TO 

3. a^ — h^ is divisible by a + ?>, if n be any even whole number. 

Thus, (I) ( 2 ) ^a^-a^b + ab'^-n^, 

a4‘v • a-T 0 

(3) — Y = ~ "" so on. _ 

a^r o • 


4. is never divisible by a + & or by a-?>, when n, 

is an even whole number. 


Thus, (i) 


a^-b 


^a-b4r 


2b'^ 
a + b ’ 


(2) 


a-~b 


= <* 4-b4r 


2b^ 
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(3) 

(4) 


a-~b 


Kz + d 
a-^b 


And so on. 


116 . From the above results, we notice the following gener? 
facts : — 


(1) The number of terms in the quotient is always equal to th 

number expressing the power of a or of ^ in the dividend. 

( 2 ) The powers of a decrease continually by one. 

' ( 3 ) The powers of b increase continually by one. 

(4) The signs of the quotient are all + when the divisor is 

but they are alternately 4* and - when the divisor is a^i 


117 . The above results may now be applied to many siniila 
cases. 

Ex. 1. — — - 3 .ry+ 9 y^. 

x + ^ ' 

Ex. 2. =Aa\x^ + 2 ax+i, 

2 ax - 1 

*Bx. 3. ={x+yy -{x+f)z+z‘ 

^x^ + 2xy +_y ■'* — xz —yz 4-3’*'' 


Exercise XLIII. 

Write down the quotients of the following {by insfiection) « 
1. -:r® by a-^-x, 2 . a^-x^ by a — x, 3 . a^-x^ by a+x. 

4 . 9;ir5- I by 3.r- I. 5 . 25^*:* - i by 5.^4- 1. 6. 4*:® -9 by 2 .a; 4 - 3 . 

7. I + 8 ;r* by i 4 - 2 x 8. 2yx^ - 1 by 3;^ - 1. 9 . i - i 6 ;r* by 1 4 - 2 .r 

10. jr* — 8 by .r - 3;v. 11.' a** 4- 32^^ by r? 4 - 2^. 12. x^—y^^byx^+y 
13 . Ja®4-^*'‘ by }^^ 4 •^. 14 . x^y* - z* hy xy + z. 

16 . by 4;/f® 4 -«’*. 16 . a^ — 32x^ by a-^2x. 

17. 64-a®by 24 -^«. 18 - ^*4-343 by ei 4 - 7 - 

19 . a'^-(b~cy by a-b + c. 20. x^-(y^z)^ by x-^y+z. 
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REVISION PAPERS I. * 

# 

Paper I. 


1 IT- j 1 f 8a® - 27^» , y(a* - d^) 

1 . Find the value of — >— / — + -^7-; — — * 

4a^+6ad^gd^ I7(a*-^*)’ 

when a =5, ^=3. 

2 . Add together i -(i -i 2 x--{s-sx) apd 2 - ( - 4 + 5^.'), 

3. Take 2a - 3 {a - - a)) from zb - ^{b - (a - b)). 




5. Use squared paper to illustrate the following : — 

(i) 9-6 = 3. (ii) 7-4-6= -3. (lii) 5-8 + 3 = o. 

6. Find the value of 5.tr‘^+x— 3, when jr*=-2, - 1, o, i, 2. 
Tabulate you^ work. 

7 . Express in binomials, and also in trinomials : — 

ax^by -cz-bX’Vcy^-az, 


8. Multiply 2;ir-3j/-4(.r-2^) + 5{3.r-2(.r-^)} by 4 x-^{y--x) 

-’l{^y-Z{x4ry)Y 

9. D ivicle ^ V hy —ab 4 - ac — be. 

10 . Simplify 

3(a - 2x)“ 4- 2(a - 2,rXa + zx) + ~ a){yc + a) - (2a - 3.r)^ 


Paper II. 


1 . 


Find the value of 

3(x+y+z){yz + ^’^yy) —y^—z^ 

x^ +y^ 4- S'® —yz -zv^-xy 


when ;c = i, j/=^, 


■4- 


2 . Subtract the sum of — {a-a’-(2;r®-4)I and a®-jr® 

- {{a+x) - (a® - - 3)} from 2;r* - x\ • 

3. Use squared paper to illustrate the following 

(i) 6 — 2 — 8= -4. (ii) 5a — 9a4'2a= — 2a. 

4. Prove that 4a - 3 ( 9 <»— 5a) = — 8 a by two different methods. 

6. Multiply 4a® 4 - 9 ^* 4 -c* 4 - 3 ^<^^ 2 a^— 6 a^ by 2 a 4 " 3 ^~t. 

6. DiviSe 72.^* — 2oo.r*- 512 by I 2 ;r® 4 - 4 :f“ - i6;r4*32. 
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7. What must be added to the expression 8;r®- - i3j:+24 

lo make it exactly divisible by 2;r-3 ? ,, 

8 . Find the value of 2jr^-3;ir-5, when .r*“3, -2, - 1, o, 
I, 2, 3. Tabulate your work. 


9. Simplify 




10. Simplify • 

(jr- - - 2 .t;y +_;/’* )(:r’ +xy +2xy-{-y^). 

(M. M. 1890). 


Paper III. 


1. Find the value of 


•/(a^ 


a-2b{a — ^{ +2) 
when 7, d = — I and c = f 


Sfib-^a) 

' 3^+i ’ 


2. Subtract b{a-(d^c)) from the sum of .r' and 

c{a-{d-r)), (M. M. 1885). 

3. From (3a-4^)(3a + 4<^)+(3a-4^)‘^ take 6(3^* - 2^^) - 24^^. 

4. Find the value of 

Y ( J' - - 35 t’o<3-‘' - t(7-i- - 4J')>] , 

when x = —h andjv=2. (c. E. 1892). 


5 . Multiply * 3 +y^by *2— ;r, and find the value of the ,product 
when ;r = *i. 

6 . Add together - {x + z){x +y - s\ y^-{y-x-k- z){y + - 5) 

and £r®-(2r-;r+^)(^+.r->'). (c. E. 1864). 


7. Find the continued product {x-a){x^ + ax-\-a^){x^+a^), 

(C. E. 1882). 

8 . Simplify « 

\{x{x + 1 )(.r + 2) + :r(jr - I )(;r - 2)) + J(;r - i )x{x + 1 ). 

5. Divide x* + S^ix^ + (25^1 - ^ — 29);r® - 5(4<2 + b- 4);*: +4^ 
by;r^+5^-4. (m. M. 1893). . 

10. A person walks due East 2 a — ^b’^c miles, he then walks due 
West 3a + ^-2^‘ miles, he then wklks East again 4a’-2^-^i: miles ; 
find how far is he then from his starting point. 



REVISION PAPERS I. 


73 


Paper IV. 

1 . Given a= ^ 2^ > 1 3^<:=4 and <f=o, find the value of 

+ + + (C. E. 1868). 

2 . Add (2;r + 3j/)(2A'-3>^), (2x + ^y^, (2x-3y)^ and 

6xy-7{x^+y^). 

3 . Subtract bc/f^ - (a^ - b‘^)bd from (a^ + bc)d^ - [a^ - t:^)bd. 

(c. E. 1859). 

4 . Divide x^-\‘ax'^ — ^d^x^ 311^ by x — 2a and what is the 
remainder ? 

5 . If -V=:3i - 2a and K=2jr-3£f, find the value of * 

(2 V-F)(3A'-2r). 

6. The product of two expressions is 6a* — I3£i*+ iO£Z- 2 ; 
one of them is 2 . ' - 3a + 1 , what is the other expression ? 

7 . Divide a — i by i — 2a + 2a- to four terms. 

8. The dividend is 6a^ - quotient is 2a- 5^, 

and there is a remainder 2^*(9a + 8^). Find the divisor. 

9. Use squared paper to illustrate the following : — 

(i) 3a 4 * 50:- 6a = 2a. (ii) 2a-8a + 3a= — 3a. 

10 . Simplify 3a-[a + b-2{(i+b + t:-(a-b + C’-d)\-ha]. 

(C. K. I876). 

Paper V. 

1 . If a = 4, b^3, c=2, c=o, find the value of 

^ 3(^ + d){6{a -ef}^ + b{a - - (^r + 1 5(r - a)® - (a + r)V} 

+ (b + c){{b-- 3 cY + {a--df\-'{a-\-cnb + cfd£, (M.M. 1882). 

2 . Subtract b ^ - - ^d^) from {3d ^ - 

3 . Multiply a^ + 2^2 + 9r‘^ — 3a^ + 6ac -9^4; by a + 2ft — 3^:, and 
divide the result^jy a-~b-\-3c. (M. M. iJfSo). 

4 . Simplify 

{x - a){x - b)(x -c)- [bc{x - a) + ((a + ^ + ^):r - a(^ + » 

(A. E. 1889). 

5. Arrange the expression x{p +;r){^* + V® - x{jf -x))-{p^+ qx) x 
{2x^ — qx+q^) jn powers of X; and*divide it by x^ + (p^q)x — p^* 
(M. M. 1889). 
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6. Multiply + (2a + ^b)x + tab by — {2a + ‘^b)x + tab. 

7 . Find the coefficient of x in the prodlict {x--a){x'~2b){x’~‘ic). 

8 . Divide (4;r^ - ^a^x)^ + — 3®^)* — by x^ +j/® — a*. 

^ (B. M. 1884). 

9. One factor of 27<**+ii^-io is 9 < 2 *+ 3 < 2~5 ; find the other 
factor. 

10. Show that (:»: + 2)(jr + 3)(ji; + 4)(:r + 5)+ I is a perfect square. 

* (a. e. 1894). 

Paper VI. 

1 . Find the value of 8^1® + 27 b^ + — i Zabc^ when 6^ = i , 9^ + 1 = o. 

and 2 r= I. 

2 . Add « + 3<5 + 5 c:, i^a-yb+iic^ 4«-5^~i5r, <a: + i8<^ + 8f and 
multiply the result by the difference between wn-^-yc and io^/ + 6^-A 

3. If X stands for 2 jr-^ and F for ;r + 2^1, find the product bf 
2 A^+ 3 Fand.:r- K 

4. Divide ax^ - (<2® + b)x'^ + by ^ sr — 

5. Find the coefficient of x in the quotient obtained by dividing 
Zx*^-xy^ -7^ by ;r - hy. 

6. « Simplify 24(;ir- J(4r-3)JU'- J(;r + 2)}{^- li)}, and sub- 
tract the result from (;r-b2)(;r- 3)(;r + 4). (m. M. 1886). 

7. D i vide i ^x^ -H 4 S^^y + 7 Zx^y^ + 4 5;!^'® + 1 ^y* by 2X^ + S-'O' + 7 y^ ; 
and test your answer by making xs=j and j/=2. 

8 . Which of the quantities x^+y\ ^*-y\ x^^y^, x^+y^ is 

divisible by x-y, and which by x+y? e 

9. Find the continued product of 

x ^ + x -^ i , x^-x + i and x *- x ^ + j . (m. M. 1887). 

10 . Prove that (j^- 1) t>- 3 )(^- 4 ) ’s a positive 

quantity, ^(a. i. e. 1892). * " * 


Paper VII. 


1 . 


If fl=i, b=2, c— -i, d—Oy find the value of 


a-b+c 
a — b — c 


ad—bc_^ i / 

bd^ar V W 


. (c. E. 1866). 
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2 . Find by inspection the following quotients : - 

(i) ( 64 a*^*- 27 f*)?( 4 b^-|<). (ii) (27«V+8f*)+(3«^+2f). 

3 . Write down tflie £^Bwing results : — 

(i) («*-4)(rt*+s). (ii) 115x125. (iii) (998)*. 

2 

4 . Multiply together - 99.r^ +x - 29 and x^ - 1 7;r* + 105;*:* - i9.r 
+ 23-r-4i, and arrange the product in descjending powers of x, 

(C. E. 1895). 

5. Divide I 7 a^h-h 7 ad^ - by (c. E. 1866). 

6. If stands for ax^ + 7bx + 7c and Y for ax^ - gbx - gcy find 

the value of 9^+7 V. * 

7. M ul ti ply - ix^y - 3 by 2x^ - i y®. (c. E. 1871). 

8. Divide j^x* - ^xy + txy^ + -Vy* - i - Jy*. 

9. Simplify ( 5 -'>^' + 3 J' + iKS^+SJ'- i) + ( 7 -^ - 5 j)( 7 ^ + SJ') 

10 . Divide .r(i 4-/C'®)+j/(i +2'®)(i +;r®) + 5'(i +.a'®)(l +>'®) 

+ 4XJ/2 by I +;iry + y5' + 5';r. (c. E. 1878). 


Paper VIIL 

1 . Find the value of 

+ +'’+f(^S+^8_„2)+ + 

ab be ca 

when « = 3, ^=4, <r= — 5. 

2 . Simplify the expression : — 

I ly - 3 ^ + ^) - [4(2i5 + 4c){6c - 3 ^) - 3{a 

' I(5«2~4^ + 3 ^')x 4 + «-47^ + 2 c) + 7]. 

3. t^hen .r= 1 1, find the value of 


4^)(fl + 3^) + 

(m. m. 1891). 


S ) Jx-2-2{ ¥TiX^-X + 2 Jx-2)]. (M, M. l88o)' 
n the results of tlje following multiplications : — 

(ii) (3^-8)(3;r-7). (iii) (3^-5)(4^-9)- 


5 . M ulti ply x^ +x'^y+ xjy"^ — — jr’[y ® by - ^xy. 

6. Divide 4.r^-4.ar®+ 5.r® + 8^-5 by 2jr®- 3^+5, and divide the 

quotient by 2;t’--i. ‘ ' 

7 . Divide a^a^^ + b^b2y^+CiC^^+(a^b2+a^b^)x y4‘(aiCo + a2ey)x.7 
+ ( biCo + b^c^yz by a^x - 4 - ^2 y + M. 1895), 
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8 . Find what quantity not involving higher powers of x beyond 

the second should be added to .r® - - 5.ijf -^x* + + 4x'^ + 1 to 

make it exactly divisible by i. A. M.^1897). 

9 . D i vide 2x* ~ 6aj^ + — ^ad^x — Ijy 

- (2a - d)x - (B. M., 1901 ). 

10 . A oian walks 5 miles North, then 9 miles South, then again 
7 miles North. How far Is he then from his starting point ? Illustrate 
with a diagram. 


Paper IX. 

‘ 1 . Find the numerical value of 

2 . Perform the multiplications m. 1897). 

(i) ( 3 ^^ - 4 ^®-^ - 54r*)(3rt^ 4-4<:/.r® + 5.1**). (ii) (x + af{x - nY. 

3 . D i vide .r* — ^{a + 1 )x^ + 2(3^ 4- 1 )x-^ + 3(« + i ) {ci^ ~ i )a' + - 1 )* 

by x^ -{a + 3).r ~ <«^ + i. (b. M. 1900). 

4 . Find the product of 3^ + 2^ and 3<^^4'2r-3^, and test the 
result by making a— i, b — c—3. (C. K. 1870), 

5 . ^ Divide i-x by ^--x+x'^ to five terms. (M. M. 1891). 

, 6. Simplify {a — (^ — — (<: — ci)f^ (a — and find its 

numerical value, when a—i, <^=3, r=5. (m. m. 1858). 

7. Multiply {x'^ +2ax + 4a'^y by (x - 2a)^ (M. M. 1899). 

Divide 6x^- I9;r® + 6.r®- 3^+2 by 3;r‘^ -2.r+i. (m. m. 1899). 


a 

9. 


Divide by a number which is greater thaff.r b^^. 

li 


\ to ma 


1889). 

10 . What must be added to tf®-3«(^-i) — i to inake it equal 
to + 3a{a + i ) + 1 ? 

I 

Paper X. ^ 

1 . Find the value of (a + ^ cf — {a + ^ - cf -{-(a — 6 + cY 

+( - rt + ^ + r)* - 24^^^:, when 2rt= 2 = — 2^ «= r. 

2 . Simplify 
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3 . 'Multiply - 
Verify 
in the multiplicand, 

i. Remove the 
( 3 ^* 
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loax'^j^ and divide the product by ’ 
substituting and -3, 

divisor and quotient. 

Irom 

+ c\2ei - ci^a - - d'^{a - c)} ; 


also find its value when «=o, i, r= — 

6. Divide 1 5;ir‘' - i - 24r»'+ 1 38.r- - 1 30^ + 63 by 5jr* + 6 x‘^ 
-9;r + 7, and verify by multiplication. 


6 . Divide by n + d-^c. 

7. Shew that x{x - i ){x - 2 )(.r - 3) -|- 1 = (.r '■* - 3 r + i )*. 

8. Find an algebraic expression such that when it is divided 
by a--ab + t\ the quotient is a^ — 2ab-^b'^ and the rtMiiainder is 


9 . 


. 10 . 


Divide x^-\-^ax^ - ^na^x-M by 
— — 2)ax — 2CJ-. 


If .V" stands for /2(;;7 + «), and Y for bhn -«), find the values of 


.V y , 
+ , and 
a b 


X _ y 

a b 


CHAPTER IV. 

FACTORS AND KASV IDF.NTITIKS. 


I. BESOLUTION INTO FACTORS. 


iia When an algebraical expression is produced by the mul- 
ti plica Up^l^of two or more quantities, each of the latter is called a 
facto® of^^ express ion. 

IJ ^I H ence, to resolve an algebraic expression into its ele- 
mentar^Jjj^ors is to find out those simple quantities which make up 
the expre^aja by w^ay of multiplication. The process of finding the 
factors is calBk^solution into factors. » 

120. InH we shouldj treat of such easy factors as 

will exemplify mP^Wiverse Use of Formulae for Mul- 
tiplication given in Art. 102. 

121 . When all the terms of an expression have a common 
factor. 


Rule. Divide each tef m separately by the common factor and 
enclose the several quotients in a b^achet, placing the common factor 
outside as a coefficient. 
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Ex. 1. Resolve AT*- 4 «;ir into factors. 

Here, x is common to bothj 

Ex. 2. + = + 

Ex. 3. Sx^v + 1 *= 5^M'^'+ 3 >' - 2xy), 



Exercise XLIV. 

c 

Resolve the following expressions into factors : — 

1- x*^ + 3ax. 2. a* — a^b. 3. 4. x^~-^ax^. 

5. 6* ^^—2ah. 7. 21 - 35:1:. 8. — 2a®+6i«. 

9 . 3 ;*:* + 9 ^*® — 1 2 ;i'^ 10 . 4a^ — iGab 4- 24a. 11 . %xy-\-i(>yz. 

12. 3aH^ - I + 2 1 a^b ^ . 13. 6.r “j'xr + 1 2xy ^z—i 

14 . 42x^y^ 2^ + 4()xy^z^ - 63^y*s* 15. J4xy - yx^y^ + sb.rj/’'. 

16. ^a*b + 2 Sa"* b^ — ioa^b^+ 17. 36 ^ 1 54;rjj/“£' + 48.'t/r*. 
18. yoa^b ^ c - toa^b^c^ + 50 ^ ’ b'^c^ - 4od'bH^. ' 


122. The resolution of expressions consisting of four teims 
which can be arranged in groups, each group having a compound 
factor common. 


Bu1r3. Divide each group by the common factor and enclo:^c the 
(iijferent quotients in a bracket, plating beside it the common factor^ 
also within a bracket as a compound coeffinent. 


Ex. 1. Resolve into factors ac — ad4-bc’-bd. 

Observing that the first two terms contain a commoj 
and the last two terms have a common factor 5, we enclj 
two terms in a bracket, and the last two in another. T] 

ac-ad+bc’- bd— {ac - ad) + {be - bd) 

= a{c — d) + b{c - d) 

= aX+bX, putting ^for^i 

=(a+v>).T m mr 

= (cjr + 5)(r-/f), substitunng for X 
Ex. 2. Resolve into factors ^ax~-bx+ ab. 


nmonritetor a, 
cl|||ftd^rst 


x^ ax--bx4rab^{x^^ax)^{bx — ab) ^ 
=xi!x a) - b{x - a) 

= (x-d){x-d). 
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3. Resolv^ 



ION INTO FACTORS, 
idrs ioa<f— 

\bd^{\oac-y^a^'\‘{f>hC’-‘iibd') 
= 5 ^( 2 ^ - + 3 ^( 2C-7d) 

*(2^-7</X5a + 3^). 


Exercise XLV. 


Resolve into factors ; — 

1. d^+ab+ac-^bc. 

3. acArbd-\‘bC'\-ad* 

5. axArhx->tac->rbc. 

7 . - 3acd-\- abc - 3^//. 

9. *2.r^-3;i:* + 4;ir-6. 

11. 2o^z^- I23(;~35cz<g?+2ir^. 

13. I lab + <^ac - 2obd~- 1 2 cd. 

15. . 3 ;® + 5;r^ + 4.r + 20. 

17 . 1 - 1 2 A - I + 1 oxs. 

19. a*x — 3abj^ + 2 ax — 6bj^. 


2. —ab-\-aC’^bc. 

4 . o^bC'-zab^-\‘a(^-^2bc. , 
6. ax-^bx - ac-^bc. * 

8 . tT^c-Vb'^d-^-b'^c+a^d 
10 . iiA-®-55;ir® + 7 jr- 3 S. 
12. 12a* - i8a^ + 8<*c- 
14 . x^^+x^+jy^^i, 

16 . x^ - 5;r 4 - Sy* 

18 . axj^ + bcxf - $as - 
20 . 2a^+6ab^2aC‘^6bc. 


123. The resolution of trinomials which are perfect squares. 

(0 a^+2ab + b^, (2) a^~-2ab + b^, 

(i) d^-\-2ab + b^=sa^-^ab + ab + b^ 

= (a^ + ab) + Cab + b^) = a{a + b) + b{a + b) 
^^(a-hb){a + b)^{€i + b)K 
-ab + b^ 

» {a^ — ab) — {ab - ^-) = a{a - - b) 

<a^^){a-b)Ma-b)\ 

factors .;r®+ lojr 4 - 25. 
r25 = ;i:*4.2X5 x;p+5* 

= (^ + 5)*. 

Ex. 2 . Factorise i6x^--24ax+ga^. 

§ i6^*-24£Mr+9a*=(4^)*- 2(4^)-(3«) + (3«)* 
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JtfATRICULATlON ALGI 


1 . 

,4 

7 : 

10 . 

12 . 

14. 

AS. 

la 

20 . 


21. 

23 . 

25 . 


Ex. 3 . Find, the value of (2*37)*+^ 
Since 1*659 X 1*8 « 2*37 

the given expressiond^b 


P|gr 59 xr 8 . 
.|||Kx2*37 x *63 
(*63)® + 2 X 2*37 x* 63 
^ +’63)* as 3* =9. A ns. 


Exercise XL VI. 

Resolve into factorb 

:ir*+ 12V + 36.* 2 . a*~8i*+i6. 3 . jr* + i4;i:+49 

4 a®- 4 ^ 4 -r. 5. 4 .r® + 20 t^ + 25_>'’*. 6 . 4 jr‘-* + 4 T + i 

9^i“-306e^ + 25^^ 8 ^^ + '14/2® 4 - 49 9 + + 

i 6 a^* - Sad^c^ + V‘. 11 4^2*^^ - + 49^*^- 

+ ^abc + i . 13 4 1 4- 20 1 "^jys* 4- 2 5:?®. 

- 20^2® 4- 1 00. 15. +1^2 

9^^ - 6^if 2^ - 3^:) 4 - (2^ - 3^)®. 17 4 1 - 4 - ( V - .sr)*^ ~ 4 (^ 0 ' ” ^- ) 

(a.r~/ 5 >')* 4 - 4 <"(^ 2 ^ -^J^) + 4 <:'’^* 19 r* 4 4 (r- i)? 4 - 4 (-*^’ * 

( 2 « 4 - 3 <^)® 4 -(.r + 2 ^')^ 4 - 2 ( 2 a 4 - 3 <^)(i 4 - 2 J/; 

Find the value of 

(* 37)2 + (- 63 ) 2 4 - * 5 1 8 X - 9 . 22 . ( 1 784 )* + ( 2 16 ) 2 4- 1 *728 x * 446 . 

(i* 85 )‘^ 4 -(i 8 )^- 1 ! IX * 6 . 24 (2 i 6)2 4 -(r 85 )^-- 54 x 14 * 8 . 

2 fr* 4 - 7 o^JK 4 ■ 49 /^ when r=2o,^= — 14. 


134 The resolution of an expiession in the form of the 
difference of two squares 

s=a(/2 — ^)4-^(<2 — ^) = (a — ^)(«t4-5). jf^ 

The difference of the squares of two quantities is^KSl^ to the 
product of their sum and difference. 


Ex. 1. Resolve into factors 251* — 16. 

2^ :r* - 1 6 - ( 5;r)» - (4)=' = ( 5;r + 4)fl||||j|| 

JBx 3. Factorise 4 r*-^®. 

4 *'* -y = (2 a)* - ( J')»= { 2 X +}'){ 2 X -y). 

Ex. a Find the value of (385)* — (285)*. 

The given expressi©n“(385 4-285X385 — 285) 
=670 X ioo=* 67000. 



1®5; When the 
taken ^ oiuside a brad 
factorised. 

1 



INTO FACTORS. 
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a common factor, it* should first be 
expression can tlien be further 


'lEx. 2 . 7 - 48 ^*'-* = 3(2 •" ^ = 3( 5 jr + 4rt)( 5 jr - 4 «). 

Ex. 3 . i + 2d){ 1 - 2(5). 

* Exercise XLiVII. ^ 

Resolve into factors : — 


1. 

1 -, 

4j:‘-. 

2. 

a- - 9;c^. 

3 . 

9/«2 - 

■ 4 /A 


4 . 25X^- 16. ^ 

5 . * 

y-'- 

■9. 

6 . 


7 . 

a*“ I 

69. 


8. a2^2-i. 

9 . 

25- 

- d^b^. 

10. 

9.r‘-* - 1 6y-. 

11. 

8ia'2 

-64. 


12. 36 --r«. 

13 . 

a*- 

25 - 

14 . 

a^b'^— 100. 

15 . 

49 »'^ 

-81^5. 

16 . 9 ^ 2 - 49 /^. 

17 . 

a* — 

289^'-^. 

18 . 

I2ia^ — 144^'^- 

19 . 

144 ^ 2(52 - 

20. 

21. 

» 

4 a 2 

~i6. , 

22. 

25 - a**. 

23 . 

491V* • 

- I. 


24 . 

25 . 

25a 

2.r- - 4 j> 

(1 

5. .\r. 1862). 




26 . 

i6.r^2 _ 25 j; 2 y. 

^ 7 . 

d^xy’^ — x^y. 


28 . 2 aH^c 

-8rtiV. 


29 . 

25.i'‘^-a2,r^. 

30 . 




31 . 8i.r*- 

64. 



33 . 

/x^ — 63^2 

33 . 

3 .r* 

-300. 


34 . ii- 99 a 2 . 



35 . 

45x^y^ - 80. 


36 . 

38 . 


I4irt®(5"- 564«2^^\ 

7^^-343^'’ 


37 . 6o^a^c “ 72 ob“c. 
39 . 17-68^2^2. 


Find by. factorization the values of : — 
41 . 2352 ~ 35 i«. 

44 . 349 "* - 49 -- 
47. 9992*-!. 

50 . 28532-28452. 



42 . 6252-3752. 
45 . 97 -- 94 “- 
48 . *i‘7962 - 1792®. 


. . ^ 
either (or b.oti 


Ex. 1 


method may conveniently be applied when 
ua.res is a compound quantity. 

Sf.Y2_Q^«^ writing X for a-\‘ 2 b 
MX+:^{X^ 3 c) 

= (a-\-2b + 3c)(a + 2b-3c)y restoring the value of X, 

Ex. 2 . (x — y)2 — 4a® = X^ - 4^2, writing X for x —y. 

. .«(A' + 2^)(X-2a) ^ 

= - y + 2a)(.r - 2a). 


M.A. —6 




2d)\{{2a-^ d)r^{a-zd)^ 


MATRICULATION A 

% 

Ex. 3 - (2^^- d)^ — {a — 2^)- » {{ 2 a — . 

^(za - ^ + - 2b){2a - 
==( 3 #*- 3 ^)(« + ^)r 3 C 

* X 27 . The terms of a compounSWPression can often be arranged, 
so as to form the difference of two'^squ.ires. 

Ex. 1 . + zab + •- r* = (rt +#;- - (r Art. j 23, 

Ex. 2. r'** + I zy:: ~ 4 /-^ ~ ~ -* ( 4 ^“-^ + 9 ^'- - 1 zyz) 

(rc- arranging,- the terms) 

• Art. 123. 

= (.r + 2y - 3 . 7 )(.r - 2>/ -f 3^:) 

Ex. 3 . + Ir - - (t“ - 2ub 4- 2cd 

--{a^ + //“* - 2d^^) - (c- 4* (rc arranging the lcr£ns> 
^{a-^bf-U-dy 

' dj{(r - b ^ c + d). 


.Exercise XLyill. 


Resolve into factors, and simplify where possible t- 

1 s{a-bf--c^. 2. a^-{d--cf. 

4 . {a^-k^b'^i^-ic^+d'-^y^. 6. (a 4 * 2 ) 2 -{^- 2)2 

7 . (;r 4 - 2^r)- - 1 6rt‘^. 8. 25,r2 - {a 4- b)^. 9 . c“ - (« - b)^. 

10 . ( 3 -^- 2 )--(;i-- 3 )“. 11 . (2^ + ^r^( 2 .^-/ 0 ^. 12 . 


^3. {a 4- by^ — 4^^. 
:) 2 ./ 6 . (« + !)"- 


13. ( 4 .V 4- '^yi^ - ( 3 .^’ + 4 J{)-. 

15 . 

17. 9 (jr 4-^)® - I ^'i[x -yf. 

19. ( 2 .r 4- 3 J' + «)* " -y + dj^, 

21. - 2ab 4- 

23. 4(**-9<2® 4-6«- I. 

25 . 9r^® - I dab 4- 4 ^® - 1 6 .r® - ^xy -y^. 

97. a® — — c® 4- + 2rt//4- 2^c. 

29. (x^ ’^•b^ — c^ - 2 ab- 2 cd. 

31 . a« - 4 - 2 ^®^:® 2 a®//® - 4- 
33 . (;r* - 2 J»r 4- 3 )* ^ (.^r® 4- 2 Ar - 2 )®. 

35 - 90® — ^® - 16//® 4-8^//— 6a 4-1* 


14 . (^•■^ 4 ->'®;®: 

16 . (a® 4- 3 

50 . 

/22. 

5rj^4-9^® - l63r®. 
ha®+/®-^®. 

28. -r^-jr®- 2 jC-“ 

30. a®--^®4*ir® 4-2a4:. 

32. 25i^a®-^®4-2i*^. 

34 . (a® 4 -^®)®- 4 «^^^ 



428. The r^o] 

^2 4.624.1-2 +2;;, 



..UTIQN INTO FA^CTORS. 
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multinomials which arp perfect squares. 
2 ab + [d^ +c^-^ 2 bc) + 2 a{b + c) 
+^)i?.Art. 123. 


Ex. 1. - 2x^ + 3.1-® - 2.r 4- 1 = X* — {2X'' - 2.r‘-^) + (;t “ - 24: + 1 ) 

==.r*-2.v2(4r- i)4-<5r~ i)^ Art. 123. 

= U2-(4r-i)p=-(4:--4:+i)S. 


Ex. 2. + 4 //- + - ^ab - tmc ■\-\2bc 

= (<124.4^2 _4^^)4_q^ 2 ,2^^-) (re-arranjfinjf the terms> 

= {a -2b)^+ gc^ -- 6 c{a - 2b) = (a - 2 b'f + Qt - - 2 .^cia - 2b} * 

= {(a - 2 b) - 3 ^ — {a - 2 b- ic"f. 


Exercise XIiIX. 

Resolve in’to factors : — 

1 . 4^1^ + i^ab 4 - 4 - ^ac + 2bc 4 * 2 . x* 4 * 2.r’' - x^ - 2-r 4 * r . 

3 . 4.r'* - 1 2,1® - 7.V® + 24.r 4-16. L x^ 4 - 44 ’' - 8 .r -H 4. 

5. i+ib--{-j\c^-b-^^c-ibc. 6. 4‘*4*S.r®4“T¥'^* + i*i^+ I'r.- 

7. - I o -f 39 .r‘-^ - 7o.r 4 - 49. 

8. 4- 4- ^ - 2ab ~ 2ac 4- 2ad -H 2bc — 2hd — 2cd. 


129. The resolution of trinomials in which the coefficient of the 
hig|esc term is unity. 

' of trinomials is either 

(a b)x 4- ab or x^ — {a^- b)x 4- ab^ 

\vI^ipfe|jpi|^4V^ 4- or — 4- </, where /> = <2 4- ^ and q—ab. 

From thqJH?ve facts, we deduce the following; Rule >- - 

Rule. Pin 

third term of 
coefficient of the secOi 

\ 

Ex 1. 4:2 4-l04r,;P^^.a^+44r4-64:4-24=j:(4r4-4)+6(4:4-4) 

= (;t 4 - 4)(2Hl- 6).^[Since 24 = 4 x 6 ; 10 « 4 4- 6]. 

Ex. % A**-84:4-f2=;i:®-24: — 6jrf i2sa,r(4:-2)-6(4r-2) 
»(j:'-2)(,v-6). [Since I2**2 x6 ; 8=24-6]. 


^mbers which^^ multiplied totrefher^ give the 
Wh trinomial^ and added together give the 
lerm. 





M.STl^lCUl.ATlON A\,C. 

^7 V § 

K. 3 . .1 ' - 1 j xj/ 4- j qy^ = - xy - i ox 

=x{x-y^l%/(x-y) 


[Sir 


fy-^ X iqy ; n^=j' 4- 1 qy] 


(ii) The form of irinomials is either 

-r“ 4- (a - b)x — ab or — {a — b)x — ab 
which = .v" 4->»x —q ox ~ jc" - j>x -> q, where p^a — b and q = ab. 

From the above facts, we deduce the following Kule : — 


Rule. Jufid t7oo 7iitnibc7S 7vhich.^ multiplied together^ y;ivc the 
third term of the ^iven hdnotnial and 'lo/iose difference is the eoeffieictil 
of the second term. 


Ex. 1. .r- 4- 2jr - 63 =.r- - 7.1- 4- 9-r - 63 — .r(.r - 7) 4- 9(.r -- 7) 

--=(.r-7)(jr4-9)* [Since 63 =- 7 x 9 ; 2-:9-7]. 
Ex. 2. x" - 3.V ~ 1 30 = jr“ 4- 1 o.r - 1 3.1' -130 = x(x + 10) - 1 3(,i- + 10) 

= (.l 4- io){a - 13). 

[Since 130=10x13; 3-- 13-^0]. 
Ex. 3. 72^ +d-b - a-//- = - -b-72)^ - a-{b- -()b-\>Sb- 72} 

=^--aHb{b^g) + S(b^g)} 

= ~^-(^-9X/^ + 8). 

^ [Since 72 = 8x9; 9-8=1] 

= rt-(9 -d )(8 4-^). 


1 . 

4 . 

7 . 


10 . 


13 . 

16 : 

19 . 

22 . 

25 . 

27 . 


Resolve into factors 
.r- 4 - 6 ,r 4 - 5 . 
x^ - 8;r 4- 1 5. 
x^ +x - 6. 

:r-4'2r- 15. 

X^+7X + \2. 

x^ 4-.r- 12. 
;r*4-i6;r4-63. 
x^ - i 6 ^*a' 4-39A 
;ir2yi4-i4^J'ir4-33— 
42 - .r - X'^. 


Exercise L. 

2. A- 4-9.1+20. 

6. .r-+ 8.^ + 7. 

8. .r"-A--6. 

11. .r2 + 7.r-8. 

14 . x^-9.r+i4. 

17 . I -3;i: + 2jir-. 

20. -23.r + 132. 

23 . a^+gcrb^ + it^b*. 

i 

' < 

28 . 66 +sx-x^. 



# 

- 3 . ;^S-=*^+6. 

■ io;r + 9. 

rx-^ - 2x - 3. 

- 8a' — 9. 

15 . .r 2 - 5 ,r-i 4 . 

18 . .;r-+A:-iio. 
21. - 3o;r + 200. 

24 . ^r"-7a* + i2. 
a ^ b ^ - 244*^^+ 143^:^- 
/ 29 . 5-4:r-.v2. 
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30. 

33. 

36. 

39. 

41. 

44. 

46. 

48. 

50. 


.r- + I 26r2. 

arb^ - '^ab - 4 . 


31. 

34. + 154 . 


32. JIT- “.r- 72 . 

35 . .r2-i3;r-48. 


a. 

4^2^2 _ _ j ~ * " * ^''^y ~y“' 

X- + (2/2 - 5 ^).r - I oab. 40. .r^ - ( 6<2 + 5 /OA' + 30 ^^. 

A'" - 26 xr + 1 69 r-. 42. 26 r- + 1 1 . 2 : - i . 43. 4 ^'^ - 42 . 1 - - i . 


1 - yx + 6 A-. 

(rx^ — + 2i7‘\ 

+ /i*b“ — jj6a‘^b'K 
.1 - — ( 3 ;;/ — 5 ;/ — 1 


45 . -V- - ( 7^2 “ 2 >^)x - 21 ab. 
47. - n“X — f)ax^. 

49. ~ ^4/^^- 


Ex. 2. T 4 .r“ “ 4 r.t'-f - 1 


130 . 'I'he resolution of trinomials in which the coefificient of the 
highest term is not unit). 

(i) The form of the trinomial is either 

acx- ■\'{br + ad )x -f- bd or ac,^ ^ — {be 4- ad)x 4- hd, 
whi(ih ^px'^ + qx + V or — 'jkx" - qx + 1*, 
where p — aty q—bc+ad, and r = bd. 

J-lence tlie followini* method of solution : — 

Ex. 1 . ii5.r-+ iu+2 = 15,124- 5x4- 6.V“l-2 = 5.r( 3;r + i) + 2(3^4- 1) 

= ( 5 -'i* + 2 )( 3 't'+ 0 - 

[Since 15 X 2 = 30- 5 x6 ; 5+6—11 j. 

1 5 = 14.1-2 - 6x - 35.V+ 1 5 
= 2 .i'( 7 .i'- 3 )- 5 ( 7 ,r- 3 ) 

= ( 7 a'- 3 )( 2 A'- 5 ) 

[Since 14 x i 5 = 210=6 x 35 ; 35 +6 = 41]. 

(ii) |j^hrform of the trinomial is either 
Sk^i'^ +{be- ad)x - bd or aex’^ -{be-’ ad)x - bd^ 

whichF=i>x2 + qx - r or ^^px- - qx - r, 
whe#e/> = tfr, q — bc~ad and r^bd. 

Hence the fdlfcwin^ method of solution : — 

Ex. 1 . 6.1-2 ^ _ (^^2 - 8^ + 9.V ~ 1 2 = 2x{ye - 4) 4 - 3(3-** “ 4) 

= (3,r~4)(2.ir+3). • 

[Since 6x12 = 72 = 8x9; 9-8=1]. 

Ex. 2 . 6r2-7.r-3 = 6,r2-9ir + 2jr-3 = 3;i;(2jr-3) + i(2,r-3) 

= (2.r-3)(3A*+i). 

[Since 6 x3=j8 = 9x 2 ; 9-2 = 7] 



M A TRICU I . ATION A 
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Note. The .staitlenl may notice that, if the last lerm of the given 
trinomial be posi/iv:’, then the last terms of the two factors will have the 
same sign as the niidtlle term of the tu||omial ; but if ttegatwe^ one of 
them will have the sign h, and the other Hf 


Exorcise LI. 


Kesolve into hutois 


1. 

4.1- + , 

2. 

4.1-4- j 31 + 3- 

3. 

3.r->- I3 a 4- 14- 

4 . 

1 2A- - yx + 1 . 

6. 

S.t- 4- 22.r 4- 1 2. 

6. 

2fr 4* 7^^ + 3. 

7. 

4.1- + r lAT - 3. 

8. 

4.1--- 4.1-- 3. 

9 . 

3.r-4-4.r -4. 

icr. 

6.r- + 5.1' - 4. 

11. 

1 2A - - 5.r ~ 2. 

13. 

12.1^ - 14 V + 2. 

13. 

-'.r - I. 

14. 

3A- - 2A - 5. 

15. 

1 4- a*x‘^ - .r^ 

16. 


17.' 

2x'y 4- 5A-y- 4- 2xy^. 

18. 

9.1 V- say-' 

19. 

6rt‘.r“ X — a“. 

20. 

Gb'-^x'^ — yb.x^ — 3.1^. 

21. 

8 4" I Bfi — 5^^-* 

22. 

28 - - 5f^-. 

23. 

14.1- -29.V4- 12. 

24. 

13,1- 4-4 1 A' -f 6. 

25. 

9-V" + (^x •— 8. 

26. 

4 a-+ 4 -v~ 63- 

27. 

2a-V9‘^^-5- 

28. 

3 + 23.r - 8 a-. 

29. 

3r--i3A--30. 

30. 

181^^9.1-2. 


131 . Somotinies the following method is recommended. 

Ex. 1 . h'lnd the factors of 3.r- — yx + 2. 

‘ 3.r“ - 7.r + 2 - H( 3 -v)“ - 7 ( 3 ^) + 6} 

-'Ay‘- 7 j' + 6 \, (writing v for 31) 

= t)(.>'-6)=;-(3i'-i)(3i''-<j)7 Art. 129.- 

-=(3.t-l)(.l--2). 

Ex, 2 . Kactoiizc r2a'~7.i-i2. 

I ■-’.r'-' - 7 a- - 1 3 t'i{( 1 2 .ry‘‘ - 7 ( 1 20 .-) - 1 44) 

I'Ay^-yj'- I44t, (writing^ for 120-1 
“Te( v-« 6 )(j>'-l- 9 )i Art. 12*^. 

jEx. 3. Ftictori-ze i oar- - 13097 — 97'-. 

)Ox--i sxj' - = r'a{( loa-)'-' - 1 3 ( 1 ox)y - 909-* ) 

t3«t'~9Py->, (writing a for lox) 

= in(«<.- i89')(<j + 597), Art. J39. 

=.T'n(iQ.v- i89')(iar + S9')=(5.v-99/) (2X+j>). 
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Exercise LII. 

Rebolve into factors : — 

1 . 3 .v 2 4 .i 4 r + 8 . 2 . 3 ^^-* iar- 8 . 3* 1 - 2 f>t - 1 5 . 

1 4 -^" “ 5. 7 -v® + 4-1 J' - 3)''*^ • 6. 2,r^ + 5.1 - 3. 

7. 5.t- + i 7 ,r + 6 . 8 . 2.[.v2>~ 50^4-25. 9. 28~3*-3'“- S '""- 

10. 6,1- - 5rt,r - 6rt-. 11. 91 r- 4 1 86.t;i/ - 85y-. 

12. yg.v- ~ 4 ,rr - 1 4 ^ j/“- 13 . 2 loa'* + i o3tr/^-^ - i 

»' 

ISl The ^esoUui^)n of an evpressitm whlrh is iht* sum or Hitf' 
■(•rence of two c'nl)es. • 

( 1 1 «L.+ fA.. (?) 

( 1 ) \- ~ (ti*' 4 iV b) — [^a^b 4 ub'^) 4* \ttb'^ 4 b^) 

= (i^[ii 4 “• (lb' (I b ) •}• b*" 'cl ~{r b ) ^ ~l h - tiO 4 >• 

n“[a -bt‘¥ air a - ^) 4 - b) - {a - h){a^ 4 ah 4 h'^). 

Ex. 1 . r’* + 8 — 4 2" - (a 4 2)(,i - 2.x 2- ) — (x 4 2)f,r “ - ».r 4 4). 

Ex. 2 . 8^^ 4 27/r “ ( laf -I (3^/ 

r-- ( 2 a 4 Zb\{2a)- - 2a.2,b 4 ( 3 /;)^} 

^--(2.? 43<5,(4n*‘* - 6 a/ 549 ^ 2 j^ 

Ex. 3 . i 2 y/'’'*“ I ~ ( 5'^)^ ““ ^)K5^)*’ T 5^^ } 

-( 5 rt-iX 25 ^r 4 5 « 4 i}. 

Ex. 4 . 8 - 7 29 y = (2,r)^ - (9^-)''' 

■=(2;tr- 9 .)/-){( 2 .r) 2^4 2.i-.9y"^ 4 ( 9 y-^;-^ 

- \2x - 9y-X4-^^ + J 8.iy- 4 81 j-'*). 

Exert^ise IjIII. 

Resolve into fetors : — 

1. x ^+ y \ (11. ic. i862.)r 2 . (h. k. 1862}. 3. 14.^''. 

4 . 5 . 6, 7. ^ 

8 . 8 .r« 41 . 9 . cvb^ 41. 10 . a^b^ - i . 11 . 4 64^^ 

12 . 27^^41. 13 . ^^^-64^^ 14 . .^■® 4 I. 15 . i-27.i‘*. , 

16 . 8rt® — 27^^ 17 . 2i6ci^--b-\ )£. 729.r®48-«^ 19 . a® 4 64. 

20 . 14729^^ * 21 . 343/1® — !. 22 . 64.*:® — 125^. 23 . 2«®4i28. 
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24 . 1 2 + 5 1 2x^, 25 . tiV + 27x^K 26 . 8 1 - 3«". 

27. > 28 . 8.r®+j/‘J. 29 . 

30 . 216 + (4(7- 5/^ 31 . x^ — 27^^^ 32 . 729(« + ^)’-8<^r^ 

133 . 1’he resolution of an expression which is a perfect cube. 

( 1 ) 4 * 3 o - /^ + 3 a/>^ + Ir = + 3 a&( ff + 5 ) + ?>^ = (c «- + 5 )'^. 

(2) a? - Zfi-b + 3«/>2 .. ^ ai^ ^ Zah{€M. - h) - = (a - h)\ 

( 1 ) /7^ + + 3<7(5- + = (/z^ + <^) + 3<2/5(^ + d), (rearranging^ the terms) 

==(a + d)(a^ —nd + + yrdi(i + Ait. 132. 

* =(rt + ^){(. 7 - — + + 

= (/7 + 3)ia- + 2a3 + 

--ia-{-d)(fz + d)- = {/f + hf\ Art. 123. 

(2) - ja^ 3 -h 3 a 3 " - — 3 \ (rearranging the terms' 

■“ (^z — 3 )(a“ + ^td +/;-)- 3^7 /^(^z -y/t, Art. r 32- 
= (n: — d){(n‘^ + a3 + />-) - 3(zb) 

~{a — 3)ia^ - 2a3 + 3^) 

= (7Z-^)(^-^)2 = (f/-?>)^ Art. 123. 

Ex. 1 . + 1 2(7- + 48(7 + 64 = ((7*^ + 64) + ( I 2(Z- + 48(7) 

= ((7 + 4X77- -477+ lf))+ I2(7(/7 + 4' 

= (« + 4){(<*“ - 4^^ + 1 6) + 1 2/7} 

= (.7 + 4)((7- + 8(7 + if>) 

= ((Z + 4)((7 + 4)-'^ = ((Z + 4)^ 

Ex. 2 . 8.r" - j 2.r“ + 6.r - i = (8.1 " - 1 ; - ( 1 2.v‘-^ - 6.1) 

= {2X - 1 )(4.r‘-* + 2.r + I ) - 6.r(2.r - i ) 

= (2.7' - 1 ){ ( 4.7 - + 2,r + I ) - 6;r} 

= (2.r-iX4A-"-4.^'+r) 

— (2.1' — 1 )(21' - 1 )‘-^ ■= (2.1- - I 

Exercise LIV. 

^ Resolve into factors : — 

1 . A'‘*‘ + 6 .r®+ i 2 ;r + 8 . 2 . tz^ + 6 (z-a ' + 1 2 zza® + 8 -r^ 

3 . 8.r®- 361-2 + 54,r- 27. 4 125(72-150772 + 6077-8. • 

6. .r® - 1 5 1-2 + 7 5.r -125. V- 6. izz^ - aH + -iad^- aV^’* 

7. 641''^- I44.r2+ ro8Ar-27. 8. zz^ _ _ 216. 
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134. The resolution of ti'inomials of the following form : — 

V i. -V ‘ 

a* + a'^d^ -¥d* = (a* -f 2aH^ 4 - ^*) - (adding and subtracting a^“) 
= Art. 123 

= + + Art. 126. 

= ( a^' + ah + h^Xa"^ - ah + tA). 

Ex. 1 . + 4.r- 4- 1 f> = (;c^ + Sx‘-^ 4 - 1 6) - 4^1:- * 

= (.124. 4)2 _ (2.r)2 = (/- 4-44- 2.1- j(.v=^ 4- 4 - 2.1-y 
= (x^ 4- 2X 4- - 2 f 4- 4). 

Ex. 2 . irv?» - ^ /^=r(jO, A- -{-/>*) 

- ( 4^/2 _ p 4. ~ P - ) 

— (4/?'*^ 4* ~ 


Exercise LV. 

Resolve into fnctors : 

1. ,r*- I3jry“4-4r*. 2. r. 3. 9 ^?^ 4- 14^«'‘^ + 25 

4 . - 1 2 x^ 4 - 16. 5 . (A - I ^/rVr 4 - P, 6 . ;i ^ - jx^y^ 

7. 9.r^ 4- 38.1'^*^ 4- 49. 8. x * - + 4- 8-1 + 4^“ 4- 1 . 

10. i6^j!^4-3f>«V“4-8T.r’. 11. f/4-4^*. 12. 49^* — 1 4 

13. ().r‘‘ 4 - 2 i.vy“ 4-25 14. 2 ^a*-()AP+ iGP. 16. 4 - 4 . 

135. Sometimes an expression may be resolved into moie than 
two factors. 

Ex. 1. 8i.r*- I==(gJr'^-“- i‘**=^(<;.v^4-;)(9^'^ - 0 * 

=(9.v*+ iK3J-' + i)(3^- ')• 

Ex. 2. .a‘’’-_;<® = (.i'‘H-_)'’)(.r”-y) 

= (•’•■ +J')(-'f“ - ■y' +J^)(.x +XJ' +y^-j. 

Ex. 3. .r* -(?*■= {x* + a'YX - '**) 

= (.r* + a* )(.r“ + a^){x + rt)(.i: - «). 
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(K) 


• Exercise t»VI. 

Resolve into elementary factors ; — 

1 . .r‘'-64. 2 . .r^-256. 3. 1-729^:*^. 

1 5 . (r.E. i859c\: a.k. 1896.) 

6. (IJ.M. 1872). 7. 

8 . + .r** + I , (m, m. 1 868 ). 9 . r® -f r + y“. 

10 . , n. r«~i. * 12 . 

13. 4ay>- - -1- //•* - f ti.K. 1 88 1 ). 11 - 1 6(/5 ~ 


Formulae for Resolution into Factors. 

138. 'Hie lesulLs that we have proved in thi.s Section should 
he: eommitte'd to memory ; - 

1 . ivx + /> x -- (a + b)x> 

K 

2. iiv -f mi -f hit + bil — (a 4- b){c + fl), 

3. m - ad - he + bd = (a - f>)(r - d). 

5 . a - 2 a 6 + />^-(a-f>)-. 

6. /!/“ = (a + - />). 

7. • 4- 4- c- 4* 2b V 4- 2<*a + 2ab t a + 6 -f <•)-. 

8. 4 * {a 4 b)x 4 a b - (x 4 a)[jc 4 f{). 

9. JC^ - ( rr/ 4 b )ji + ab- U: - a )[x -■ f/) . 

10. X“ 4 («« - />)^^ -* ab = (x 4 )(x - b ), 

11. X- - (a - b)x - ab = (X - a)(x 4 b). 

12. ar*.r- 4 {br 4 ad)x 4 bd = (ax 4 b)(vx 4 d), 

13- ucx- - (be 4 fid.)x 4 bd^ (ax - b){ex - d), 

11 avx ' 4 (/>c “ = (/IX 4 7>)(/*x - //). 

15. /xrx*-* - (/>c - a€l)j: - firf = (ax - f>)(r'.r 4 //). 

16. 4 b^ - (ee 4 b)(a^- - 4 //'). 

17 . (a - b){a^ 4 a5 4 

1 8 . a^ 43 a “*>4 3 «i»- 4 *>” ) 
or 3 rt/na 4 />) 4 ?>M 

‘ 19. ijf -3a-^/>43«/>--/>^ I , ,.3 

or a»~3a0(a-/>)-&3 > 

20 . «* 4 4 ft*= (a^ 4 /ii> 4 ft')(a'^ - wTi 4 ft-). ' 
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Exercise IjiVU* 

Miscellaneous Fiulors ( Easy). 
Resolve iatp elementary factors : 

1 . -- 4 + 4 .t*-. 2 . yvFr - i 


3 . 

dbc 4- id- be- 4- abc'. 

4 

- 2/u" 4- 

5. 



a. 

r''’- la'x* + dx-. 

7. 

ab - ac - b- 4 - be. 

8. 

+ 4« 

- 21 . 

9 . 

gd-b* - yob-c 4- 2 5^-. 

10. 

3 r- - 2 i.i'F 4- 30 /-. . 

11. 

2 d- — 50 . 

13. 

^d^b- 4- id^be — iyoac-. 

13. 

j^d-b- - ‘^abe 4 - y-. 

14. 

« 2 - 3-»' 

it 

15 . 

S.r^4-(/-:A 

16 

(a -^b^^ - I 2 5£:\ 

17. 



18. 

('v4-J'yH(.t - F)’’. 

19. 

(.1 + y/^-fx-yy- 

20. 

3-3(« 


21. 

4- 'A.r 4' bA -1- I . 

32. 

i7x-4-5i.-f + 34- 

23. 


■ 1.^ 

21 

2 5o/«^4-2. 

;}5 

(ayb; \-i. 




26. 

d 4- b^ - y^b-. 

27 

28 r’ - 1*64 1 " - 6 ai 

28. 

9 -(« + /')“• 

29. 

6x-- I !X’h3. 

30. 

a- 4- Cyi - 1 3 5 . 

31 

\gd^ - 


33. 

ti-b"^ -d^ ~ b- ^ \. (F. 

K. 1895 ). 33 (^^^- 3 // 4 - 2 tl 

r - 9(2<'^ 4- b 

- 0 *. 

34. 

{a 4* lb 4" ~ 4*^'^ 4* b 


35 . ( 1- - 2// +X 

0 



36. 

it.i 2 H- 75 x- 14 . 


, 37 . 21.1- 13.17 

- 20 /-. 


38. 

.r'^ 4- i6x*y 4-2 56 j’\ 


39. . 1 - 7 - '5 O''* 

4- 30 /^. 



40 . 8 cr* - 625 [f*. 41 . 2\ v 4 *jiv - ^ y){a + <^) + 3(rt + b'jr. 

42 . 3 o.r- + 231' -■ J43. 43.421“ -155x4-102. » 

44 . 63.r® 4- I ^2x - 3 5. 43 . x' 4- 1 4- 2 56. 

46 . ( 5.r- - X - 1 2 )- - (4x‘-^ 4 - X - 4)-- 47 . 8(2, r -F /;/ 4 - - 2b f. 

48 . Cl - F — a(a^ b[a - / 0 “. 49 . 3( » ^ — ^F“) - 5(t --.v)"- 

50 . a" - 4 - 2(/>- - ab) 4 - 3(^i“ — — 4\a ~ 

‘'ll- 5 (-^^ -/■^) + ' 53. (a'+v)’-^ 4 - 2 ( 1 '- 4-.i:v) - 3 (x^ -/“j. 

53. 2{a^ 4- d*^b 4- ab-) - {d - P). 54. {x^ ~ x)^ - 8(x‘'* - x) 4- r 2. 

55 . a* - 4 - (a- - b- ')^ - 3//^ 4 - 3«“ b- , 55 . 1 8.r^ - - ()x- -- tx. 

57 . 4-4(2x -i)’. 58 . 3 x~ 8 .r- 4 - 4 X'\ 59 . 7x^-7. 

60 . db-i2Sb. > 61 . (ax + by+c::)^’^[6>.':-cyy^-\‘{cx-fi,zy^ + {ay~bx)-. 

63 . .r''-i6rA (c. K. 1887). 63 . (a’\-b - y'r -a-b + y. (a. k. 18941. 

64 . (i ~r-)(i 4 -/ir-(i -rt-Ki (c. K. 1881). '* 

65 . {a + b)^ + {a^c)^-{b+ci)^---{c + d}\ («. M. 1892). 

66. a-4-<^‘‘x^4■x^ (c. K. 1887). I 

67 . 4{us -xy)^- (u- - -y-* 4- (c.^k. 1 865 and R. M.‘ 1 886). 

68. X-* 4 - 2x^4- 9^ (a. K. 1894). ‘ 69 . X* -(/F+2)x'-^y^+y^. (s. M. 1888;. 
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70 . 71 - 343^'^ + 5 12^. (c. K. 1882). 

72 . 6o-7.r-.r^. 73 . .r2+r3.r + 42. (c. K. 1882). 

74 . (;ir+i)(;r + 3)(.r + 5 )(.r-f 7 )+T 5 . (M. M. 1888). 

76 . .a:^+A*-42. (c. e. 1882). 76 . - sa-r- 66 a^. (c. K. 1881). 

77. (M. M. 1883). 78 . 3.r--io.r-8. (r. m. 1882). 

79. 6 .r- + 5 .r- 6 . (li. M. 1882). 80 . lo.i^ - 23.3-- 5. (ii. M. 1884). 

81 . 39y'-7-r-22. (\. K. 1894). 82 . 8r'r 4-^" + (2<'r + /^)^ 

83 . To,r - .1'- - 24. * 84 - .r‘ + x ^ - .r - I . -(.x. i:. 1895). 

85 . - 4//^ - - 2f3c«/2?- 2 /y). (' ij. m . i <809 ). 

II. USE OF FACTORS. 

137 . In lliiij Section vvc should illustrate the L sc of Factors b\ 
the solution of certain typical e.xainples. 

Ex. 1 . 1 f .r = /; + c, y — c — rf, a — <51 \ c'u- t hat 

+y^ + — 2 xy — 2 i « + 21' s = 4//“. (i . K. ^ 1 888). 

We have x — (>' 4- - ) - {b-\-c) — (c b) = (b + r) — (c — b) - 2/'. 

The given e s'preb.sion = .r* + ( y- + S' + 2yc ) ~ 2 x{y + ;?) 

=.r*'^ + (.j/ + c')--’2.r(j/ + ,7), Art. 123 
= br-( ■- { 2 b)'^ -^b'. 

HX. 2- If X + express + in terms of />. (i 5 . M. 1886). 

= (-+'){ (-^+=+7=)-’}= (■’+0{(""'i) "4 

Ex. 3 . Find the continued product of 

3 --^% 3 + ' 1'7 9 - 3 ‘ + '*'^ 94 - 3 .i'+.r 2 . 

Prod ucl = (3 ~ x){() + 3.r 4. .F-) x (3 + .v)(9 - 32' +.v‘‘^) 

==(27 - -O X (27 ^-,r) = 729 “.^■"- 

Ex. 4. Divide the product of 2.r2 + ii.r — 21 and 3A'^-20:r-7 b> 
.r^t- 49 - 

Quotient= + 

^■-49 

. (2;i'-3)(.v + 7X3j -+ i)(-v- 7) 

(^ + 7)(.f-7)' 

.(2^ - 3)(3.r + 1 ) - 6 .r® -7X-3. 
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Ex. 5 . Div'ide a® by -J')*. 

1 ) ividend — (.f*’ “= (a' -yy{-'c^ + xy +y^)". 

/ , Quoti ent = {x^ + xy + y^f, 

JSx. 6. Divide (/«- — 2<J^:)'' + 27^V* by tr — bc. 

Dividend — {a - 2^r)^ + (3^^.)^ 

= {d- - 2bc + 3bc}{{a' - ibc'f - sbc{a- - 2 bc) + 9^V-J 
= (a- - bt )\a* — J^abc + ^b''c^ - yi^bc + ^)b^c^) 

= {a- -- bcy <i^ - jerbe 1 gb'^r), 
y not i e n t = — 7 a-b( + i c)b‘^( 

Bx. 7. Shew ibal ((rx-hbv + cx'f-\-ibx + ry + fir.:y Is divisible by 
+ b}x + [b + c)y + {c -h 

Assume ai 4- /; v -f < « = A’ and b v + cy + V \ 
then \ 4 " I ^ <ix bx b y iv I u (IX 
— {a T- b)x f [b -h c}y + (c + a)z. 

Now, the expression = A'^-H I ’ — ( \'+ ) X-V'- - A' l'’+ h’-), 
which IS divisible l)y A’^* l or {(i + b)r-{-{b-\-c) y ■\‘{c + n)/:. 

Ex. 8 - The prodiua of two quantities is (2/ - 3.1*)^ - ( 2 ,r - 3/X 
and one of them is - 5.r ; find the oilier. 

Assume 2 y- 3.1' -~fi and 2.r — 37 ~b ; then 

-J - /' = (2;/ - 3 v) - (2.V - 3^) = 5_y - S-r. 

^ Now the exprobsiun =ic'' - — + + ; 

which when clu icied a — 6 or 5J'— 5;r, gives the other factor 
=^a-‘+afi + />^ 

= i 2 J'- 3 A')“+( 2 .»'- 3 -f)(-r- 3 .)') + (2-i 
= ( 4 y' - 1 + tj.r") + { 1 3.17 - 6.r- - 6 y-j + (4.1- - 1 2 Xj' + 

= 7.’,* — 11 i^ + 7>A 

£x. 9. If .v 4 -/ = 2ii and A'— J' = 2 ( 5 , prove that 

X* - 23.ry- +y = ( 7 a- - 3^“)( 7^- - 3«“). 

We have x=a+i and y=a — b ; then xy=a^ -S^. 

Now -v* - 23.ry- + y* - (x'‘ + zx'^y^ - 2 5^ ^y- — (x- - (^xjY 

= (^‘■‘ +/ + +y- - 5^y) 

“ K-f +y>^ + s-O'H ^ -y)^ - s-'yi 

= iV-* + 3 (a^- b^)i{ 4 b^ - 3(a* - 

=( 7 a-- 3 - 5 W- 3 «’)- 
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Ux. 10. Divide the continued product of i i 

I - X 4-j/ nd r + j ~ r by i 4 - 2.ry - (c. K. 1 86$). 

Divisor = i -- I'.v- - 7.1 r) ^ i ~ (jr - y)- i > . 

= (r +r-^)(i -.r+j/). 

/. Quotient ■-■=<' I f r+ iO(r+ v - i) = {(c+jt 0 + 1 
= (.r - I =-V“ f 2Ay + r‘^ - i . 


. 1 . 

2. 

3 - 

4. 


5. 

6. 
7* 
8. 
9. 

10 . 


11 . 


13. 

13. 

14. 

15. 

16. 


17. 

f 

18. 


19 . 


Exorcise IjVTII. 

if y + :r~2r, ^ '-=,7 4 -.r — r + '/ -* 27, find tlie value of 
+ a- + 2 fir. (u. M. 1892). 

Kind tlie continu al product of 

j 2 « 2j, 2^ (-a „ 2 rv + 29/“, x^-t- 2 y and x^ + 2 1> + 2_y‘-*. ( \\. M. 7885) 
Divide ( 2 X‘^ - .r - 3'f3 1 ^ - x — 2) bv 6 r‘^ ~ c;.r — fi. 

Divide the product of + and a- - + 2/fc 

by (i\ K. 1890). 

Divide (by employinj^ factors) 

.r" 4- 2.1^4'/’ by (.1* (c. K. 1S59). 

.r^ 4- a* r* 4- by r® - ax 4- a^, (c. K. 1 . } 

(.r’* -9'* ( r 4 *.r)’^ by ( 4 - xy 4 - - y^). (C. K. 1873). 

by ^7 K.r. (c. K. 1863). 

(.r-i-y)’’ by .r4- r — 2ij. (a. K. 1894). 

(2 2 - .ry 4-j- 4 - 4 - xy by 2 (ar'-* +y^). ( B. M. 1891). 

(ax-h fi]^ + csr)^ ’h (cx - fy + a:!ry by (a + c'^(x + £r). (b. m. 1887). 

d^x^ 4- ti^) 4- ax{ r^ - a-) 4- fi\r 4- a) by {a 4- ^)(x 4* a). , 

4 - by {n^ - -h V 

(2^ 4 - 3/^ 4 - 40’' - (uf 4 * ^ 4 - cf by^ <2 + 2/7 4 - 3c. 

(,r® — 5 .r 4 - 6X-t'® 4 - 3;r — 28) by .i'* - y.r 4 - 1 2. 

Subtract - 7 r 4- 1 3)'^’ from {x^ - y.r - 1 3)®. 

Subtract (5.1*^ - 5r - 1 1)* from { 6 x^ ~ 5JI + 1 1)®. 

Shew that {x-/^yf-{y- 4 xy-¥{ 2 y-:^rY-{ 2 x-’^yf is 
divisible by 5 (.r 4 - 9 '). 

Find the divisor when (4-r® + 7^97 4 - 5^ )" is the dividend, 
8(.r4-2jy)^ the quotient and 9 /®( 9 ;r 4 - 1 1^')* the, remainder, 

(b. M. 1889). 
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20 . If + and x-y — iby find the valueof in 

terms of a and 

21. U express + as the prodij< i 

" of two expressions involvin^f x and r. (P. K. 1893). 

22 . Simpl ify (.r - j/ + + (x + y - :r)‘^ - 2(,r + .c’){.r +y — .r). 

23. Pro .^e t hat (ax + hy 4 - ^“s')- — (bx 4- /:r 4 - a/yy-^ is divisible by 

(a - b)x-^(fi -L)y + (i‘-<r)x. * ^ 

24 . Shew that (ar-i-bv'/+ bx + ay)^ is divisible by (a-hbXx+y). 

25 . Find the <.|uotlent when the product of rt:* + /(^^and 

divided by — 2a^b + 2ab^ — b\ 

26 . Multi pi y ( 2x- 4 - yv 4 - 1 y^ - (2x^ - 3ji- - i )- 

by (.v2 + 6 r - 2)« - (-t'2 - 6x + 2)^ 

27 . Divide 7Ji*(.r - r 1 ){x^ ~ .r - 1 56) b y a ^ 4- v® - 1 3 2.r. 

28 . Divide (5 1 - 3 r - 6)® - (2.r® - yx 4- 9)® by the produrt of 3.1: 5 

and X -^3. 

29 . ‘ She\\ that ('7.r‘-4-3.t*- 3)''' + (5:r*'-4;r~ 3)® is divisible by 4 r - 3 

and by 3-t'-r2. 

30 . If X 4 ’j' = a and .r ’^y-sr.b, shew that 

7,r®r® 4-y ) == ( - b^Xsb^ - a^). 


III. EA.SY IDENTITIES. 

138 . All Idontitv is a statement that two expressions are 
equal, whatevet numbers the letters stand for. 

Thus, 7.r~4.r = 3.r, whatever value x may have. 

■^b^^{a-{-b){a-' b), whatever value a and b may have. 

i ?4 The two expressions connected by the sis^n-=are railed 
the sides or members of the Identity ; that to the left is called the 
left-hand side and that to the right, is called the right-hand side. 

UO. In this Sn'iwn we should establish the truth of certiin 
Kasy Identities with the aid of the foregoing principles. 

Ex. 1. Prove that (;r 4- 2df 4 - - 2a)^ « 2(jr® 4 - 4 ^**). 

Left sidc=(-T*4-4'»'^ + 4«®)+(^®-4«^ + 4«®), An. 91 

*as 2A** 4- 
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Sx. 2 . l^rovG that {a^ + — ad + b - )- = \ab[ii^ 4 - 

J-efl side « } + ab\^ -■ 

=^{(a^ + b-r+2ab(a- + b^) + a^b"} 

— {(^^- + b'‘/ - + b^) 4- n^b^, Art. 9 1 

— {a^ + ^-7 + 2ab{a^ + //^) ^nV/^ - {d^ + ^‘7 + 2ab{d^ + b^) 

JO 

— 

( 

< )thcrwisc thus : Assume d- + — . i . 

Then Left d\iXft^{x-\-ab'^^ — {x — ab'^^ 

= {{x + ab)-{‘{x-iib)\{{x + iib)- {.I ~ ab)]. An. 126 
= 2.1' X = ^abx — 4ab{d^ 4- 

Ex. 3 . 1 h'ove tb at x(x+ 1 )(x 4- 2)(.r 4-3)4-! = (x^ + 3.1 4. f )‘-J. 

Left side=.r(r4-3) x(.v4- J)(-r4-2)4- 1 

= (d- 4- 3-1') X (.1-2 4- 3.1- 4- 2) 4- 1 , A rt. 97 
= ^^(^A4-2)4- 1, (writing a for ;r-4'3.r) 

«= 4 - 2a 4 - r = (^^ 4 - 1 )‘^ Ait. 123. 

= (.r- 4 - 3.1' 4 - 1 7, (restoring the \h 1 iic of aj 

Ex. 4 . Prove that 

(b-^c)(b + c'-^r) + i(:-a)(c‘ + a — b) + (fr, -b)(a + b - , 1 = 0 . 

Left side = (b - c')(b 4 - r) -a'Jf-c) \ 

+ {i^-d}{c + a)-b{c-a) ^ 

4- {a - l'){a 4* ^) — ('{a - b) J 

s= — c'^ — {(lb — at') + 1 — a- -{be — ab) 4- d^ — — {m — be) 

— {b'^ — d + c^ — a- 4- d^ — b'^) — {ab — ac 4- be d ab -\rac— be) 
= 0-0=0. 

Ex. 5 . Prove that 

{ax 4- byf + {ay - bxY 4- c%\ 4-,/“) = («“ + b^ + t'^)(A'- 4-7-)* 
Left side = dir^ 4- '2abxy 4- b^y^ 4- a^y^ — 2 abxy 4- bV 4- 4- 

^ a V 4- 4- c^x^ 4- a^*-* 4- b'^- + c^y^, 

' (re-arranging the terms) 

= (a^ 4- 4- c^)x'^ 4- {a^ 4- 4- 7 

= (a* 4- 4- 7)(.r5^ 4- y^)- 

Ex. 6. Prove that 

, {a - bf 4- (<i 4- ^)® ' 3(«“" b)\a 4- ^) 4- 3(« 4-'^)‘-*(a -b)- 8a^ 
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Assume a~b^x and a + (>=y. Then x-^j,=2n. 

Left side = jr* 4. + 3 y^x ^ 

=^*+y + 3;rj/f.r+j,) = (.r4^)S Art. 133. 

= (2«)’ = 8«’. 

Ex. 7. Provo that + - 

Left side = ««_+ 2a^fi -b*- 2alf-^ (a^ - /,4) + -P) 

+ ^‘')(rt'*' — ^*) + Art. 124, 

=^(‘'^- 6 ’-Wa^ + P) + 2 ab} = {a^-b^)(a+fi)\ Art. T23. 

~fa + b)(^- bXa + b)^=(,i - b)(n + b)\ 

Ex. 8. Throve tliat 

(2Z + ay + (x + by + 4(J^ = (.r - fif + 4(1- 4. 4. _j_ ^^3 
Left side = (4.r2 + 4rt,r4.^2)4.^^2 4.,/,^4.^3^_l_^^^^^ 

~ (-r’* -26x + b^) + 4(,i 2 4. ^ + 6x + ab\ + 

Mdi„« and subtracting zbv and rc-anauKing the terms) 
.-(x b) + J^{x ■\- a){x + b) + 3\i ts. 123 and 129. 

Ex. 9. If 2f = (t + i^ + rj prove th.'it 

(•' - 'if + (.t - b){s - r) + as = d^+tc 

Left -Mcle=(.r2 

=--2s--{a + b + c)s+,fl + bc 

= 2s~ — 2 f.s 4 4 ffor rr + d + i = 2 

= 2 7 '-* - 2^-^ 4 a- 4 h‘ = a- 4 fie. 

Ex. 10. 2.f = <a: 4/^4 fT 4 f/, prove that 

Left §ide = i 2 (ab + cif)y- (a^ + b^-y‘- ,fly 
=\ 2 (ab + af) + (a^ + b'‘-c^-eP)] 

x{2(ab + r/f)-(a^ + P-r^-^)l Art. 126. 

= \{n^ + /}■•* + 2ab'i -{^ + iP- 2cfr)) 

'X\{<^-\-eP + 2 cd)-{a^ + b'‘- 2 ab)) 

= Ua + by-(^c-dy){{c + dy-{a-b)\ Art. 12*3 
= {(rt + 3 ) + (r - dMa + b)-(c-d)\ 

^{(c+d) + (a-d)){(c‘+d)-(a-b)i,An. 126. 

-(^ + ^ + c-d){a + b-ii+d)(a-b + c+d)(-a + b+£-{:d) 

— (^ + ^ + c + d- 2 d)(a + b + c+d~ 2 c)(a + b + c + d- 2 b) * 

^(a + b+c+d— 2 a) 

= (2S - 2d)(2s - 2C)(2S - 23)(2j - 2a), (for a + b + c + d^2s) ■ 

= 2fr - rf) X 2(J - r) X 2(J -?) X 2(J - a) 

= 1 6( j - a)(r _ ^)(, _ ^)(, _ 

M.A.--7 
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' Exorcise LIX. 

Prove the truth of the following Identities. 

1. (jT -f- — (x — 2 ay = Sax. 

2. {u" + - d-y - {a^ - ad - ^2)2 « - d^). 

3. + c){d - ^) + (r + £i)(^: - a) + (a^+ ~ fi) = o. 

4. + {nd-~ bcf' = (rjt^ + + d'^). 

yr' 5. (rt + /) + ^ )“ + id + ^ C‘^ (^b -V c)^ + (r + aY" + {a + 

6. {a b i' (i y 2 [/d ^ b^ 

^{a + bfHa^cf-^{a + dY^{b^cf^{b^df^[c^d)\ 

7. {a — by + b^ — — «). 

8. {a + /;)“ + 2(/f- - b‘^) + (a ~ bf = 

9. - 1 .•)(^• - a) + (6- - a){x - + (,« - b){x - ^) = o, 

10 . {a’^h + cY + {a-\‘b-cY+{a-b’^'cY + {b-^c--ay^ = /[{d--TP + c^). 

11 . {ax by ^ 1 7 )^ + {a y — + {bz - cy^ + {cx -> azf 

= (a-* 4- + z% 

12. {a + bYib + - a){c ■^a-b)-\-{a- bf{a + /; H- c){a -\-b-c)»^ 4 abc^. 

13. (ax + byy^ + ((TX + dyY + lay- bx^ + (o' - dxY 

^(d^ + b^^ + c^ + d%t^+y^). 

^ 14. {{ax + by'Y + (ay ~ bx)-^{(ax+byf - (ay + bx)'-^) = (< 2 * - -^y*). 

(C. K. 1859 ). 

16. (a + bY -{a- bf - ^{a + bf{a -b)4- Z{a + b){a - bf = 8^^ 

16. (x + 1 ){x + 2)(.r + 3)(.r 4- 4) + 1 == + 5^^ + 5)®- 

17. ( I - a2)( I - b'^) - (r + abf « I ~ ^2 _ <^2 _ ^2 _ nabc. 

18. ( I - a^){a 4- be) ~-{b + ca){c4rab) = a(i - ~ c* - 2abc). 

19. (a 4- b){a 4- c) 4- (b + c){b 4- a) + {c+ a){c +b)-{a4rb + c)^ 

^bc + ca + ab. 

20. (x - + {z- x){z - y) = ( J/ - .7)« 4- (x '-y){x - z) 

21. « { 2 a + bf^+ ()a{ 2 a 4- b){a ~ ^) 4* (« - 3)® = 27 

22. {a+b-c){b+c)’h{b+c-a){c+a)’¥{c+a-^b){a+b) 

^2{bc4‘ca + ab). k 

23. {b 4- cY 4- (c 4- «)* 4- (a 4- ^)® + 2(.> 4- 2{b 4- c){a + b) 

+ 2{e+a)(a + b) = 4{a4rb-\-c)*. ' ^ 
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21 {a + + + = (a ^ cf + 2{a + c)b + b^. , 

25. - ^)( I + be) + b{c - < 5 i)( I + ca) + ^(^^ - ^)( i + ab) = o. 

26. {b + c )(c 4- a)(a 4 ^) = (« + ^ + c){bc +ca+ ab) -- abc. 

27. a\b 4 e) 4 4 c) 4 e\a 4 4 ^abc —(a+b + r)ibc+ ca 4 ab), 

28. a{Jb 4 tr)‘^ 4 b{c 4 4 c{a 4 - ^abc ~ 4 c){c 4 a){a 4 b). 

29. {a-‘b^\c-¥df^^ab{c--df^{a^b)\c--df^^cd{ii--‘bf. 

30. (14 a)\ j+b^)-(ii- <i^){ I 4 - 2 {u - ^)( I - ab). . 

31. a?{a - 2b) - b^{b - 2a) = (^ 4 b)(a - bf, 

32. {x-y){x + i){y+i)~A{j' + i)^+j'{s+i)" 

= {x-j')i.r+y + 2 xy), (M. .M. 18 S 7 ). 

33 . 4 i')‘^ 4 {a ■\-bf — {b-{-c){c a)-- (c +a)((Z + b) — {a -{- b){b c) 

— ^ b^ - be- ca - ab, 

31 (^ - cf 4 (c* - af ■^■{a-bf^ 2 {a - b){a - 4 2 (^ - 6 -)(^ - a) 

• 4 2(^‘ - a)(£: — 

. 55 .' If ,r=a+dj jy^b + d, 2 ' — c+df prove that 

.t-a 4. ^ 4, ^ j + ^2 _ - ab. 

36. If J = a 4 ^ 4 i-’, prove that 

(as 4 be)(bs 4 ac){cs 4 ab) —(b + cy^(c 4 a)\a 4 b)'^. 

(c. E. 1902 and A. E. * 1890 ) 

If 2 s—a + b’^c, prove that 

37 . 4 bh'^ — (b- 4 c^ - = J - rt)(j — b)(s - c), 

38. s^ + (s-a)^ + (s -b)'^ + is-c)’^=a^ + b‘^ + c^. 

^ 39 . s(s - a)(s -b)+ s(s - ^}(j -c)+ s(s - «)( j - ^r ) « (s - «)( j - <5)(.9 - c) 

+abc. (li. M. 1870 ). 

40. ; 2(s - a)(s - b)(s - ^r) 4 a{s - b)(s -c) + b(s - -a) + c(s - a)(^ - b) 

^abc. (c. E. 1898 ). 

41. If s=a+b + c^ prove that 

s(s - 2b)(s - 2c) 4 s(s - 20 (j - 2a) 4 - 2a)(s - 2 ^) 

42. Shew that (.r 4 ^')® 4 3 (x 4j')®5r 4 3^^ 4/ 

* (at 4 4 ^{x 4 z?y ■{‘Z(X’\‘Z)y^ 4^ . 

i 



CHAPTER V. 

K(,)I'ATI()NS AM) SOUAKEl) PAPKR. 

I. SIMPLE EQUATIOJSrS. 

141. When two ali’ebraical expresbions are connected by the 
sign of equality (-), the whole expression is called according to cir- 
cumstances, aci Itjlentity or an Equation. 

143. .An Identity is merely the statement of the equivalence 
of two different forms of the same quantity, and is true for anv 
values of any of the letters involved in it. 

Tims, + + r or x' -^y)ix ~y), is a/^aays 

true, whatever b(‘ the \ allies of x and y. Hence each of these 
e.xpressions is an Idc 7 it:ty. 

143- An Equation, however, is the staicment of the equality 
of two di(jr 7 cni algcbiaical expressions , in whicli case the equalit) 
docs not exist for miVy but only for some particula. values of one 
or more of the syinlDols contained in it. 

Thus, the equation .i •-3—5 will be found tiuc only when we give 
X the value 8, and .r''' = 5.r-6 only when we give .r the value 2 or 3. 

144. Mence, an eiiuation which is true when the syml)ols 
have certain particular values is called an equation of condition 
or a <ionditional equation. 

145. The two i^arts of an equation on either side of the sign 
of equality aie called its sides or members. 

146. The letter whose value is not known and is required to 
be found is called the unknown quantity. I'he process of finding 
its value is called solving the equation. 

147. An equation is said to be satisfied by any value of the 
unknown quantity wdiich makes the values of the t'ivo sides of an 
equation the same. 

Thus, the equation ,r+3 = 7 «s true w'hcn ji; = 4. The value 4 is 
said to satisfy the equation. 

This includes the case when all the terms of an equation lie on 
one side and zero on the other, as in 5.r + 6 = o, w'hich is satisfied 

bf 2 or 3, either of which, being put for r, makes the first side = o. 

148. Those values of the unknown quantity, by which the 
equation is satisfied are called its roots. 

Thus, 7 is the root of the^ equation ;r-3 = 4 ; 2 and 3 are the 
roots of .r® — 5.r + 6 = o, and so on. ^ 
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149. An equation of one unknown quantity is said to be of as 
many dimensions as is denoted by the index of the highest power 
of the unknown quantity involved in it. Hence, an equation which 
involves only the first power of the unknown quantity is of one 
dimension and therefore it is called a simple equation, or an 
equation of the first degree. 

Tims, ^ + 3^7 IS of one dimension^ and therefore it is called 
an equation of the first degree or a simple- equation ; .r-^ = 5.r~6 
IS of tvw dimensions^ an<l therefore it is called an ec| nation of the 
ijccond degree or a quadratic equation; a ^ - 8 -- is of iin^ee 
di/nension^^ and therefore it is called an equation of the third degree 
or a cubic equation; .r'*-6jr^=i5 dimensions^ and 

therefore it is called an equation of the fourth clcgrce or a biquad- 
ratic equation ; and so on. 

150. The process of solving Simple Equations with one unknown 
tjuantity consists mainly in the use of the following axioms. 

1. If equals hr added lo equals^ the sums are equal. 

• Tlius, if,r = a, then .r + 4 = « + 4. 

2. If equals hr I aim from equals., flic remalndc7‘s afx equal. 

Thus, if v = a^ then .r — 3 = ^ — 3. 

3 . If equals be multiplied by equals, Ihe products afr equal. 

Thus, if.v = rq then 6,r=6rt. 

4 . If equals be dhided by equals, the quotients arc equal. 

'I'hus, if 7,V“ 14, then x~ 2. 

JSx. 1. Solve the equation 5-v=i5. 

Dividing both sides by 5, .r— 3. 

, Ex. 2. Solve the equation — 4. 

Multiplying both sides by 3, a'= - 12. 

Ex. 3 . Solve the equation I5.r — 3;i: + .r = 37 — n. 

By collecting the terms, we have 13:1'= 26. 

Dividing both sides by 13, .r — 2. 

Exercise LX. 

Solve the following equations : — 

1. 3:1'= 12. 2 . 5;r = 20. 3 . 

5. ii.r=- 44 . 6. -.^' = 7• 7. 8;ir=o. 


4. i8-t=54. 

8. -3;ir=-i8. 
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9. 

H 

1 

1.. 

11. -^= 6 . 

3 

12. ~=i. 

3 

13 . 

- 5 .v=o. 

14 . 3^-=8 

16 . 9 .r=i 7 . 

16 . -3:r=-24. 

17 . 

2 X 


19 . ^-- = 20. 

4 

20 . y = -14. 

21 . 

5 

22 . - •?= -i. 

4 12 

• 23 . 

7 14 

24 . ®^=io. 

3 

25 . 

— 6 .r-f 8 .i-= 

= ?-S. 26 . - 

ii;r + 7;r= - 6+18. 

27. 6 ;r — 2.r=!20. 

28 . 

7;i:-2.r-f 3.r=i8-2. 

29. - 3 x - 4 x-’ 7 x— 

-40 + 4 - 

30 . 

- 2;r — .r - 

3X= -7 + 4-12. 31 . 6x-3.r+sx= - 

35 + II+2. 

32 . 

-7.r=*2i, 

33 . •4.r = ‘ 

16. 34. 6.r='o6. 

35. ■ 7 x=ys> 


151. Principle of Transposition. A quantity may be 
fiuitisferrcd from one side of an equation to the other by changins^ its 
siy^n^ 'loithout destroying the equality exfressrd by it. 

Thus, if .r — + adding a to each side of the equation 
(which, of course, will not destroy the equality) we have x^y-^-bAra, 
and, subtracting ^ from each side, we have x — b=y-\-a\ where we 
see that the —a has been transferred to the other side with its sign 
changed to +, and so also the with its sign changed to^ 

152. Consider the equation I2A' — 8 = 3.r4‘28. 

Jiubtracting from both sides, I2,r — 3.x' — 8 = 28. (Ax. 2) 

Adding 8 to both sides, — 3a'=28 + 8. (Ax. 1) 

Thus, we see that +3;rhas been removed from the right-hand 
side, and appears as-3,r on the left, i.e., with its sign changed ; and 
— 8 has been removed from the left-hand side, and appears as +8 on 
the right, f.c., with its sign changed. 

Hence, the above Kule. 

153. Change of Signs. If the sigtis of all the terms of both 
sides of an equation be changed.^ the equality expressed by it will not 
be destroyed. 

Thus, if a-b — c-d ; multiplying each side by -i, 

We hfive - i(«~'^)= -T(c-^f), (Ax. 3) 
i.e., —a-hb=—C’\’d. 

* 154. Consider the equation 15 ==2Ar-“ 3. 

Transposing, — 2;r+3 = 4;r+ 15 

or 4;r+i5s= -2Ar + 3. 

which is the original equatioil with the sign of every term changed. 

Hence the above Rule. 



II. SIMPLE EQUATIONS NOT INVOLVING 
FRACTIONS. 

156 . To solve a simple equation of one unknown quantity. 

Rule. Transpose all the terms involinnj^ the unknown quan- 
tify to one side of the equation^ and the known quantities to the othcr^ 
changing the sign of every term thus removed. Collect the terms on 
each side ; divide both sides by the coefficient -of the unknown quantity.^ 
and thus the root required will be found. 

Ex. 1. Solve the equation 4.r+2 = 3r + 4. 

Transposing, 4,r“3;r = 4-2. 

Collecting, -r=2, the root of the equation. 

Ex. 2 . Solve the equation 4.r+ 5 = 10.1' - 16. 

Transposing, 4:1'- iojr= - 16 - 5, 

Collecting, -6.r=-2i, 

^ Changing signs, 6.r=2i, 

Dividing by 6, ;r=-V- = 3l ==3i 

To verify the fat t that is a root of the equation qx + j = lox - 16. 

WIien;r=3i, 4 .r+ 5= 4x3^+ 5 =i 4 + 5 = i 9 - 

10.1-16=10x3^-16=35-16=19. 

/ 4.^+ 5 = To.r-i6, 

f.r., the equation is then satisfied, q. k*d. 

Ex. 3 . Solve the equation 5(;r+i)- 2 = 3(.r- 5). 

Removing brackets, 5^+5’-2 = 3.r-i5, 

Transposing, 5 -''»''“ 3 -*'= - 15 “ 5 + 2, 

Collecting, 2;r = - 18, 

Dividing by 2, ;t'= — 9, 

Verification. When .t'= -9, the left side 

= 5(“9 + i)- 2=5 X - 8-2= - 4o-2p - 42. 

When X— -9, the right side = 3( -9 - 5) = 3 x - 14— -42. 

= the left side. (j. E. D. 

Ex. A Solve the equation (.i:-3)(.r-4)-22 = (;i'-5)(;r-6). 
Multiplying out, .ir*-7;r-t-i2-22 = ;i:’*- ii.ir + 30. 
Transposing, ;r®-.i:^- 7 ;r 4 -ii.r = 3o- 12 + 22, 

Collecting, 4.r=4j>, 

' Dividing by 4, .r=io. 
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Verification. When -r= lo, 
ihc left ’side = (10-3X10 -4) -22 = 7 x 6-22 =42 - 22 = 20. 
When -r=io, the right side = (io - 5)(io-6) 

= 5 X 4 = 20 = the left side. (j. K. n. 

Ex. 5. Shew that .r =4 s'atisjies the equation 
( 3.r + 1 )(2.v - 7) = 6(.r - 3)- + 7. 

When .1 =4, the left sicle = (i2 + i)(8 — 7)= 13 x i = 13. 

* llic rig^ht bide = 6(4 - 3)'-^ + 7 = 6 x i + 7 = 6 + 7 

= 13 = the left side. 

Hence .r---=4 satisfies the equation. 

Exercise LXI. 

Solve the following equations : — 

1. 4.v-2='3.r + 3. 2 . 3 .r + 7 = 9 ^‘~ 5 - 3 . 4-r 4-9=^8i - 3. 

4 . 3 4 - 2A' = 7 - 5:1'. 5. .r = 7 + 1 5.r. 6 . 24,1' -49=1 9a' - 1 4- 

7. 4;r - 2 2 = 34 - 3.r . 8. 26 - 8.v = 80 - 1 4x. 9 . 3.r = 7 - 2.r + 8. 

10 . 3(.i--2) + 4-4(3-.i), 11. 5-3(4-.r) + 4(3-2A')=o. 

12 . i3.v-2i(.r-3) = io-2i(3-.r). 13 . 4 ( 3 -^- 2 ,)- 2 ( 4 .r- 3 )= 3 ( 4 -. 0 - 
14 . i2(jr-3)-3(2.r- i)=22-5.r. 15 . 5(5-2.r)-7(2.A--5)=i2. 

16 . 32 r 4 -i 4 - 5 -i'+i 5 = 4 -’^ + 5. 17 . 6.r+ i8 = 4.r-8 + 3.t:-2. 

l8. 6(.;r-4)=o. 19 . 5(3.t' + 7)=o. 20 . ;,(6r-i5)=o. 

21 . ,''i( 9 :r- 35 .r) = o. 22 . 4.r - 6.V + 35 = 5^.' - 3.V + 7. 

23 . 2(x-3)-2(x-2)+x-i=x+s + 2{x + 2)-h i(x + i). 

24 . 2X-1- 2(3.r - 2 ) 4 - 3 ( 4 - 1 ' - 3) - 4(5.r - 4) = o. 

25 . 5(32: -1- 2) -2(7.r-9) = 7(5.r-t-4)-t- 11(5-3.1-) -61. 

26 . u(.r-2)-2(4-3.v)-4(i-2.r)=i7(.r- i)-t-7. 

27 . 8.*- 4 - 2 - 4(5 - .t-) = 2(io -.v) - 7 4- 3(5.r - 7). 

28 . (;«:- 8 )(.r 4 -i 2 ) = {.r- 6 )(r 4 -i). 

29 . (4^ - 3)(3.r ^ 4) - {2x - I ){Gx 4- 1 ) = 3(3 - 5;ir) - 2. 

30 . {x- i)(.v- 2)4-(^-2)(2--3)4-2=2(4;-3)(.i -4)-2. 

31 . ^(.r-2)’'-(3.r-7)(4.r- I9)=42 - 7 (.r- 3)“. 

32 . 3 ^(s^- 2 )-( 2 A- 4 - 7 )(.t'- 3 ) = i 3 (-’^+ 0 (i'-i)-i 5 - 

33. (.1^-3)“ =2:“ 4 - 4-1- + 29. ^ 34 . (.v- 4)“ = (.1-- !)'■*- 3. 

35 . 3(24-.r)(i-.r)-(i-3r)(i4-:r)-'2«=i5-8.f. t 
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56 . 2x^-7=^x{2x-3). 37 . 5 i) = o. 

38 . 2{x+ iXx + 3) + 8 = (2x + 1 )(a- + 5). 39 . xix - 9) - x- - 49. 

40 . (.V- i)®-(.r- ;)‘^»=(A--i-5y‘*~Cr + i)‘-*- i(xv. 


156 . Literal Equations. Known quantities are sometimes 
denoted by the letters of the alphabet, r/, c, ixc., as well as by 
numbers ; unknown quantities are always denoted by .r, j', r. 

Ex. 1 . Solve dA' + 2 x -~fr = ^x + 2c. * 

' Transposini;, /kv + 2.r - 3^ = ^^ + 2C. 

Collectinj^q — .r=/?'+ 2^ . 

llrackctin^, i)^a-\-2c. 

Dividing by d~ i, • 

Ex. 2 . Solve {a-{-//)(d — .v)‘\-x(u — /f) = o. 

’ Hu] ti plying out, ud + < 5 '* — ax — dx -\rax~- Ox = o. 

Transposing and reducing, -2/41 = 

(.’hanging signs, 2 bx = b{a-\- 0 ). 

Dividing by 2b, r = ^(/7 + /;). 

Exercise LXll. 

Solve the following equations : — 

1. mx-\-a — nx + b, 2 . + ax~ - ^ax. 3 . 3«.^ - 4a^ = 3^.r - 

4 . 5(^7 + x) - 2x = 3(^7 ~ 5.1). 5 . (2 -^x)ia - 3) = - 4 - 2ax. 

6. (a + x){a — ,r) = id^ 4- 2 ax - x-, 7- (/// + «)( w — .v) = — x). 

1B. (6.1' + rt)(2.f - a) ~ (3.1- - b'){ 4 x + b). 

9 . {x — a){x — b') — x^~ + //- + ab. 

10 . x{x-a) 4 -x{x-b) = 2{x-a){x -b). 


III. SIMPLE El^UATIONS INVOLVING 
FRACTIONS. 



157 . When the equations are in fractional form, the fractions* 
should be cleared first by multiplying every term by any common 
multiple of all the denominators. If 4 :he L. c. M. be employed, the 
equations will be' expressed in most simple terms. 
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Ex. 1 . Sol\fe the equation u .4.'^ . 

234 6 

Here, we first clear the equation of fractions, by multiplying 
every term by 24, the c. M. of the denominators, and thus we get 

1 - 8 X 2;r 4- 6 X 3jr = 264 + 3.V, 
or 1 2;r - I 6a' + i 8.r = 264 + s^tr. 

Transposing, I2x — i6.r + i8.r — 3;r=9= 264. 

Cohecting terms, ii;r=264. 

Dividing by ii, ;rs=24. 

Ex. 2 . Solve the equation ^ = i • 

Multiplying both sides by 6;i:, 
i4X2.r + 4x6-6.r~(.r-T) 
or 28 ;r + 24 ~ 6 jr ~-r + T. 

Transposing, 28.1' — 6A''+;r= -24-f i. 

Collecting terms, 23.1'= -23, 

/. -v« « I. 

Verification. When ,r= - i, 

the left side = V + 4 - i ) = V- - 4 = , 

' 3 3 

the right side= i -(- i - i) ^-(6 x - i)= i +2-^-(“-6) 

= I - J = V = the left side. Q. K. d. 

Ex. 3 . Solve the equation -y“ + i6 — ^ 

Multiplying both sides by 12, the L. c. M. of 2, 3, 4 
6(;r + I ) + 4(.v + 2) = 1 92 - 3(.r + 3), 
or 6,1' + 6 + 4.r + 8 = 192 - 3.r - 9, 

Transposing, 6;r + 4.r + 3,1'= 192 — 9 - 6 - 8. 

Collecting terms, 13.1'= 169, 

,, /. = 13 - 

Verification. When -r = 1 3, 

the left side = ^ ^ ' + "V = 7 + 5 = 1 2. 

134^ 16 

the right side= 16- - -^=16 = i6-4«*i2, 

4 4 4 

= the left side. Q. E. D. ^ 



SIMPLE EQUATIONS INVOLVING FRACTIONS. 


107 


Ex. 4. Solve the equation 

3 x^+x 2 X^-^X x^+x ^ x^ + %x ^ 2 

^ ir'+, 5 -- 

Multiplying both sides by 60, the L. C. M. of the denominators 
and expressing the mixed number 2^’;, as an improper fraction J;‘, 
we get 

3o( 3^2 ^ + -r) + 1 s{x^ + .r) - i 29 

= 6 ox^ + + ,r) ~ 5(.i'‘^ + 5.r)*p 8, 

or 90jr‘-* + 30A' - 40x’^ - 2o;i' + 1 + 1 5^ - t 29 

= 6o;t'* + 1 ox^ + 1 ojr — ^x^ — 2 5.1' + 8. 

Franspobing, we find that the terms involving x^ destroy one 
another (otherwise the equation would be a quadratic), and we have 
the result 

30jr - 2o.r + 1 5.r - io.r + 2 50: = 1 29 + 8. 

Collecting terms, 4o.r=T3,^^ 

/. ^« 34 .V. 
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17. -•'^■“3^ :Y“ 


7.r+5 i5;r-6 8 - 5 .V 


19. + 

45 12 ^ 2 

21. 1 +*_ 3 ._ 5 ^ 7 _ 

X IX 4.r 12 24 


20. 7 + ^ =9+— . 

2 . 1 ' 2 X 


22. -'-- -^■..-'+•-— 3 =^ 

2343 


23. “ - 'L •'■- 5 , . 

- .1 4 


24. 

3 5 \ 5 / 3 

25. ^’°--"'-3'*-S=9:-4-3-v 


26 . H_ 4 -’-.-. 3 _ 2 :.+ 7 ^,^^, 


14 7 4 7 5 21 

27 . ,U-v + i ) + 1 ( 5 - 2.r ) - 1 ( 2 + 5.1') + i ( 5 - .1 ) = o. 

28 . K-i' + 7 ) - ; - 7 ) = -i (^- + 9) - K.r - 9 ). 

oq 2.r- 1 6.r-4 _ 7.r+ 12 ;r+i 5-21- 2 + 5.1- j-.r 


, -I- - --• 30. ■ • + •' 

7 II 3 4 

31 . .i(2.r + 5)+,',(2j--5)= ;(3.i + i)+,;(3.v- 1). 


+ •'--- =0. 
3 


32 . 3 .v-._ 2 .;- 5 ^.r- 3 _. 

2340 12 8 4 4 

34 . M--:i(.r-7) + ;;(.r-3)= 14J. 35. ')- '(2--V)+-j(.v+i)=.r. 

36 . 4.r - X + ---— + 24. (C. E. 1880). 

37 . 6l _ 7 ^ 4 ^' ■-? . (c. 1 C. 1861). 

3 3 5 

38 . .r-^-" = 5L ’^+J%-^-=. (m.m. 1883). 


A' — 2 3 

.r+io x — 2 

X =5- 

— i'" + 

2 U 

5 4 

7 ^-'- '(2. 

.-'--n=6'. 

4 3 \ 

2 / 3 


3 .- 3 - 5 £. (e. 

4 3 

2 3 

f'+J- '■'•:r'. 3 . 

= -^ + 5 _ -EtJ , 


8 10 6 
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9 13 

43. + P . (c. K. .891). 

44. •IrJ_^-- 9 + 3 ^ 1 r^r_l)= 4 . (c.K. ,864). 


45 


•1^- (3'' -“Yq^^ = '.(2 -^‘ + 57 ) + ;;. (a k. i8yo)* 


46 . 4 r + 3^.i3A 8r+.9 _ 

9 108 18 ' 

47 . + ,g3g) 

15 25 55 ' 


48 . ^'^5 + 

• 6 9 


9V2 S' 3 3 


158 . Sometimes, it happens, that the L. c. M. of all the deno- 
minators js too large to be conveniently employed. In sneh cases, 
we may see whether two or three of the denominators have a simple 
common multiple, and get rid of their fractions first, obscrvliJig to 
collect terms, and simplify as much as possible, after each step. 

Ex. Solve the equation 

2.r + 3 .r- 12 3 -*'+i_ .1 . 4 ^ + 3 

3 4 12 

Here, the L. c. M. of all the denominators would be 132 ; but 
as 12 will include three of them, multiplying by it, (having first 
changed 5^ to -V’), wc get 

Yi{2x + 3) - 4(x - 1 2) + 3(3,r + t ) = 64 + 4.r + 3, 
or i^(2.r + 3)-4A-+48+9.r+3=64 + 4;r+3. 

Hence, transposing and collecting terms, we have 

T f (2-r + 3) “ 4-^' + 9-^' - 4-^= <^4 + 3 - 48 ~ 3> 

or iT{2.'T + 3)+ar= t6. Now, multiplyiiig by i r, 
i2(2;r + 3) + ii.r=si76, or 24^:4-36+ 1 i;r= lyfi. 

Transposing, 24:1:4- 1 14r= 176- 36, 
or 35.r=i40 and /. ^r=Y5’--4- 
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Exercise IiXIV. 


Solve the following equations : — 

x — 2 .r-4 . o, V 

-T" 7 - .2 (C.K.1869). 

~~ ^3 -X ■” I ^ ^ t ^ , Omm/ \ 

T =8+7'-^- ‘«76). 

•’'-«+^-.+ 4+£rJ=7_£3p^. (c.f..(i892). 

3-f-3 3-r-2_4^-3 ,, 

12 '5 S 

5. + 7j-} -Sj ^ 9j-^:_z7) + , . 

7 9 5 

2X — I 3;i' — 2 ___ .1' — 1 2 ,r 4- T 2 
15 16 ~ 18 24 ’ 

7-t' + 29_ 3_(3^+.4)^ 3£±1_ 29-85 

8 ” i (> 10 20 


:. 1894). 


'^X~-2 AX -I io.r , .. X , „ , 

^ — + S-~ =5 (^-9)+3- y (M- 1891 ). 

9.r— io_ 2 ;i; — 7 _ 25_ 54-^ jj 282^—7 lQr + 5_.l x 

n" 75' “ 3 “ '33 ■ ■ ““Fs 24 “^4 32' 

2 .V + 7 _ 2;r - 7 _ j S _ 3 ^ + 4 
27 15 6 20 ‘ 

4^-21 4 . ,5 . 7 - y- 2 8 _ . 3 _ 9 - 7 X J 

-7 + 7 ^+ 3 ■-'’^+34 8 Tf.i2' 

f 3i = _ £zli . (c. E. 1883 ). 

4 58 3 f 

fzJ. i£z 3 ^i£± 2 _ £z^+f . (c. k 1866). 
73238)“* 

7£±5 + _ £Z9 + TO ^ ^ 

23 10 5 IS 3 
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^{a-2x) _ 2{2a-x) x-a \^{a+x) 

- - ' — + - 8 “ 32 " • 

Ig if ± 5 (f?r_^ 

"3 ' ~4 ' ' 5 '6 

19 f_Ilf — 'Z “ 1 '^^ _ + -^ ) ‘ 5 <'* + 1 6 m 

5 24 ““ lO 80 

20 . ^{-r - { 2 a - 30 ) - < 7 ^ - 5 U - 2 r)) = M^ia + 10 ^:^ - { 2 c- -x)\. 


159 . 'J'o ensure accuracy in solvin;^ equations whose coefficients 
are decimals, it is advisable to express all the decimals as vulgar 
fractions, and proceed as before ; but it is often found more simple 
to work entirely in decimals. 

Ex. 1 . Solve 7 jr- 3*35 = 6 - 4 - 3 * 2 .r. 

Transposing, 'yx -f 3 * 2 ;i'= 6*4 + 3 * 35 . 

• Collecting terms, ( 7 + 3 ’ 2 ).r~ 975 , or 3 ’ 9 .v = 975 . 

/. «v- 975 -^ 3-9 = 2 ' 5 , />., 

Ex. 2 . Solve - 15 ;^+ 135 :^“ 5 = • 36 _ ,_8 

'6 ’2 *9 
Multiplying all the terms by i' 8 , we have 
• 27.V + * 405 .^ - *675 = 3*24 - * 1 8,r + ' 36 . 

Transposing, ‘ 2 yx-i- ' 405 .tr + *i 8 ;t-= * 675 + 3‘24 + * 36 . 

Collecting terms, ’ 85 5 .^■»= 4 * 275 , 

/. .v = 4*275 4.*855 = 5. 


Exercise LXV. 


Solve the following equations 

1 . •S.ar + * 6 ;r -*8 = * 75 ;r + * 25 . 

3. *2;r+*oo5:r= 11*7 -h *01.1'. 

K x-i X -2 


•25 -125 


-= 4 * 2 . 


7 . * 01 1 ^: + 


•ooi;r-*i 25 5 -;r 

*6 ” ” 0 ^ 




2. ’Q()x — -oix='i 4 --o 6 x. 
4 . • 4 j: + -3 = 7 + ' 83 X 
6 , 3 fr 4 ^.,. 


2-5 


12*5 


-• 145 . (C. E. 1886 ). 


8 . 
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M ATRICUl.ATION Al.ClRRR A. 


9 . 

10 . 


A I a : 

•5 *05 *005 


-o. 

•000; 


(C. K. 1883). 


* o 2 t + ‘07 .V 4 - 2 


•03 g ^ 


(c. K. 1866). 


11 . 

5-2.r__ 


(r. K. 1891! 



5 5 / 4 

12 . 

■65^4- 

‘ 3 ai '-78 ^ 

'6 ‘2 \) • \ ■ 

1882). 


160 . Approximate SolutioDS. In finding’ approximate 
values, if the first fillin' nei^lerted is 5 or more than 5, increase b\ 
one the last fig-urc retained (See Arith., Art 385). 

In solving the equation, 7 a =33, 

dividing both sides by 7, ,r*= 47 14285 

/, .v—5, to the nearest integer, 

= 47 correct to one det'imal place, 

= 471 two places, 

= 4714 three 

^ =47143 fwii'" 


Exorcise LXVI. 


Find approximate values of r in the following equations : — 

1 - 7(3^ 4- 9^ — 6(8r 4 - 4) ~ 5(6jr — 3), correc t to the nearest integer. 

2. sC-tr — 7) 4-63= i8.r, correct to two decimal places. 

3^ 9(a"— 16)= T6(.r4-4), correct to one decimal place. 

4. (.r~2)® = (.r- 5 )‘^ 4 - 7 , correct to three decimal places. 

5. (a' — 4)(;r 4 - 4) — ( r — 9 )C^ 4 - 9) 4 - 1 3,r, cenrect to two decimal places, 
g. (.r4-3)(jr- 5)-.r*==o, correct to the nearest integer. 


7; ~ +5, correct to the nearest integer. 

8. 4. = 51 , correct tg two decimal places. 

4- — “ ^=0, correct to two decimal plaices. 

234 


9 . 
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X — 7 .^*““1 

10- 1) + -^ 14~~ ’ correct to one «flecimal place. 

11- 4I - *4'^' “ 3 J ) = 5 - 1 i-T, correct to t wo decimal places. 

12 . ^ = correct to the nearest integer. 

Exercise LXVII. 

Miscellaneous Kquaiiom { Easy). ^ 

Solve the following equations :~ 

1 4;r + 3 = 8x -- 9. (c. E. 1 86 1 ). 2. 2.r +11=71-14. (c. i B62). 


'lx X - r .T.r - 7 

3 ” 6 


4. 5 = ^. (c. K. 1870). 

5 4 


* 6 ^’" “ ' '7 ' = 4? ■ 6 . ,’ 4 ( 3 .r + ii)-^>- 6 n)=>(s;r- 6 ). 

7 ; 75 ~§(— - 7 )“ V,>Cr- 4 )= 5 .r- l( 3 -r 

8. .r- 5 -(5 -,r) 0 '+ i') = (r- 5 )(i +,r) + 4(q - ^ (p. E. 1888;. 

9 . (jr + .lji'r - !)-m + 5X.r-3) + -; = o. (c. K 1867). 

10. (6.r + 9)'-* + ( 8 r - 7 /‘-^ = ( 1 o.»* + 3)*'^ - 7 1 . f ( . i-:. 1882). 

11 . 1 20.t- - 4f 5.r - 2(6.r + 7(.r - 8)}J = 1 6 - 4r 3 1 - 2 {.r - 6f,r - i )| j . 

(c. K. 1893). 

12. (x - 1 /.r - 2)'.r - 6) = v^r - 3)^ (m. i\i. 1 88 1 

13 . r[q ^x)-pr^-^t{q •\-X\-pt, (m. M. 1882). 

14 . .t 2 + a[ia \k'^ - = ix - i/0- + a^. ( P. E. 1 889). 

15 . i{x-a)- '/ 2.r - 3^) — (a — x) = o. 

16 . (a + ^ -x)ia r) + {a+x)(fi-hx)- i7c = o. (Ji. M. 1892) 

F- "j^+’^ p = 2,r-7. (c. K 1863). 

18. -^*-Z:?p+5=o.(c.K. ,875). 

19 . = (e.K. ,870). 

a •’« 3 ^ 

on 7 -^ + ' I 7 - 2 - 1 - 


21. '7-3.v_4J^,5_6^^1^ ^ 

22 . (C. K. 1889). 
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23. 

24. 


25. 


26. 

27. 

28. 

29. 

30. 


31. 


32. 

33 

34. 


35. 

36. 

37. 

38. 


40. 

41 


4(A + l) + i(.l.-l)- K3'^-7) = 2. (C. E. 1890). 
J(iAr-2)-2(.r-3o)=^(;e-6)-7. (M. M. 1880). 
^^“'3 . 3-^ -8 4.r+J5 

2x + 5^ 

5 2^ ’ 3 ' 

2 -x . 3-A- . 4-:ir . 5-.r 




-^+3-^-^ 4-^. 
3 4 ' 5 


. (c h. 1874). ' 

+ 4 o. (c. h. 1 900). 


Find the value of .r which makes the two expressions 

(3.r+i)(2a'-7) and 6(.ir~ 3)2 + 7 equal. 

What value of x will make the expression 

5.r-(4;r-7)(3-^'“ 5) ^'qual to 6- 3(4.r-9)(;ir- i) ? 

What value of x will make 

2A'~3 4.r-6 6.r+i6 

+ -- oqual to /eio 

5 3 10 ‘ 

What do you deduce about the equation 

(2.^' - 3)(3'^' ” 4) = (6.V - 5)r.r -- 2) ? 

What value of a will make the product of 3- 8a and 3« + 4 
equal to the pioduct of 6a + |] and 3-4^ ? (u. M. 1891). 
find the approximate value of x in the following equation 

.y\ 

Solve the following equations : — 

,r -Jf (.r - I ) . 3 1 ^ 3-j^f a--2 ) 

3 ~ 3^ 5 

4“ ^ Si ■ 


, correct to two det imal places. 


2? + A(^-0 


II.T- 1 3 I ??A + 3_ 5^-2S^ _ J,7£+4 

35 '7 4 "'7 ”21 

-T - I J5 _ 2 - 6f ^ ^ _ S^-iUo- 3 x ) 

'”’3 ' )3 39 ■ 

A + lJ lo-.r_ 4-|.r I 

i ~ 1F“~” ~n’ 

7x+ (<i ^x+J 43f.-K3-8£) 

10’ 12 "'5 22 " 

4X-i(x-2)- [2x -{ix-j\{i6- i{x + 4)})] = i (at +^). 
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42 . -x) - 

43 . (M.M.. 8 , 0 . 

4 *- • (M. M. 1883). 

2 4,5 4 

6,r4-i8 5 ir -3^ o 21-2:1' . , 

45. ----- 4 ^- =s.r-48- - _.g- . (M.M. .865). 


IV. SYMBOLICAL EXPRESSION. 

161 . The principles of Algebra are largfely employed in solving 
problems of various kinds, but the chief dififacnlty lies in representing 
symbolically^ i. c., in algebraical form the statements containing 
relations of quantities expressed in ordinary language. This process 
of representation is called Symbolical Expression and we give 
^ here,^ few instances illustrating its use. 

(1) The excess of 9 over 5 is 4, for 9-5 is 4, 

So the excess of x over 5 is :r- 5, 
and the excess of 9 over x is 9— a'. 

(2) The defect of 7 from 10 is 3, for 10 — 7 is 3. 

So the defect of x from 10 is ^ 

(3) The number which is 5 greater than 7 is 12, for 7 + 5 is 12. 

So the number which is 5 greater than x is at + 5. 

(4) The number which is 5 less than 7 is 2, for 7 - 5 is 2. 

So the number which is a less than x is x~ a. 

(5) If 5 is one part of 15, the other part is 10, for 15-- 5 is 10. 

So if X is one part of 1 5, the other part is 1 5 - ;r. 

(6) If 5 is one factor of 1 5, the other factor is 3, for is 3. 

So if X is one factor of 15, the other factor is . 

X 

(7) 2 X 5 is a number which is double of 5. ^ 

So 2 x.r or 2x is double of x. 

Similarly, 3:1; is treble of jrand so on. 

(8) 9 oranges at 2 pice each, cos1: (9 x 2) pice. 

So 2? oranges at 2 pice each, cost (x x 2) pice or 2x pice. 
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(g) 5 rupees and 9 vinnas (5 x 164-9) annas. 

So X rupees andj^ annas = (i 6 >r 4 -;') annas. 

(10) 3 rupees 4- 5 annas 4 - 8 pics = (3 x 1924-5 x 124-8) pies. 

So X rupees -\- y annas 4-5* pies = (192,1- 4 - I 2 j 4 --:^) pies 
(i ij A man who walks 4 miles an houi walks (6 X4) miles in 6 hours. 
So he walks (r X4) or 4,1' miles in x hours. 

Also he walks 29 miles in V hours. 

So he walks j miles in*^ hours 

(f 2) If Rs. 20 be equally divided amongst 6 men, each man gets Rs V’- 

So if.v Rs 6 Rs. f . 

6 

... X Rs v... , Rs. . 

/ . 

(13) An even number is a numbei whii h is divisible by 2. 

if.v 1)0 any whole number, 

2,r is an even number. 

So if i is any whole number, 

2,r4-i and 2.r— i are odd numbei s. 

c 

. Ex. 1. Write down three consecutive numbers, the middle 
one of which is .1 . 

Consecutive numbers differ from each other by t. 

If the middle number is .r, the next i^ieater number is i greate 
and is thus .i'4- 1. 

Also the next smaller number is less than x by i, and is thus 
.1 - 1. 

Hence the three numbers are at — 1, x and ,r4‘ f. 

Ex. 2 . The difference of two numbers is x and the less of 
them is 8 ; what is the other ? 

The greater number — the smaller number = ;i, 

/, the greater number -8 = ;r. 
the greater number =.v4-8. 

Ex. 3. A man is now x ye^trs of age ; fi) bow old wull he be 
in 8 years ? (2) how old was he 10 years ago? (3) how old was he 
y years ago ? (4) how ol^ will he be z years hence ? * 
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i) 8 years hence his age will be 8 years more than now, ancl 
now his age is x years. 

his age will then =.r years +8 years = (;r + 8 ) years. 

(2) 10 years ago his age w^as 10 years less than now. 

/, his ago then =.r years - 10 years =(.v- 10) years. 

^3) / years ago his age was y years less than now. 

/. his age then =.r years — p years =(x--j/) years. 

('4) In z years’ time his age will he -r years more than now. 

Hence his age will tlien = .t' years +r years =(x-{~s) years 

Ex. 4. A man had originally /\s.20 m his pocket ; he spent 
/^s. X, lost A\r. 1/ and had A^f. 7 given him. How much has he left ? 

After spending .r, he had A*s, (20 -jr) left. 

Then after losing he had left Rs. {20 — x) — Rs, y, i. e. 

Rs. (20-x-y'). 

Then after receiving A\v. he had Rs. (20 — i—y) + Rs. .o*, A/’. 
*Rs. (20-x - r + z). 

Ex. 6. A and B commciK e to gamlile ; to begin with they had 
respectively Rs. x and A^s. y ; A wins AV. 10 from B ; what has each 
at the end ? 

At the beginning A had Rsx. 

After winning AYio from B, he has A*.y. .v + A*.sMo=(,r + icj^AV. ^ 
Also after losing AV.io, B has A’j. v — Aj. io = (^ — io)Rs. ^ 

Exercise LXVIII. 

1. What numbei exceeds x by 9 ? 

2 . What number exceeds 9 by .r? 

3. What number is less than x by 16 ? 

4. What number is less than 16 by r ? 

5 . One part of x is 15 ; what is the other part * 

6. One part of 20 is x ; what is the other part ? 

7. Hy what must 6 be multiplied to make a ? 

8. What number multiplied by x w\\] give 35 ? 

9. What number divided by x will give 20 ? 

10 . liy how much does x exceed 7 ? 

11. The sum of two numberi^ is x and one of them is 25 ; wha 
is the other ?.* 
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12. The difference of two numbers is 12 and x is the greater ; 

what is the other ? * 

13. The sum of two numbers is x and one of them is^ ; what 
is the other ? 

14. The difference of two numbers is x and the less of them 
s 9 ; what is the other ? 

15. The sum of three numbers is 75. One of them is 
another^ ; what is the third ? 

16. How many-times is x contained in 80 ? 

17- How many times is x contained in ? 

18. If ^ oranges cost 9 pies, what is the price of one ? 

19. By how much does 1 5 exceed y ? 

20. If a book costs 9 annas, how many can be bought for 
y annas ? How many for 2 rupees ? 

21. The sum of 15 equal numbers is 75,1' ; what is the value of 
each number? 

22. If there are 7 numbers each equal to rt, wl\at is their* 
product ? 

23. If there are x numbers each equal to w, what is then 
product ? 

24. If X books of equal value cost y Rupees, what does each 
cost ? 

25.4 The sum of two numbers is 2a + s^ one of them is 
« + ; what is the other ? 

26. I am x years old now ; how old shall I be in 5 years ’ How 
old was I 10 years ago ? 

27. Find a number half as much again as x ? 

28. If I walk X miles in 9 hours, how many do I walk in one 
hour ? How long do 1 take to walk one mile ? 

29. If I can walk x miles iny days, what is my rate per day? 

30. What is the price in pence of x eggs at six-pence a score ? 

31. What is the price of x mangoes at 13 annas a dozen ? 

32. If eggs sell at x annas a dozen, how much does each egg 
cost ? How many will you get fory Rupees. 

•*•33. If 5 lbs. of sugar cost 12 annas, what will x lbs. cost ? 

34. How many days must a man work in order to earn 2o 
Rupees at the rate of 5 annas a day ? 

35. If I spend X shillings *out of a sum of £ 7 ^ how many 

shillings have I left ? c 
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36. If 35 contains x five times, what is the value of .r ? 

37. What is the cost of x articles at^ shillings each ? 

38. A man has x crowns and j/ florins, how many shillings has 
he ? How many pounds ? 

39. The sum of two numbers is x-\-j' ; one of them is.r-^ ; 
what is the other ? 

40. liy how much does 3x+j/ exceed x-jy ? 

41. What number added to a — will make aJ~23? 

42. I walk X miles at the rate of y miles an hour ; how many 
hours do I take to do it ? 

43. How far can I walk in p hours at the rate of q miles an 
hour ? How long shall I take to walk qx miles ? 

44. What is the daily wages in shillings of a man who earns 
15 Rupees in x weeks, working 6 days a week ? (One rupee — 1.9. 

45. Write down three consecutive numbers of which x is the 

least. , 

46. Write down three consecutive numbers of which x is the 
greatest. 

47. Write down four consecutive numbers of which .r is the 
least. 

48. Write down five consecutive numbers of which x is the 

middle one. ^ 

49. The greatest of four consecutive numbers is .'t + 3 ; what 
are the others ? 

50. What is the next odd number after 2 x- xt 

51. What is the even number next before 2 x ? 

52. Write down three consecutive even numbers, the middle 
pne of which is 2 x. 

53. A purse contains b shillings, and c pence ; what is the 
total amount of pence in it ? 

54. In 2 X years a man will be a yeais old, what is*his present 
age ? How old w^as he y years ago ? 

65. In 8 years a boy will be x years old ; \vhat is the present 
age of his father if he is twice as old as his son ? 

56. How many miles can a man walk in 25 minutes if he wall« 
X miles in y minutes } 

57. How long will it take a man to walk x miles if he walks y 

miles in p hours ? » 

58. A man^travels x miles by boat and y miles by train, how 
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long will the journey lake if the train goes 40 miles and the boat b 
miles an hour ? 

59. How far is it fiom A to B if a man, bicycling at the rate 
of 6 miles an hour, does the journey in / hours ? 

69. A square has sides x feet long ; what is its area ? 

61. What is the area in square feet of a room x feet lon^ and 
/ feet wide ? 

63. A roonxis x feet long, y feet broad and -c' feet high ; whai 
is the total area of the floor and four walls ? 

63. If-r men do a piece of work in 5 hours, how many men will 
be required to do the same w'ork in / liours ? 

64- What is the remainder if .r divided by gives a quotient : ? 

65. What is the number which wdicn divided by x gives ,1 
quotient / and remainder z ? 

66. What IS the quotient if wdien x isduided by y there is a 

remainder s ? o , 

67. A man has x Rupees in his pocket, he pays away 14 annas 
and receives 9 pies ; express in annas ilie sum he has left ? 

68. A horse eats a maunds a week. How many days will il 
take him to eat 56 maunds ? How many days will it take/ horses 
to eat the same amount ? 

fid. A train travels at the rate of x miles an hour ; how man> 
yards does it go per minute ? 

70. How old is a man now who x >cars ago was //i tunes as 
old as his son, who is / years old at the present time ? 

Express the following statements in the form of equations ; — 

71. When x is divided by /, the quotient is 12 and the re- 
mainder 5. 

73. A man is .r years old, and his son r years younger. The 
sum of their ages is m years. 

73. A has £x and B has / shillings ; after A has won 3 shillings 
from B, each has the same amount. 

74. llie excess of .r over 50 is/. 

75. rhe fifth part of x — y is equal to the ninth part of 2jr-f3. 

76. The product of three consecutive numbers, of which x is 
the middle one, is a^. 

77. There are x pence in d half-crowns and c shillings. 

78 The area of a room a ft. long and d ft. wide* is x square yds. 
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79. rhe producL of x and is five times the excess of a over l>. 

80. A is X years old, B is lo years older. The sum of their 
ages IS p. 

81. y exceeds one-quarter of x by 20. 

83. A boy possesses x marbles and he buys y more on each of 
7 con.secutive ilays. He had finally a marbles. 

83. An army had x men originally, u lost one quarter of its 
men in an action, y men died of their wounds after the battle and 
600 men deserted. There were a soldiers left. • 

81. 'I'he simple interest of a Rupees for p years at 3 per cent. 

IS X. 

85. The cost of x mangoes at y annas a-piece is If Rupees. 


V. EASY PROBLEMS. 

, 162. We. shall now apply tlie methods explained in the above 

and preceding \sV^//Vw to the solution of many entertaining problems, 
and thus exhibit to the student sjiecimens of the practical u.se of 
Algebra. 

In treating these problems, however, after having observed the 
methods used in the following examples, the student must be left 
eery much to his own ingenuity, as no ^e^ieral rule can be stated 
for their solution. The only advice that can be given is to rea^d over 
carefully and consider well the meaning of the question proposed ; 
then It will always appear that some quantity, at present unknown, 
is required to be found from the diifi furnished by it : put x to 
represent this ejuantity, and now set down in algebraical language 
the statement made in the question, using .r whenever this unknown 
quantity is wanted in it. We shall thus (in the problems we are 
,now considering) arrive «'it a simple equation, by means of which the 
value of X may be found. 

Ex. 1 . Find two numbers whose sum is 31 and whose differ- 
ence is 5. 

> 

Le X be the smaller numbei, then x-\-^ is the greater 

Their sum is 4- S), which is to be equal to 31. 

Hence, ,x'+.r-f5 = 3i ; 

2,r + 5 = 3i, or 2;r = 3i - 5^=26 ; 

.x'«== 13 and ;r-f-5 = 18. 

Thus the numbers are 18 and 13. 

Verification. 184-13 = 31 and 18-13 = 5. Q- e. d. 
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Ex. 2. The sum of two numbers is 20 ; and if three times the 
smaller be added to five times the greater the §um is 84. Find the 
numbers. 

Let X be the greater number, then 20 -;r is the smaller. 

Five times the greater is and three times the smaller is 3(20 -,r). 

Their sum is 5.r + 3(20 - .r), which is to be equal to 84. 

Hence, 5;r + 3(2o-;r) = 84 ; 

/. 5a' + 6o- 3;r=.84, or 5.1;- 3.1 = 84-60 ; 

t 

/. 2.r = 24 and /. .r=i2, and 2 o-a- = 8. 

Thus the numbers are 12 and 8. 

Ex. 3 . What number is that to which if 8 be added, one-fourth 
of the sum is equal to 29 ? 

Let X represent the number required. 

Adding 8 to it, we have .rq- 8, one-fourth of this is |(:i +8), and 
this is equal to 29. 

Hence, j(.i +8) = 29 ; ’ 

Multiplying by 4, .1+8 — 1 16, 
ar= 1 16-8 = 108. 

Thus the required number is 108. 

Ex. 4. What number is that, the double of which e.vceeds its 
half 6 ? 

Let .r = the number. 

Then the double of x is 2-r and the half of .r is \ r. 

Hence, 2;r- ^;ir = 6 ; 

Multiplying by 2, 4.r-,v=i2, or 3.1*= 12. 

/. -^' = 4 - 

Thus the number required is 4. 

Ex. 5. A cask, which held 270 gallons, was filled with a mix- 
ture of brandy, wine and water. 'There were 30 gallons of wine in it 
more than of brandy, and 30 of water more than there were of wine 
and brandy together. How many were there of each ? 

Let-f =s number of gals, of brandy ; 


then .a: + 30= wine, 

and 2ar-h30= wine and brandy together. 


2^^4-304*30 or 2;r4*6Q=no. of gals, of water ; 
but the whole number of gallons was 270 
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Hence, .r + (x + 30) + (2;r + 60) « 270. 

/, 4 ;r= 27 o- 9 o=:i 8 o, /, x=^ 4 S. 

and;i‘ + 3o = 75 and 2;ir + 6o=i5o. 

Thus, the no. of gals, of brandy=45, wine==75 ^.nd water=i5o. 

Ex. 6. How old is a man whose age lo years ago^ was 
Llnee-eighths of what it will be in 15 years ? 

Let X be the required age in years. 

^ Then 10 years ago, bis age was (.r-io) years and 15 years 
hence his age will be (x+ 15) years. 

Hence, .r - 1 0= (.t' + t 5 }. 

Multiplying by 8, 8 a'- 8o=3.t'+45 ; 

/, 8.r-3.r = 8o + 45, or 5.r=i2i; ; 

A- = 25. 

'I'hus the age of the man is 25 years. 

Ex. 7 . A sum of is to be divided among A, B and C, so 
iliat A may have 13 guineas more than B, and C more than A ; 
determine their shares. 

In questions of this kind it is of essential importance to have all 
i|iiantities expressed in the same denomination ; in the present 
instance it will be convenient to express the money in shillings. 

Let a'--=B'‘s share in s/nllznj^s : 

Since 13 guineas = 273 shillings and £s — 100 shillings, 

/, ,i'- + 273 = A’s share, and (at + 273) +100 or ,r-l- 373 = 0*5. 

Hence, (.r + 273) -h.v + (.r + 373)=* 1000 ; (for ;£5o= iooo.v'.). 

• /• 3,r + 646= 1000, or 3r= 1000 — 646 = 354. 

/. .r= 118 and x 1- 273 = 391, and .1+ 373 = 491. 

Thus, A’s share = 39 1 . 9 . = ;[{^ 1 9. i U'. 


B’s ( i8.v. = ^ 5. 18.V. 

and C’s =491^. = ;^24. i is. 


Ex. 8. Two trains, one of which travels half as fast again as 
the other, start at the same time from two places 300 miles apart, and 
meet in 5 hours. Find their rates of travelling. 

Suppose the slow train travels x miles an hour, 
thqn the fast (.r + i^r) or ix 
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In 5 hours, the slow train goes 5-i' miles 

fast tiain goes 5 x P,x miles. 

But the total distance travelled by both in 5 hours is joo miles. 
Hence 5-r + 5 x ^^ = 300 ; 

Multiplying by 2, i o.r + ] 5.1' = 600, or 251- = 600. 
ji' = 24 and |.r=.* X24 = 36. 

Thus the trains travel 24 and 36 miles ])cr hour. 

* 

Ex. 9 . A, B, C divide among themselves 620 apples, A takniL^’ 
4 to B'a 3, and 6 to C’s 5 ; how many did each take ? 

Let .x'=A’s share ; 

Then J.r = B’s share and ^.r=C’s share. 

] i eiU'c, X 4 - I'-v + = 620 ; 

Multiplying by 12, I2jr + c;jr+ io.r = 744o ; 

/. 31.1=7440, and .1=240, 
and :J.v= 180 and = 

Thus the shares of A, B and C are 240, itSo and 200 apjjle^ 
respectively. 

Alternative Solution. 

We might have avoided fractions by assuming I2;r for A’s share, 
whinn we should have had 9.v = B’s, and io.r = C’s. 

VI ence, 1 2.r + 9,r + i oa = 620 ; whence .r = 20. 

'riius the shares are 240, 180 and 200, as before. 

163 . It will sometimes be found easier not to put ,r equal to the 
quantity directly recjiiired, but to some other quantity involved in the 
question ; by this means the equation is often simplified. ‘ 

Ex. 10 . A person bought a number of oianges for y. gd., and 
finds that 12 of them cost as much over sd. as 16 of them cost undei 
2S. 6 d. ; how many oranges were bought ? 

Let .r be the price of an orange in pence ; 

Then 12 oranges cost i2.v pence and 16 oranges cost i6.i' pence. 
Hence, 1 2.r - 5 = 30 - j 6.1' ; (for 2.y. 6 d. — y:>d.) 

/. i2.r+i6.r = 3o+5, or 28.ar = 35 ; /. 

Thus the price of an orange is 1-}^., and the number of oranges = 

45-^14 = 36; (for 3^. fy. = 45^T 
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Exercise LXIX. 

1 . What two iiLiinbors are those, whose sum is 48 and difference 

2 . What number is that, to whirh if 7 be added, twice the sum 
"'ll be equal to 32 ? 

3 . At an election where 979 votes were j?iven, the successful 
."ididatc had a majority of 47 ; what were the numbers for each ? 

4 4. The sum of the a^^es of two brothers is 41;, anS one of them 

13 vears older than the other : find their aj;es. 

5 . What number is that nhich exceeds its sixth ])art by jo? 

6. The diffeienre of tuo numbcis is 54, and their sum is 88. 
W 'iKii arc the numbers ? 

7. The sum of two numbers is 100, and the greater exceeds 

times the less by 4. Find the tuiinbers. 

8. 'I'hree times a ( crtain nnml'ier exceeds 50 by as mu* h as its 
iunl) 4 c falls sliort M 40. What is the number ? 

9 Divide Ks. 140 among A. B, and C, so that A may have 
1' e as much as B, and B three times as much as C. 

10 . Find a luiniber su»'h that its half, third, and finirlh parts 
'lull be together gi eater than its li th part by lo^, 

11 . Divide 130 into two parts, so that one of them shall lie two- 
'Iiiids of the othc’. 

12 . There is a number stub that, if 8 be added to its double, 
d-e sum will be five limes its h.df Find it. 

13 A l^ookscllcr sold 10 borjks at n certain price, and afterwards 
I ', more at the saiiu' pru (*, an ! at tlie latter time* received Ah. 17 <S^/. 
Moie than at tlie forne*!' • what was the price per book ? 

14 . Divide 87 mio three parts, such that the first may exceed 
' D* second by 7, and the third liy 17. 

15 . Find a number sufli that if increased by 10, it will become 
!•' e times as great as the third part of the original number. 

16 . Find a number such that, if to be taken from ifs double, 
■tivl 20 from the double of the remainder, there may be 40 left. 

17 . Find a number whose half is as much less than 100 as its 
'louble is greater than 99. 

18 . Find a number such that, when diminished by 3, one fourth 
cf the remainder may be greater by 2 than one-fifth of the original 
number. 

19 . The sum of two numbers is 35 and their difference exceeds 

une-fifth of the number by 2. Find the numl)ers 
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20 . Find, two consecutive numbers, such that one-half and 
one-fifth of the first taken together are equal to one-third and one- 
fourth of the second taken together. 

21 . A is twice as old as B ; twenty-two years ago he was three 
times as old. Required A’s present age. 

22 . A and B began to play with equal sums ; A won Rs. 30, 
and then 7 times A’s money was equal to J3 times B’s : what had 
each at first ? 

23 . A spbnt Re. I. 4a. in oranges, and says, that 3 of them cost 
as much under 8^^., as 9 of them costover S--/. : how many did he biiy’*^^ 

24 . A market woman being asked liovv many eggs she had, 
replied, If 1 had as many more, half as many more, and one eg^; 
and a half, I should have 104 eggs ; how many had she ? 

25 . A and B play togidher for a stake of Rs. 5 ; if A win, lu 
will have thrice as much as B ; bin if he lose, he will have only twic e 
as much. What has each at first ? 

26 . A is twice as old as B, and seven years ago their united 
ages amounted to as many years as now represent the age of A. 
Find the ages of A and B respectively. 

27. riie sum of the ages of two persons is now 46 years, and 
the difference of their age^ 10 years ago was 12 years. Find the 
present age of each. 

28 . A father is 30, and his son 2 years old. In how many yeai^ 
wib the father be eight times as old as his son ? 

29 . How much money have I in my purse when a fourth and a 
fifth of it together make a guinea ? 

30 . T wo boys have 240 marbles between them ; one arrange^ 
his in heaps of six, and the other in lieaps of nine ; the whole numlK'i 
of heaps thus got is 36. How many marbles has each boy ? 

31 . Divide Rs. O40 among three persons, so that the first pui) 
have three times as much as .the second, and the third, one-third 
much as the first and second together. 

32 . Two sums of money are together equal to £^4- I2^., and 
there are as many pounds in the one as shillings in the other. Whai 
are the sums ? (c. e. 1885 and a. e. 1895). 

33 . * Divide Rs. 1000 among A, B, and C, so that B shall ha 
Rs. 100 more than A, and A four times as much as C. 

34 . A had Rs. 20 more than B, and after each has spent Rs. 

A has five times as much as B. What had A and B at first ? 

35 . '^A house and gardeix^cost Rs. 10,000, and ten times the price 

of the house was equal to fifty times the price of the garden. Find 
the price of each. * 
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36 . The sum of £7. 3J. 6d. is made up of a number of half- 
sovereigns, three times as many florins, twice as many shillings, and 
five times as many six-pences. Find how many coins there are in all. 

37 . A person buys four horses, for the second of which he gives 
Rs. 120 more than for the first, for the third Rs. 60 more than for 
the second, and for the fourth Rs. 20 more than for the third The 
paid for all was Rs. 2300. How much did each cost ? 

38 . If I subtract from the double of my present age, the treble 
of my age six years ago, the result is my present dtge. What is my 
present age ? (a. e. 1893). 

39. A is twice as old as B and 4 years older than C, The sum 
of the ages of A, B and C is 96 years. Find B’s age. (c. E. 1866). 

40 . I bought 25 yards of cloth for Rs. 223. 8rt. ; for a part J 

paid Ks.8. Sri. a yard, and for the rest Rs.9. 8<2. a yard ; how^ many 
yards of each were there } (c. E. 1859). 

41 . A labourer is engaged for 30 days, on condition that he 
rec^eives 2 s. 6r/., per each day he works, and loses i.v. for each day 
he'*is itlle : he receives £2. 7s. in all. How' many days he works and 
how' many days is he idle ? , (c. E. 1869, u. M. 1893). 

42 . A sum of Rs.63. 4«. was paid in Rupees and two anna 

pieces. The total number of coins b^g 100, how many of each 

kind were used? i M. M. 1890). 

43 . A post IS a fourth of its length m the mud, a third of its 

length in the water and 10 feel above the water? What il its 
length ? (c. E. 1863). 

44 . A person Ixmght a picture at a certain price and paid the 

same price for the frame . if the frame had cost £i less and the 

picture 15V. more, tJie price of the frame would have been only half 
ihat of the picture. Find the cost of the picturti. (C. lo. i860.) 

. 45 . From two towns 561 miles apart, two men start, one from 

each, at the same time, wdlh a design to meet ; one goes 24 and the 
other 27 miles a day : in how many days will they meet? (c. K. 1879). 

46 . A, who travels 3J miles an hour, starts 2^ hours before 
B who goes the same road at 4J miles an hour ; when will he over- 
take A ? (a. e. 1 889). 

47. A father’s age is 40 and his son’s 8 ; in how many years 

will the father’s age be triple of the son’s ? . 

48 . What was the total amount of a person’s debts, who when 
he had paid a half, and then a third, and then a twelfth of them,* 
had still Rs. 15. 12a. to pay ? 

49 . A and B have together Rs, 8, A and C have Rs. ro, B and 
C have Rs. 12. What have they each ? 
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50 . A and B« compared their monthly ■ incomes and found that 
A^s income was to that of B as 7 to 9, and that the third of A’s 
income was Rs. 30 greater than the difft^rence of their incomes. 
F'ind what each received (c. E. 1871;. 

61 . A person bought 166 mangoes for jo Rupees ; some he 
bought at the rate of 18 per Rupee, and the rest at 15 per Rupee. 
How many did he huy of each sort ? (M. M. 1889). 

52 . A person bought 20 yards of doth for to guineas, for part 
of which he gav«, 6 d. a yard, and for the rest 7.9. Gd, a yard. 
How many yards of each did he buy ? 

63 Two coaches start at the same time from Calcutta and 
Kajinahal, a distance of 200 miles, travelling one at 9.5 miles an 
hour, the other at ol ; where will they meet, and in what time from 
starting ? 

54. A ’.vorlrrnan is engaged for 28 days at A^’. i. per day, 
but instead of receiving anything, is to pay ^a. per day. on all days 
unon which lie Is idle : he receives altogether A*j. 26. 4^?. ; for how- 

ay idle days did he pay? 

55 . A cistern is fillocl in 20 min by 3 pipes, one of w'hich 
conveys !o gallon.s more and another 5 gallons Icss than the third 
j)er minute. 'I’lie cistern holds 820 gallons. How much flows 
through each pijDe in a minut€^ ? 

56 . A gal^rison of 1500 men was victualler! for 36 days ; after 
t6 days it was reinforced, and then the provisions w^cre e.\hausted 
in i2*'Jays. Find the number of men in the reinforcement. 

^ M. 1870). 

57 . A starts upon a walk at the rate of 4 miles an hour, and 
after 1:; mini^es B start at the rate of .pj miles an hour ; when and 
where will he overtake A ? 

58 . I low much tea at A’.v.2. per lb. must be mixed with 

50 lbs. at AV.3. per lb., that the mixture may be sold at Rs.2. \2(i. 
per It).? ' 

59. A bill of ;^r. rov. Grt. \s paid with 13 coiits, partly in half- 
crowms ....id pailly m florins. Ilow^ many coins were there of each ? 

63 . Divide a yard into two parts such that half of one part 
wdth 22 inches may be double the other part. 

61 . A is now 12 ye.ars older than B ; twelve years ago he was 
«»wice as old as B then was. How old is A now and how many 
years ago is it since he was three times as old as B then was ? 

6?. A, B and C have Rs.GG divid^^d .among them in such a way, 
that for every /?.v.3 which A recrives, B receives Rs 2, and the share 
of C is A’v.f) more than the difference of the shares of A and B, 
Find the share of each. ^ 
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63 . The sum of three consecutiv^e numbers is 1,59 ; find them. 

64 . A, travelling- half as fast again as B, and starting 9 miles 
behind him, catches him up in 6 hours ; find their rates of travelling. 

65 . In a cricket match A made 35 runs, C half many as B, 
and D one-third as many B, and B’s score was just as much below 
A’s as C’s above B’s. Kind the scores of B, C and D. 

66 . A man walks one-half of a journey at the rate of 4 miles 
an hour bicycleb one third at 12 miles an hunt and rides the 
remainder on horscl^ark at 9 miles an hour, completing the journey 
liki 6 hours and 10 minutes. Find the length of the ]oiirney. 

67 . A starts at noon to travel from P to Q at the rate of 6 miles 
an hour, and B starts at r i>. M. travel from Q to P at the rate of 
5 miles an hour. If they meet at 4-30 P. M., find the distance from 
P to Q. 

68 . I bought a certain number of apples at 4 a penny, and 
three-fifths of that nuMiber at 3 a penny ; by selling them at 16 for 
five pence I gained 4'/ ; how many apples did 1 buy ? 

69 . How mtiny sheep must a person buy at fj each that, alt . 
paying one shilling a score for folding them at night, he may gain 
^^79. ifij. by selling them at each ? 

70 . A person meeting a company of beggars gave 4 pice to 
each, and had 4a left ; he found that he sliould have required yt. 
more to enable him to give the beggars 6 pice each : how i-^any 
beggars were there ? 

71 . 'I’he nuincr. tor of a fraction is 4 less than the denominator ; 
if 10 lie subtracted from the numerator, or if 30 be added to the 
denominator, the resulting fractions are eijiial Find the original 
fraction. 

7 * 3 . Two men invest /\\9.iooo in a boat. 'J'heir claim of the 
profit is proportionate to the capital invested b) each. They make 
a profit of /f.9.50, of which one gets AY 5 more than the other. What 
did each contribute ? 

73 . Five-sixths of tlie fish in a pond weigh i seer each, ten 
weigh 8 seers each, and the remainder 16 seers each, the total weight 
being 40 maunds. Find the number. 

74 . Find two numbers, whose sum is 72, such that their produc.^^ 
increased by the square of the smaller number is 864. 

75. A and B can perform a task in 30 days, working together.’ 
After II days, however, B is called away, and A finished it by him- 
self 28 days after. How long would it take A to do the whole of the 
work by himself 9 


M.A.— 9. 
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VI. USE OF SQUABED PAPER. 

164;. The following Solutions will serve as specimens of the 
methods to be employed in using squared paper. The paper is 
ruled with faiijnt horizontal and vertical lines which divide the sheet 
into a number of equal small squares. The most convenient paper 
for beginners is that ruled to show inches and tenths of an inch. 

Ex. 1. A man travels 9 miles west, then ii miles south, and 
finally 4 miles east ; how far from the starting point, to the nearest 
mile, is he at the finish ? • 



On squared paper, take each side of a square to represent one 
mile, and O the starting point. Then 

qw. west brings him from O to A, 

\ 1 1 ;//. south •. . . A to B, 

and 4///. east B to C. 

Join OC. It is required to find the length of OC. (Fig. 1.) 

With centre O and radius OC desciibc an arc cutting OW, the 
horizontal line through O, at D. The reqd. distance ==OC = OD = 
12 miles, to the nearest mile, as 'hewn in Fig. 1. / 
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Ex 2 . Two vertical posts, 6 ft. and 9 ft. high; are 4 ft. apart ; 
hnd the length of the straight line joining their upper ends. 



Fig. 2. 

On squared paper, take 3 bides of a square to represent one foot. 
Then mark the ponus A and B 12 sides of a square apart, also the 
point C 18 sides of a square vertically above A, and the point D 27 
^ides of a square vertically above B. Join CD. It is required to 
find the length of CD. (Fig. 2). 

With centre C and radius CD describe an arc of a circle cutt- 
mg the horizontal line through C at E. 

Then CD = CE = 15 sides of a square, as shewn in Fig. 2. 

Hence Cu^= 5 ft. • 
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Ex 3. A ladder with its foot at a horizontal distance of 20 ft. 
from a vertical wall, just reaches a point on the wall 15 ft. from the 
ground ; find the lenj^ih of the ladder. 



Take a side of a square to repiescnt one foot. (Fig. 3.) 

Let A be the foot of the ladder. Take a point B 20 sides of a 
square in a horizontal line from A, so that B is the foot of the wall 
Mark the point C 15 sides of a square vertically above B. 

Join AC. It is required to find the length of AC. 

With centre A and radius AC describe an arc cutting the 
horizontal line through A at D. 

Then ACsaAD = 25 sides of a square, as shewn in Fig. 3. 

Hence AC = 25 ft. * ^ 
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£x 4. On a base of 3 inches, describe a triangle whose other 
>ides are 4 inches and 4J inches long : find the altitude of the triangle 
to the nearest tenth of an inch. 

Let 5 sides of a square represent one inch. 



• Take two points A and B 15 sides of a square apart. With 
' entre A and radius 20 sides of a square desrrilie an arc ; also with 
( entre B and radius 22J sides of a square describe an arc cutting 
the former arc in C. Join AB, AC, BC. Then ACB is tj^ie required 
triangle. From C draw CE perpendicular to AB. It is required to 
find the length of CE. (Fig. 4) 

With centre E and radius EC describe an arc LUttmg the 
horizontal line through AB at D. 

Then CE = ED= 19:^ sides of a square, as shewn in Fig. 4. 

Hence QE^(i9} x 2 h- 10) in. = 3'9 in. 
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6. A travels east at 12 miles an hour, and starting 
at the same time from the same place, travels north-east at 20 miles 
an hour. Find, to the nearest mile, their distance apart at the 
end of one hour. 

Take one-tenth of an inch to represent one mile. 



Let O be the starting point. Along the horizontal line through 
O take OA=i* 2 inches (representing 12 miles) and OB =2 inchcii 
(representing 20 miles). With centre O and radius OB describe an 
arc cutting the diagonal of the square on OB at D. Then OD = : 
inches (representing 20 miles in the north-east direction). Join AD 
It is required to find the length of AD. (Fig. 5) 

With centre A and radius AD describe an arc cutting the 
horizontal line through O at E. 

Then AD — AE = r4 inches, as shewn in Fig. 5. 

Hence AD = 1 4 miles. " 
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Ex. 6. Multiply 2*3 by 3*5 by means of squared paper. 
Let OA be the unit (5 sides of a square). (Fig’. 6). 



Take OB = 2*3 and OC = 3'5. Join AB and throuf^h C draw CD 
parallel to AB meeting the horizontal line through O at D. 


Since 


OA_ OC 
OD’ 


/, OA xOD=s:OB X OC = 2‘3 X3’5. 
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Hence, unitxOD represents the required product. 

By measurement, we find OD — units, as shewn in Fig. 6. 
Hence the reqd. product = 8*05. 


Exercise EXX. 

1 . A man travels 12 miles due cast, then 15 miles north, then 
20 miles west anrf finally 22 miles south. Find to the nearest half- 
mile his distance at the finish from the stalling point. 

2. 'Fwoveilical posts, 24 ft and 39 ft high, are 20 ft apart. 
Find the length of the straight line joining their upper ends. 

3 . A ship steaming at the rate of 8 miles an hour due east, and 

drifting due noith with a current is found to be 17 miles from its 

starting point in 2 hours. Kind the rate at which the current flows. 

4 . I'wo sides of a rigdit-angled triangle containing the right 
angle are 2*4 ft. and 3*2 ft. Find, without acturd measurement, the 
length of the third side. 

5 . A ladder 40 ft. long being placed at the opposite side of a 
street 24 ft. wide, just roaches the top of a house ; how high 
is the house ? 

6 . A room is 3*6 feet long and 27 feet broad. Required the 
length of a line drawn diagonally through it. 

7. A liall lolls 6 ft. east, then jo ft. north, then 2 ft. west and 

lastly 6 ft. in a direct line towards its starting point. How far is it 

then from its starting point ? 

8 . A tower is 96 feet high, and a ladder 100 feet long slopes 
to the top of it ; how far is the foot of the ladder from the bottom 
of the wall ? 

9 . A man walks 4 miles east, then 6 miles north-east ; how 
far is he then from his starting point ? 

10. A man walks 37 miles south, and then in a direction due 
west, until he is 5 miles in a straight line from his starting point. 
Find, without actual measurement, the distance he walked in a 
westerly direction, to the nearest tenth of a mile. 

11 . A man rides 27 miles east, and then 3 4 miles north ; how 
far is he then from his starting point, to the nearest half-mile ? 

12 . The height of a wall was 31 ft., and the breadth of a ditch 
surrounding it was 24 ft. : what must be the length of a ladder that 
will reach from the edge of the difeh to the top of tbe wall ? 
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13. A room is 5-6 ft. long nnd 3-4 ft. wide ; find the distance 
between two opposite corners, as accurately as you can. 

IL A straight wire joins the lop ends of two vertical posts, 
17 ft. and 24 ft. high respectively, 35 feet apart. Find the length 
of the wire to the nearest foot, without actual measurement. 

15 . A man walks 8 miles west, 6'8 miles north, and then 
7.traight towards his starting point until he is two miles from it. 
How far has he walked ? 

16 . A cow tethered to a post can graze over a circle of 40 feet 
o^adius. The shortest distance from the post to a straight hedge is 
25 feet. Over what length of hedge can the cow graze ? 

17 . A man walks 2 6 miles west, then 3*5 miles north, and 
then 2 miles south-east- How far is he then from his starting point 

18 . Multiply the following by means of squared paper : — 

(i) 3-6 by 2-4. (ii) 4-5 by 3*6. (iii) 3*4 by 47. 

19 . Divide the following by means of squared paper : — 

(0 ')75 3*9. (ii) W 5 ’ 3 - (ii'O ^S' 9 ^ by 47 - 

20 . A travels west at 12 miles an hour, and B, starting at the 
same lime from the same place, travels north-west at 20 miles an 
hour. Find, to the nearest mde, their distance apart at the end of 
2 hours. 

21 . Draw two circles of radii 3 in. and 33 in., with ce«lres 
4^ in apart. Find the length of the line joining their points of 
intersection. 

22 . A man, having walked a certain distance in a north-easterly 
direction, finds that he is 30 miles east of his starting point ; how 
far has he walked ? 

• 23. A man walks 5 miles east, then 6 miles north. He then 

walks due south-west until he is due north of his starting point. 
How far is he then from home? and how' far has he walked ? 

24 . A man walks due east from a town P which* lies 6 miles 
north of a town Q. How far from Q is he when he has walked 
7 i miles ? 

25 . A and B are two places 9 miles apart, B lying due east of 
A. One man walks at 3 miles an hour from A towards north-easi, 
another man, starting at the same lime, walks north-west from B at 
4^ miles a hour. Find their distance apart to the nearest tenth of 
a mile in one hour. 



CHAPTER VI. 

tNVOLUTION AND EVOLUTION. 

I. INVOLUTION. 

165. Involution is the name t^iven to the operation by which 
we find the powers of quantities ; but all cases of Involution are* 
merely examples of multiplication, where the factors are all the same. 

166. The following remarks are evident from the Rule of Stilus. 

(i) Since any number of like signs, whether all -f or all 
will give + in Multiplication, it follows that any even power oi 
a quantity is positive, whether that quantity be taken positively or 
negatively. 

Thus, (+«)^ and ( are each = and (i p.r is the 
same as < - ( i - ,r or ( - t +.r - 

(ii) No even power of any quantity can l)e negative. 

(iii) Any odd power of a quantity will have the same sign as the 
quantity itself. 

€ 

167. iiy the Rules of Multiplication, we have 

{a'-f — a- X d^ X a" ^ — d-^^. 

a^) X ( ~ a^) == ^ 

(-rt7 = ( -a^)x(-rx*)x(-«*)= 

Hence, any power of a poiver of a quantity is obtained by multit 
plying together the indices of the two powers. 

168. To obtain any power of a simple expression we have the 
following Rule. 

Rule. Multiply the index of every factor in the expression bv 
the number denoting the power., and give the proper sign to the result 

Ex. 1, ( 2 .rV)*=== 2 ‘'*jry =s 4 ;r«/'*. 

Ex. 2. ( - 2 xyH^f = - 23r-y sr® = - 

6® / t ff* 


Ex. 3. 
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Exorcise LXXI. 



Write down the square of each of the following 


1. 

2ab'^. 

2. — 3/2®<5^. 

3 . 

4 . - 5.r®7^. 

5. 

3^2 

4y'‘‘ 

6. 

w 5^“ 

"'Wc' 

8 . 

50 ^ 1 : 


Write down 

the cube of each of the following :* 

- 



10. -2a^h'^c^. 

11. 

12. 

13. 

2:r» 

ab^c' ■ 

14. -3:’". 




Write down 

the value of each of llie following :* 

— 

17- 

/ 

\ 4^^ / 

.8 

« (p)’ 

(-,i) 

81. 

( - 

22. (-3^j-7»V)». 

23. (-2rt^V^“. 

24. 1 - 2a»)i. 


169. We have already luul occasion to notice the square and 
cube of a binomial See Arts. 91 and joo. 

Thus, (i) {a — 

(ii) (a - hf = a!^ - 2a h + 

( i i i ) ( <e + + 3rt- // h 3« + />'' = f ^ ^ 4- 3 a + />) 4- 

( i v) (a - by -w - 3(t'b + 3'/ b'^ - h" — - 3 « b{ a-b)- 1^. 

'Die student may, for exercise, obtain the fourth, fifth, &f., 
powers of a + /?. It will be found that 

(a + by = 4- 4- 6 f f 'b^ + ^ab ^ + 

•and (a + by = 4 - bW^b 4- IQaVy^ 4- i + 5 a b * 4- />*'. 

170. Since = it follows that the square of the cube 

of any quantity is the same as the cube of the square. 

Si milarly, 

— and so on. 

Hence, we may shorten the operation of finding the 4 th power of 
a quantity by squarin^^ its square ; and similarly, to find the btii,-* 
8 th, (&c., powers, wc may square the 3 rd, 4 th, &c. So also to find the 
cube, or 3 rd power, wc may take the product of the ist and 2 nd, /.c.. Of 
the quantity itself and its square ; to find the 5 th, we may take that 
of the square and cube ; to find the 7 th, of the cube and 4 th ; 
and so on. ^ * 
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Thus, wc shall have - 

(a + ft)* = {n^ + 2 ad + + 4 iaO" 4 - 

{a 4 - hy = {a- + 2 ad + 4 - 4 - 6’'^ ) 

= + ba^h 4 - 4 - lOa-//' 4 - S(ib^ 4- fy'. 

and {a + b )^ - v^r 4- J^V; 4- 3 aP 4- 

— ff“ 4- 6a‘V> 4 - 15a V>“ ^ 20a-7>‘^ 4- Iba’h^ -4 6a/> ’ 4 - 
In like manner, the CKpansion of d-/) may be obtained. 

J'utliiig-^ for /> in the above resulth, wc ha\e 
(a - by - a'* - ^a- b 4 - 6a=^//“ - iab^ + b * (Si«tti, alternnicly +, - ). 

(a _ 6)fi= «/■ - 5n + lOrt’A'^ - lOrt'-'ft’ + hah* - h\ 
and (« — (tf=a'‘ - 6a^>h + lha*h^ — 20«' h^+lha'-h* - 6«fo® + />•’. 


171. The above results should be l onimitted to memory and 

applied in the solution of similar Exa'mpies. The expansions of 
higher po^^'ers are generally best obtained by the lUnomial Theorem 
without the labour of actual multiplication. ^ 

Ex. Expand ( 2 .r~ 3 )“^. 

( 2 r - 3 )^ = ( 2 ry* - 4*3-(2-« )" 4- 6.3‘^.(2a*)- - 4^3\2a ) 4- 3 ^ 

= T 6 - 96.!'^ 4-21 6,r‘^ - 2 1 6,r 4- 8 1 . 

172. We have already noticed in Art. 93 , how to find the square 
of any trinomial expression. We now proceed to find the cube of the 
trinomial a 4 -^ 4 -c. 

(d4-b4-cf^{a4-{b + cW 

= a- 4- 3 a'\d 4- r) 4 - 3(t{b 4- cY 4 (/^ 4- c)^ Art. 1 00 . 

4* 3a^(b 4- c) 4- + 2bc4- 4- 4- 3<^'‘'^-' 4- 3^^“ 4- r', 

= 4 4 4- 3 a*\d 4- c) + 3b^[r + a) 4- 3 c\a 4- 4- babe. • 

or {a 4- ^ 4- c)-'’ = {(< 1 : 4- 4- cY' 

= (^ 4" 4" 3(^-^ "h ^)*'t'4" 3(<'* 4" 4" Art. 100 . 

= a;' 4- 3ab{a 4- /^) 4- b^ 4- 3 {a 4- h^c 4- 3(^Jf 4- 4- 

- (T + b^-{- 4- 3(« 4- b)\ab 4- [a 4- b)c 4- 6“} 

= (1^ 4" 4" c^' + 3(^^ 4" b)((Z 4 - c)(b + c). 

Thus, (a 4- 4- c*)^ = a® 4 - b^ 4- r* 4- 3 <i\b 4 - c) 4 - 3 b^{f*- 4- a) 4- 3 c\€i 4 - b ) 

+6abc (i) 

- a® 4 - 4- c* 4- 3 (b 4- «)(c 4- a)(a + b) (ii) 

an important formula, wdiich should be committed to memory. 
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Ex. Expand ( i - 3,r + ^x^f. 

( I - 3.r + yc'^Y = I® + ( - 3.r)=’ + (3,1--)’' + 3. i‘-( - 3 r 3-r«) + 3( - + i ) 

+ 3 ( 3 -^**)"( I “ 3 ^'‘'') + 0. 1 ( - 3 x) 3 x^ 

= 1-2 yx^ 4- 2 7.r‘* - CjA' + 9.1'^ + 8 i.r ^ + 2 7.r * + 2 7.r* 

- 54 .r* ^ 

= I - 9.r 4- 36 a'‘-* - 8 ix ^ 4- 108-1“*— 8 1 .v'^ 4- 27-1*'. 


Exercise LXXII. 

Write down the expansions of : — 

1. (.r4-2)". 2. (.1-2)'*. 3. (.r4-3)‘'’. 4. (i4-2j;)^ 

6. (2^-1)**. 6. (>i+i)^. 1. { 2 x-a)\ S. { 3 x-^ 2 ay\ 

9. (4^2 - 3 ^)*'. '10. {ax-y^f. 11. {ax-{-x~/K 12. { 2 rzd-d'^y\ 

13. + U. 15. (1 - i +x^f. 16. (I 4--v4-T‘■^)^ 

17. {a 4- ^x + cx'^y. 18. ( I - 2 x 4* .1 ^ 19. ( I - 2 jr + 3 x‘^y. 

20 . (<2-2^4- 21 . ( I - r - x‘^y\ 22 . ( i 4- 3.1^ + 2 x^y. 

Kind the value of 

23 (24- 3.r 4- 4.v-)'^' 4- (2 - 3.1' 4* 4 '24. ( r - x 4- t 4- .r 4- 

25. ( 24 - 3.1 4-4.0^-(2-3.r4-4A‘^)\ 26. ( i 4*-r)^(i •~.r4-A'‘^)^’. 

173. The follow! nj4 result is worthy of notice, as it exhibits the 
form of the square of any .Multinomial. * 

4-^4-r4-^^4'c'tr.)’‘^ = /?'‘‘4-2<'2(^4-r4-/^4*&r.)4-(/^4*<^ 4-//4-&c.)“. Art. 91. 
Again, in like mannei, 

(/^4-t + //4-cS:c.)‘-* = ^‘^-4-2^f6' 4-/'i^4-c'tc.) 4 ((':4-^4-&c.)-, 

(^4-^4-&c.)^ = ^:-4-2c;(<Tf4-&c.)4*(i^4-iVc.)'‘*, and so on. 

(w -y h y f* (I &c.)^ = 4 * c* &c.) 

4-/>- + 25(r4-^?4-&c.) 

4-c*-4-2c(f« 4-&C.) 

Thus, we see that the square of any multinomial may be formed 
by setting down the square of each te>m and then the product of the^ 
double of each tertu by the sum of all the terms that follo7o it. 

Ex. 1. (14- 2 x -H 3.v^)2 = 124-^ 2.r)“ 4- (3.r")** + 2. i [zx 4- 3.1:’^) 4- 2.2.r(3/^ ) 

I 4- 4.r‘'* 4- gxP 4- 4.T 4- 4- 1 2X^ 

= 1 4- 4.“^+ 1 ox^ 4- 1 2A''^ 4- 
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Ex. 2. (i ~ 6 j*r + i 2 .r®- 8 ;rV==i^ + 2 .i(- 6 ,r + i 2 .t'''*- 8 ;r®) 

+ ( - 6xy^ + 2( - 6:r)(i 2,r* - 8;*;^) 

+ ( 1 2,r^)2 + 2. 1 2x% - 8 r’’) 

+ (-8.v")« 

= 1 - 1 2A' + 24;*:^ - I Ox ^ + 36A*® - 1 44 + 96A* + 1 44.r^ - 1 92;!;*^ 4 - ^ 4 ''^ 

= I - i 2 x + 60^® - 1 60.V® + 240.1;'^ - i92.r“ + 64:1:". 

Ex. 3. FincJ the coefficient of x * in (1 - 2 .r 4 ' 3 ^^- 4 ^^ + 5 ^*)“- 
Evidently, of the square quantities, we must take {3x'‘^)\ which only 
contains x^ ; of the products, we must take 2. 1.5.1*^ and 2.(-- 2,t) ( -4.*:^), , 
which are the only terms involvin^^ x *. 

Hence coefficient reqd. = 94- 104-16 — 35. 

Exercise IjXXIII. 

Find the expansions of : — 

1 . ( I - 2 ax - a^x^)^. 2. ( 2(i^ - « - 3. - 2ab 4- 3<^‘0^- 

1 ( I - .r 4* .r2 - .r^)l 5 . (.r^ ~ 2 x- 4 - ix 4- aY’. 6. ( i 4-'2.t: - 3.t2 4 - 4xy^ 

7. (i4-.ry*. 8 . (i4-2.r)‘\ 9 . {a-xf, 

10 . {tf - 2aH + 2ab^^ - b^f, 11 . ( i - 2.r 4- ^x- - 2.r'' 4- x^^f. 

12 . {a^ " 2a\v 4 - dKx^ - 2tix'^ -hx^y^. 13 . ( i 4 4;i' 4- 6x^ 4 - 4x" 4- 

14 t. Find the coefficient of x^ in (2 - 3.r4-4.r'^ — 5 a'^)''*. 

15 . Vind the ('oefficient of x^' in (1 -2,v4-3A‘'^“4.t'’4-5.r*)l 

II. EVOLUTION, 

174 . Evolution is the name given to the operation by which 
we find the roots of quantities. It is the inverse of Involution. 

175 . It follows from Art. 166, that 

(i) Any £7'e/t root of n P(ys///ve quantity may be either positive 
.or ne^ative^ i.c., will have a double sign ±. 

(ii) There can be no ei/c/i root of a negative quantity. 

(iii) A’tiy root of a quantity will have the same sign as the 
^Li^antity itself. 

1 ’ 76 . To obtain any root of a simple expression, we have the 
follow\ing Rule. 

Divide the index oj every feu tor in the expression by the 
index o^f the proposed root and give, the proper sign to^the result. 
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Ex. 1. 

Ex. 2. y( - 84^y)= ff { - 2»tV)"= - z;?)'*. 




^3i»- 


Ex. 




3^ 


177. If, however, the index of the quantity cflnnot be exactly 
divided by that of the root (as in the 5 th root of a®, where the 
**2 cannot be divided by 5 ), then we cannot find the root of it ; but can 
only indicate that the root is to be extracted^ by writing down the 
quantity, and the sij^n ^ before it, with the index of the root in 
question ; as Such quantities are called Surds or Irra^ 

tional quantities. 


Exercise LXXIV. 

Find the square roots of the following 


1, 

25A-y3<‘. 

2 , i 2 irt‘VA 3 . 1441 ?:*^^. 

4. 

4d^b\''^. 

5. 


6. 7 . qcjMV. 

8. 

i6.v*y. 

9. 

2 5^^- 

in ,, 25.1-V" 

”• bWb‘' i6rtV7 • 

12. 



Extract the cube roots of the following ; — 



13. 


IL ~ 27 db\ 15. 8,1-27. 

16. 

- 64 «VA 

17. 

27 ' 

g 64 />‘V® -g 2i6aPbh^'^ 

i2Sa^'^’ ’ 343^*^ 

20. 

64 ^^'^' 

,r» • 

• 

Write down the values of each of the following : 

- 


21. 


22 . y(rt-*.rM). 23. 7(1 28a*')- 

24. 


25. 

, / / I6.r>e\ 
\j \(i2^ay^l 


y( 

543(:d"//\ 

) 

28. 


■ » </ ="■ 

V ( 

:? )‘ 


178. To find the square root of a compound expression. 

We know that the square of + ^ is ; let us see then 

how from we might deduce its square root « + ^ 
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Arranging the terms in descending 
powers of we see that the first term 
is and its square root is cz, which we 
set down as the first term of the root on 
the right. Subtract from the whole 
expression, and bring down the 
remainder zab^rb'^. If vve now divide 2ab by we get +b^ the 
other term in the root ; lastly, if we add this b to the 2«, multiply 
the + thus formed, by b^ and subtract the product 2ab-\-b^^ there 
is n(^ remainder.* 

Now we may follow this plan m any other case, and if vve fincj 
no remainder, the root will be exactly obtained. 

Bx. 1 . Find the scpiare root of 

c).v^ + 6 xy-}-y^t 3 . 1 + y 

g.i V 

J Gxv + v^ 


a^ + 2ab + b^l « + ^ 


2^1 + /^ I2ab + b‘^ 
2ab + b‘-^ 




V 


Ex. 2 . Find the square root of 56rt^ + 4<y?“. 

iGd^ — y:>ab-{- ^a — jb 

\6d- V 

Sa^yb y - 3()ab + 49^- 
/ - 56^^ +_49/^^ 


179 . If the root consist of mote than two terms, a similai 
process will enable us to find it, as in the following Example ; where 
it will be seen that the divisor at any step is obtained by doubling the 
expression already found in the root, 01 (which amounts to the ’same 
thing and is more convenient in practice) by doubling the last tern^ 
of the preceding divisor^ and then annexing the new term of the root 


Ex. 3 . Find the square root of i6.r‘5-24.i-'i + 25.r'^-2o;ir^ + loJ * 

-4A'f I. 

The expression is arranged according to the descending powers 
of X. 


1 - 24.r 4 - 2 5.1'^ - 20a'" + 1 - 4.r + 1 / 4^'^ - 3x'^ + 2;r - i 

'i6i« V 


- 3.v‘-^ I - 24 a:‘' + 2 5.r- 

J - 24.1'^ + 

- 6,r‘^ + 2ar 1 1 6ar^ - 2oa:^ + 1 o.r-^ 

M lA-*-* .1 


8ar^ - 6x^ 4- 4.1' - 



8.v®+ 6ar‘^-4r+j 

8a-® 4 - 6 a'®- 4 ar 4 -i 
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In the above work, having obtained two terms in Sie rbot, 
4,r®-3Jr® we have a remainder 

1 - 20.^3 + 1 o;r* - 4.r + r . 

Double the terms of the root already obtained and place the 
result 8:r^-6:r^, as the first part of the divisor. Divide 16,1:*, the first ^ 
term of the remainder, by 8.r^, the first term of the divisor ; we thus 
get + 2x, which we annex both to the root and divisor. Now multiply 
the complete divisor by 2x and su||^act. There is still a remainder 

' ♦ 

Proceed as before, and we find — i as the last term in the root 
and there is no remainder. Thus the root is found. 

180 . It should be noticed as in Art. 175 that all roots have 
double sif(ns. 

Tints, the square root of d‘ + 2ab-\-b- mav be + that is 

— as well as a-^-b : and, in fact, the first term in the root, which 
we found by taking the square root of nhght have been-^t as well 
as + t?, and by using this we should have obtained also-^. 

So in Art. 178, Ex. 1 , the root may also be -3.r- y ; in Art. 179, 

Ex. 3, -4r' + 3;r’'-2.t:4* r ; and in all these ca'^es we|shoulfl 
get the two roots by giving a double sign to the first term in tne root. 


Exercise LXXV. 

Find the square roots of : — 

1 . 4,r2+4j:;y+y-. % 2 30 ^ 7 ^ +9^^- ' 3 . 25.r'‘ + 30 .r®v + 9.ty. 

4. 49a®<^’*- 6. idry + 40;r>'2ir4*25/^-^®. 

*6. + + 7 - i +4-^ + 10.1*'*+ i2ji-'^+9.r^ 

8. + 1 i.r® + 2 2.r'’ 1 2.r + 9. 9. - 1 20^ 4* 2 57?^ - 24^ 4- 1 6. 

10 . gd^ + 1 2 ab 4 - 4<^“ 4 - <'ycic 4 - 4 ^^’ + 

1 1 . .r* — 8;r®_>' 4 - 24,r^'‘^ — 32;^^ 4 - 1 

12 . i6.t^ - I (iabx^ 4 - 1 4 - 4^^^^'* - + 4 ^^- 

13 . - 4;r*' + 1 ox^ - 2o.r^ 4 - 2 - 24.r 4 - 1 6. 

U. .r<»4-8.2:«-2:r’* + i 6 .ra- 8 Ar 4 -i. (C, E. 1867). 

15 » — 2 rtf.r* 4 “ 5 ^ 2 ®-r® — 4 <^^-t 4 - 4 ^^- (m. M. 1885). 

16 . 4.:r^ 4- 4* 4dz^.r® + 1 V 4- 1 6 ad^x + 1 6 b\ (c. K. 1 870). 
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17 . I - 4.r 4- 1 - 20.v'’ + 2 5.r* - 24 ,r‘ + 1 6,1^*. (a. e. i 893). 

18 . - 6ad + ^oac + 6ad+d~-~ io/jc ~ 2di/+ 2$^ + ! oc^i-b 

19. - 4x^jy 4- ~ J OA^y^ 4- - 4A'y +y, 

20 . 1 - 6-r 4 - 1 ^ 5 '^* ~ 

21 . 4.r® - 1 2 .r"’ 4- 1 3 .'*^^ - 22jir^ + 2 - 8 a* 4 - 1 6. (C. E. 1 893 ). 

22 . “ 1 2 r-’ 4 " 6o.r* - 1 60^*^ 4- 240A'" - 1 92A 4 - 64. (a. K. j 89 1 ). 

23 . X'^ix‘^'+y + ^'^)'r 2 Aiv + 2^)(vi^^'-)+y^s‘‘^. (M. -M. 1890 ). 

24 . 4- 2/^.v + (2/r -f 4- 2(^J 4" '/r)x‘^ 4- (,2^/ v 4- r^lv* 4- 2;'.V-V‘’ + ./-.i 

25 . 4 “ 1 2<« 4- 5r2‘^’ 4- 1 4^^ — 1 1 — 4^“ 4- 4t?“ 

26. r'‘4-3(/4-2')A^4-(3r‘^4-2r.7 4-3"“)A‘-^4-2{/-f r,7 |/.S'- + -”).1'4- 

4-27^4-2'^. (c. E. 1888). 


181. y'o find the square raot of fractional expressions 

Buie, rvocecd c\aclly as in Arts, 178 and 179 

Ex. 1. Find the square root of 2.r’- 'iVr- 4 - 44 '** - 2.1 4 - 4 . 

Arrange the expression according to the descending poweis oi 
i' ; thus 

4.1 * 4- 2.1 *’ ~ V ~ 24* 4-4/ + l-r - 2 

4y_ V 

4 4-1-1' »2.r"- V 4 ‘*^ 

/ 2 .r' 4 - _ 

4 .r - 4- A - 2 J - 8,1'**^ - 24 * 4- 4 
J- 8.r“-:>.r + 4 

182. As the fourth power of a quantity is the s(juare of itfe 
square (Art. 170 ), so the fourth root oi a quantity is the s:|uare root 
of its square root, and may therefore be found by tlte preceding Rule. 
Similarly, the eighth root may be found by extracting the square root 
of the fourth root, and so on. 

Thus, if it be required to find the fourth root of a* 4- 4- 6^ 
4-4aA‘"'4-4r‘*, the square root will be fountl to be 4-2rt.r 4 -a'^, and the 
square roAt of this to be rt 4 -.r, which is therefore the fourth root of 
the given expression. 

183. Sometimes we meet with algebraical expressions whose 
square root cannot be found exactly. In such cases an approximation 
to the root can only be obtained to any degree of accuracy. 
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3x. Find to four terms the square root of i 4 *.^. 


2 + 




-r4-' 




4 

X“ 

4 


4 8 64 


2+X- + 

4 


.r" j.r‘_ 

)6y 8 


-r** 

64 

8 16 64 256 

.r'* 

64 64 256 


'i'hus the square root of 1 4 - a* to four terms is i + Vi - i,r-4- 
there is a rcinaincler — ,. 4 ^ 4 - — 


Exercise IjXXVI. 

Find the square roots of : — 


1 •> 9+3 

9 _ x- 


2 . i'.r+ ■‘v+8. 


25^2 


i)d‘^ 


y- j" 

1 Te.- (M.M. 1886). 

5 * 9.r^ - 2x^y 4 - -- !; -xly"^ - 2xj'^ 4 - (c.E. 1 874). 

6. 1 - xy - V 't-'V + 2,r>'^ 4 - (M. M . 1 S89). 

7 . j.r* — 4 - 4 - 

8. A'* - 2 :r'^ - ~ 4 - 4 - 3. (c.E. 1871). 

9 . 9Lr“ - 24.r +19-^. + . (c. E. 1 890). 

10. Ar** 4 “ 4 ''*^ "h ^^ 04 " h ^2 • 1880). 


3 . “"2 4 " 

9^ 2S(i- 


n .r- 2Ar . ju a- , , o > 

• ‘5"“- +3- 4 '-„. (h.M. 1890). 

a^' a X ^ 


2a cr 
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(C.K. 1889). 


9 ^ S' ” 1 5 1 6 .^* 5 S'® "^ 2 5 V-' * 




x\y 


-4 (Jis+J.) +6. 


'Extract thf fourth roots of the following : -- 
Ifi. I - 4^■ + 6x‘ - 4,r '* + X*. 16. a* - Sa‘^ + 2.1^' - 32 ^ + t 6 

J.?):*. 1 6^^^ - () 6 a ^^ + 2 1 -21 6 a 3 ^ +81^^. 

18 . I - 4 .r + I o.r’^ - 1 6x^ + i gx* - 1 6x^‘ + 1 o r** - 4.r" + x^. 


Extract the eighthf^oots of the following : — 

19 . - 1 6 x‘^ + 1 1 2 x^ - 448^ *’ + 1 1 20.r* - r yc)2x^ + 1 7g2x^ - 1024 .r + 256. 

89; ' a"" - 8^7^ + 28afi^ - 56/2'--3^ + 7oa^d^ - 56^iV/' + 2Sa^^ - 8rti$7 + 


Find the square root of each of the following to four terms : -- 

21. I -2.1'. 22. fl^+j'2. (c.K. 1877). 

23 . 21 (uR 1885). 


184 . Square Boots by Inspection. When an Algebraical 
expression can be put into the form of a square of a binomial, ili- 
scf-iare root can be obtained by inspection alone. 

y/EX. 1. Find the square root of - 2ad + 2 ai - 2 d(\ 

Arrange in powers of and the expression 
== a'^ - 2a{d - c) + //*' - 2dr + r'-'' = a® - 2a(d - c) + 
={a^{d-r)y\ 

Hence the squai e root = a - - c) = ^ + f. ^ 

i/Ex, 2. P'ind the square root of 
(C.E. 1866). 

The given expression ~ + 

( I ^ 1 

.r*'* + j - 2 = - 2 + . 
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Exercise LXXVII. 

Kind {by inspection) the square root of the following 
(P-K. 1887; C.E. 1907). 

^2 

4-4ie+2d + c‘^- 6 r +— . (c.E. 1876). 

4 




2rt 2d 


(a.e. 1890). 
(I1.M. 1893). 


5. 

6 . 

7 . 

8 . 
9. 

10 . 

11 . 

' 12 . 

13 . 

li. 

15 . 


^2+-» + 3 + -^+^, • 

3 . 

y^ .r" ^ jr 4 

X* 4. i yV - -yz^-{- /r*. ( li. M . 1 892 ) . 

jr'^-4.r*4-6.r--4.r4- 1. (M.M. j88o). 

(ab +ac + bc)*^ - 4obc{t2 + r), (c. E. 1 888). 

a'^’^b^-\-c^ + d^ — 2 a{b-c+d) — 2 b(i' — £i)’- 2 iyf. (CJ£. 1868). 

^4 ^ ^4 _ + ^.2 2 ^ 2^2 + (c. K. 1 867). 

{a^ + 4- r^)(.r'^ 4-^® 4- d') - (<5^^ ~ cy)*^ - ~ - {ay ~ 

(C Vn 1878) 

( a - ~ bf - 4- b '^)\ + 2(t/*4-^*). (B. Al. 1887). 

^ 4{(rt* - ^2)^/4- nb(c^ - 4- {(«« - b^-){c^ - - ^abedi^ 

3(3a‘^ - 2^/:^ 4- d^)(a- 4- 3^‘^) 4- 4- 4 ^)*"^. (M- M- 1 898). , 

4- 2 ( 2 ^ - f )iJ!^ 4- 4- yi^c^ 4- e^abc^ - c^d-bc + c:* - zac\ 

t 
y 




2). 


185. To find the cube root of a compound expression. 

Let us consider the expression £^”4-3a‘^^ + 3«^”4"^^ which we 
know to be the cube of a 4-^, and see how we may get the^root from it. 

Arranging the terms in descending powers of rt, we see that the 
first term is of which the cube root is a, and this we set down as 
the first term of the root. Subtract cP from the given expression and 
the remainder is 

'^(fib 4- lah^ 4- ^ or ( 3a- 4- Z^b 4- 1)^) x b, 

. Now dividing the first term of this rmainder by yj^ i. e. by' 
three times the square of the term already found, we get b^ the other 
term in the root. Having found we can complete the divisor thus : 
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To three limes add 3 , the new term in the root, and thus we 
j^et We then multiply this tiuantity l)y and add the product 

to /. €. to three times the square of the root already found. 


The work may be arranged as follows in three columns 


I Sir 

3/'?" + -I- 


(X' 3^?“/’ + 3 <'^ 3 “^ \‘d'' I a + 3 

\ 


Srrb + Stilr -h 


J'lhsuing the same ( curse in any other rase, if there be no 
remainder, we conclude that we have fibtainccl the exact cube root. 
This process may be extended so as to find the cube root of any 
multinomial expression consisting of inon; than four terms. 

Ex. 1. Find the tube loot of 8:1'"^+ \2xyi-6.ry^ + r'. 

8j» " - t- 1 2xy + 6.rr- + y’l (2.r -{-y 
8.r^ _ ' ' V 

6 .t +/ 1 2 1 - ' 1 +J'*^ 

+6.n' + F- 

1 2.r‘‘^ + 6a j' + y- nxj i' + + v’’* 


3.1^= - 


Ex, 2, Find the cube root of - 3 .r'‘ - 3 . 1 -'^ + 1 i.t** + 6 ;i-“ - 1 2 X - 8 . 

A '• - 3.1'' - 3^-^ +11.1'’ + ^ >.r’^ - 1 2.r ~ 8 / - ,r 

3.1-* a- ' \ ~2 




I 


- 3 .r*^~ 3 .v^+ n.r^ 


- 2.1 X ‘^‘ ' 

3.1-2 _ 3 _ 3 3 ^.4 _ 3 ^ 3^3 I - 6.1''^ + I ± r ‘ + 6.r^ - 1 2.1 - 8 

~6.r-+6T+4 ' 

l3.v-i 3.r*' - 3.1 « + Gx + 4 “ + 6.r^ - 12^ - 8 


186. Cube Roots by Inspection. When an expression, 
which is arranged in de.scending ])owers of some letter, consists of 
four terms anil is a |)eifect cube, its cube root will be the .dgcbraical 
sum of the cube roots of the first and last terms. 

Ex. 1 . Find the rube root of 27.1-^- i35£Z.r- + 325<'?-.r - 125^^ 

Observing that ?r(27a'’’)+ y(- i25/z^) = 3.r- 5^^ we have the gi\en 
Exp. - (sxf - 3.3;i-.5i^(3.r - sa) - ( 5 <z)^= (3.1' - 5^)1 
/, the cube root=3-r-5rt. 

187- 'fhe above process can tcasily be extended to the case 
in which the cube root consists of more than two terms. 
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Ex. 2. Find the cube root of 5aV - 3<^^r - a^K 

Here,-i^.r^'^'5ir“ and Also divided by three 

times the square of x\ 7. c. gives -ax. 

Hence, the cube root, if ihcrc he one = -oH. 

On verification, we find that the cube of — — or is equal to 

the gi\en expression. 


1 . 

3 . 

5 

6 . 

7 . 

8. 
9 . 

10 . 


11 . 

12 . 

13 . 

14 . 


15 . 


« 


10 . 


18 . 

19 

?/J. 

.'32 

/ 


23 . 

24 


Exercise LXXVIII. 


Find by inspection or otherwise tlie i iil)e root of : — 

.1'^ 4 - 6.r^r 4 - » 4 - 8 r-l 2 . a"'' - ()a^ 4 * 27<r - 27. 

.r*’ 4 - 1 2.1 " 4 - 48.1' 4 - b4. 4 . - ^f)(t-h 4 - 54^?^^ - 27 h^. 

o"‘ 4 * 24/?^^ 4 - 1 92 4- 5 1 2h". 

8 r’ - 84.r^r 4 - :94 r - 3434". 

7 / 1 ’^ — r \ 4- 48;// //^i ” - 
a'.v' - 1 5^r‘V>'.i " 4 - 75 ^^//' i " - 1 25/Ai ^ 

4- brt'’ 4- 1 5^1^ 4' ^0(1^ 4- f 5/?*^ -f 6^ + 1 . 
x^ - 1 2.r'' 4- 54.1* - 1 1 3.1 ^ 4- 1 08.1 2 - 48.r 4- 8. 

.1 + 6.1 ■' 4 - 2 r .1-'’ 4 - 44 4 - 63,1'^ 4 - 54^ 4 - 27, (( k. i »6) 

4- 6a‘^h'^ — 7tr <5^ 4- — ' 'i/f-' 4- h^. 


8.1'° 4- 48.r"j' 4- 6o.r'b'- - Sor^K - (joxV 4- loB.rj''' - 27^'. 
x^ - 3,1 4 - - I o 1° 4- 1 2.1 *■' - ! 2.1 '* 4- 1 ox^ - (a '-' 4 - 3 .v - 1 . 

x^ 4 - 3.1'“/’' * 1 " ^’) + 3 ^ + W + 3 ^'^^ + 3 ^*^’*^ "h ^")’ 


h ^ 

''27^^^^ a iv' 


2a 

3<^’ 


17 ..+;.+6(..+, 


- P -hP- 3Wh - ^7 V - aP - aP - Pe + hp] - 6ahc , 


I - 6 .r 4 - 2 Lr''^-V^''"-F > * * 74 ^** 4 - 219.1° --204.1 ^ 4 - 1 44.1-''’ - 64,1'°. 

(, + 21. x\P + 3yY-vH3^^'+y^T- * 

P{a" 4 P - .■'’■} 4- 3P(a - er -f ^P'P - ai )ia - e). (l\r. i-'. \. 1 887). 


Find the sixth root of the follow inu expressions — 

1 4 - 1 2.V + 6o.r- 4 - 1 60.1 ^ 4 - 240.1 ^ 4 - 1 92 .;r'‘ 4 - 64.1 

.r°- i2<7.v’4-6orr.i'^- i6o^f^-iH240tf*.t‘*^- 1 92i?°.v 4- 64^°. 



CHAPTER VII. 

^ • MEASURES AND MULTIPLES. 

i I. HIGHEST COMMON PACTOB. 

I ''‘W'Jicn one quantity divides another without re^nainder, it 

Js said to laeasure it, and is called a measure of it. / 

Thus, 3, rt, &c., are all measures of 

^ 189. A Common Measure of two or more quantities is one 

M^hich divides each of them without lemainder. 

j Thus, a, 3«i, 3^, ab^ yib^ are all common measures of ^a-b 
find I sabr, 

190. The Greatest Common Measure of two or more 
Jexpressions is the expression of highest or greatest dimensions or 
degree which divides each of them without remainder. 

Thus, ^ab is greatest common incasim of 3^-^ and \^abc. 

j 191. The term Greatest Common Measure (briefly o t;. m.) 
IS not very appropriate in Algebra, for the terms greater and less 
are seldom applicable to those algebraical expressions in which 
definite numerical values have not been assigned to the various 
letters which occur. It would be better to speak of the Highest 
Common Factor (briefly h.c. k.), or of the Highest Common 
Divider (briefly H. C. J).). 

1 192. To find, by inspection^ the H. c. v. of two or more simple 

jexpressions. 

i Buie. by Arithmetic^ then, c. v, of the numerical coe^ 

^cients ; after this number write the lowest poioers of the letters 
common to all the expressions. 

> Ex. 1, Find the H. c. K. of c^ab\^ and i 2 aWcf^. 

Here, the H. c. K. of 9 and 12 is 3. The letters common to both 
•^cxpressions are f?, and c. 'Fhe lowest power of « is a ; the lowest 
5 power of b is b\ and the lowest power of £■ is c^. 

Hence the required H. c. F. = 3^ 

^ Ex« 2. Find the h. c. f. of i2a^bc^y^ and 

Here, the H. c. v. of 9, 12 and 15 is 3. The letters common to 
all ' the expressions are <2, b and and the indices of their lowest 
powers are respectively i, i and 2. 

^ Hence, the required H. C. F> ^ ^abc^. 
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Exercise LXXIX. 

: Fiii^;^c HVc. V, of : — 

1. a?&^ and aH. 2. ax^v^ and 3- 3x^' and i2xy.' 

i. 4aV and - 6<ai/A 5. — 1 2x^j/^s'^ and 8y°2r\ 6. loa^P and 

7, I2a*^^ancl rStf-Arl 8. Sa^V-y* and 

9. 8aXf 6rty and loadV. 10. and 

11. \2a^lr^c and 4a*d*{:*. 12. 15^‘V^, and 2$a^c*. 

13 . io.vyV^ I5,iy-V^ and 2o.v®5'^ 14. i2.i‘yV\ and 

16. i43.ryV‘, and luryV. 


193. Witli the aid of the preccdini^ Article, we may sometimes ’ 
find by inspeciion the H. C. F. of two or more ( impound expressions, 
if it happens to be easy to separate them into their component factors. ' 

Ex. 1. Kind the H c. F. of Gar//'^ - Sa^^l/ and 3ct-t‘ + 5a%, 

GaVr - Sa*l> = 2ti^b{;^b - 4rt'’^), 
and itirc^ + = cPc^ 2 c + ). 

Hence, a\ which is the,H. ('. F. of 2c^ and a^r is the reqd. H.C.F. ’ 
Ex. 3. Find the 11. c. F. of Ga-^x\d^-X“) and 4a^r(a‘^xyK i 

G(i^x\a^ - A-) - 2«‘'^.i‘.3.r(<ic + i')(a - v), 
a nd 4a^x{a + x) - = 2a^ v. 2 a[a -F x){ a 4 -x). 

/. H.i. W^2a\v{a4rx). 

Ex. 3. Kind the 1 1 .C. F. of a^{a-X“ - ^ax^ 4- and -a -{a^ - 4a^x ‘^). , 
a\d~x- - 3<2.v^ 4- 2,1"*) = d^x^{d' - yix 4- 2A'-} = - x)[a - 2x). 

and — 4a^x-) =« aV(d^ — 4.r®) = d-^x^(a 4- 2x){a — zx). : 

. /, H. C. 1 . = 2A'). 

Ex. 4. Kind the fi. c. f. of x{a 4 - 1 )\ x-id^ ~~ 1) and 3.1 2). 

xia+if ^ thfd- iX^'.d- Oj 
x^{tr - 1)— .r.>r(rt4- 1)(<« - i), 
and 2.r(^f“ - a ~2) = 2 ,x'/ 7 . 4- 1 )(</ - 2). 

H^C. F.=,i'(tf 4-1). 

Exercise XiXXX. 

Find the H. C. F. of :— 

1. sx^y-hGxy^ and 9-^^®- - 2. sax"^ - 2dir and a-x* - j 

3. 3 rf® 4 - 2 a-d- 5^^- and 2 a*^ 4 - 2 flR / 
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4 . a- 4-a^ and <7*^ 5. 6a- — 3^2-^ and 2a(^ - 
6. and a® - /A 7 . + and (a 

8 . 4.r"(a +,r)" and 1 o(a%L' - .1*'’ 9- — and (a^A' + t2A”)'. 

10 . {(vb — nb’^y^ anil ab.ii- — b^)'^. 11 . 6;V-’ — ] } and 8 (a'2 — 3 .r + 2 }. 

12 . {x^ + xf and r^f.i “ - .r - 2) 13 . 4(.r' + rS') and 6(.r- - • 2ax - 3a-). 

14 . 6.2r*’r - 1 2.r“ r- + 3 and 4a.r- + 4a r r -1- 4a--i'. 

15. x^+x - r 2 and .r- — 2 x - 3. 

16 . .f- + ,vi j' + [y- and i - - .w - 1 24'-. 

17. < 1 -^ — Ji'i r - 3a *■'’ and a- -f 3^^ + 2 1 18 . 1 2(.r - 4*_ <'■■} ' and 8(.r^ — 

19 . ir(x~+ I 2.r+ T [) and n^x'" — i icr.r - « la’. 

20. ()'(rx" - 4) and 1 2(axx- 4- ^ r -t- 4 

31 . tr + 5^ + 4, -hia- 8 and >r + 7,2 4- 1 2. 

22. r'-~y\ (.r-fj'A and .r- f 3.rr-i-2i'“ 

23 .r" -y^ ^ '■ - and .1 - 7.1 y f 6v’ 

24 . cr - 2^2 — 3, ir ~r- (> and a“ -• 7^/ + 1 2 

26 . I, r and rr '^a~ 2 

26 . a^-\~b'^~ r + 2 a/\ a'^ - 4 7 hc and ct' ^-bc - r. 

194 . I)Ul if th<' u. ( . r. of Iwi) ( ninnound OApresMoniv be a (<>fN- 

expression, it cannot L;or.c:rally h'* ibiis easiK found by inspec- 
tion, InU may alwav') l)e obtaim'd by a mc^'bod wc are now about to 
explain, the ])ro()<^ of whirli will be ;4isen hereafter. 

195 . An al^obiairal expres'don is said to Ix' of .so many 
dimensions as is indicxilccl by the hi^^liest inde\ of its letter of 
reference. 

Thus i -~7,v 4 - TO is of dimensions, r'-pr of /brri\ 

If it also invoh e other letters, it is said to be of so many dimensions 
in 'each of them, aerrordiny to the hi^^hosl indu cs of each. If the 
dimensions c)f carli term aie the srunr. thf' e\pression is said to be 
'^iiomogeneoue, and so many dimensions .is is indicated by the sv^/// 
(if the indices in each term. 

Thus, 3.1 y -p r-y" is of /0!/r dimensions in .r. and //i>r ■ in jy. 
It is also bo/Ji‘Lyc-!.'CoiLs' and of J/i’' dimensions. 

196 . To tincl the (i. r. k of two compound expiessions which 
cai.mot readily be resohed into ilieir prime factors. 

'H.uld. Armn^r the expre^'^inns accardlni:; fo pmt/ers of sonic 
iommofi letter.^ and di:ide the one of d' oiendons by the other : 

or ff the hi(^hcsf index happen to be the same in (Vit//, take cither of 
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them for divide?! d. Take as in A?'iilimcfic^ ihe rancindc?^ after 
this division for dndsor^ and the p/rcedin^ divisor for dividend^ ana 
so on until there is no remainder. I'he fast dhn'sor will be the H. C'. r. 
required. 


Ex. 1 . I'ind the fi.c. K. of .i- — 7,1 -l-io :ind 2^x“-^20.\ +25. 
.1- - 7,t' + 10 i4.r® - 25 + 2o,r + 25 / 4.r 4 - 3 


/ 4 - 

.r‘^+ 45 >^ Vs, 

3 . 4 r^- 20 V + i5 
+ 3 ^' 

.r -5 i.t“-7.L'4- ro/ x ■ 


sy:/- ^^'4- ro^.r 


ir. (' 1'.= I - 


- 2 .r 4 - 10 
-21-4-10 


'I’ho ai-)Ove woik may be i'howu in short thus — 

.1 .1'“ - 7.1 4 - 1 o 4r‘'' - 2 5.r- + 2u.r -{-351 4,1 
.T- — 5.1- 41'^ — 28.1'- 4- 40.1 ; 

-2 ' -22-4 10 32'“ -20 1*4* 25 i 3 

I ~ 'ii ~ 2 U' + 30 ' 

A'-s' i 

/, n. ( . ! .^.r- t; 


197. If the e vpu^ssions have both or either them, in* 

an}' rase, ample f.u'tors, as in Art. [<^2, these mn^t he struck out, 
and tlic Rule applied .0 tlie resiiltinj* expression^. 'I’lien tlie l(. C'. i- 
of these, bcan^ foiiud as above, will be the same as that of the ;.,dveii 
ones ; exee’pt it she ikl ha[)prii that \vc have to slnke tors out of 
both of them, and that these facto? s thcniselves have a fommon factor. 
In this case the n. C. f . tviuiul, as above, of the resultint^ expres- 
sions, must be muhijihcd^hy this roniinon factor, 111 order to produc e 
that of the ,t^i\cn expression-,. 

So also, whenever \v<i tonvcM a remainder, a(*cordmp lo the:.- 
Rule, into a divisor, we may strike out of it any simple factor it may 
('ontain. Here, however, there >s no restriction, as in the former case ; 
because no part of .such a .siitiplc factor ca?i be (.ommon also to tlie 
new dividend, whirh, beinj^- the same as the former divisor, will be 
already clear of simple factors. U i-. only with the first pair, 01 
oiven expressioiis^ that wc shall have to attend to this. 

And, if, moreover, the first term of any such remainder is 
negative, we may, for the sake of neatness, before taking it as a ne\\ 
divisor, change the signs of all its terms, which is ecjuivalcnt lo 
dividing it by — 1. This can only affect the .signs of the tr. h. 
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Ex. 2 . F^ind the Ti. C. k. of 

2,v’' - 8x* + i 2 — 8 a‘® + 2A' and ^x'* - 6 a” + 3.r. 

W e have 2 .t® - + i 2 a” - 8a” -h 2 .r = 2 x{x^ - 4a” + 6a” - 4a' + i ), 

and - 6 a” + 31* =0a(a* ~ 2a” + i 

Also 2A and 3.1' have a common factor r. K^mioving- the simple 
factors 2 x and 3.r, and reservhv^ their common factor a, we continue 
as in Art. J92. 

a” i/r* - 2.J' '■ +1 - 4 a” + 6a” - 4 a + I 

-2a” 4-1 

i 2-1 ” 3 a” 4 - 1 - 4.r! ' 4 a” + 8 a” — ^ 

I sa” 7 j 4 'yji 2 A yi _'2 a + j 

* i a” - 2 A + 1 

I -r” - 2A 4 I H. C. K. rcqd. = a(a” - 2A + I ). 

198 ,, If now, havinj^ first attended to the dirct'tions of the above 
Art., we find al any step of our p’oeess, that the first term of the 
dividehd is not exacHy divisible by the first of the divisor, then, in 
■order to avoid fractions in the quotient, we may multiply the whole 
dividend by such a slrnpl^fector, as will make its first term so 
divisible.^ 

Ex. 3. Find the H c. K. of 6 .i”y + 4Ai/-' — 

^ and 8 a''’ 4 4A*tl' - 4.rj'”. 

■ We have 6 a‘-j' 4 4Ay” - 23/” = 2^(3-!*” 4 2,17 —7”), 

I ' ' ^ and 8.r”4 4A”7 ~4A7‘- — 4r(2A” 4A7-7”). 

, >Iow, noting that 27 and 4A contain the common factor 2 and 
keeping it for the reqd, H. C. F., we proceed with the remaining expres- 
stions, 'is follows. 


2 A 

2a” 4A7 -7” 

3a” 4 2A7 -7” 


2 a” 4 2xy 

2 

~7 


6,v‘- 4 4^7' - 3 y” 


-xy-y^ 

y 1 '*'J'+‘ 7 ^_ 



I 


\ H. C. V. required = 2 (a 47). 


Find the H. c. F. of 

. .6.r® 4 33A-” 4 36a' - 27 and 6a* 4 3^*’ + 33 X ^ - 19A' - 3. 

We have 6 a^ 4 33^^ + 36.r - 27 = 3(2^” 4 1 1 a” 4 1 3a - 9). 
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Rejecting 3, we proceed as follows 


X 

2-t®4- ii:r^4-l2,t*-9 

6 jir* 4 - 3 1 + 3 3^^ ~ * 9-^^ ” 3 


2 ;ir® 4 - 5.r® - 3 .Y 

6^ * 4- 33-r'' 4- 36 .r- - 27X 

3 

6.1 - 4- 1 5 .r ~ 9 

— 2x^— 3.r‘^4- 8.r — 3 


6.r^4- iS-t'-g 

- 2.1^- i2r4-9 


-‘V ' 

! 4 8,r- 20 -r — 1 2 



1 

m 

4- 

« 


/. H. C. t-. reqd=»s 2 .r- + 5 jtr - 3, 


Exercise LXXXI. 

Find the H. r. r. of : 

" 1 . 3:r- + .r - 2 and 3.1 - + 4.r - 4. 2. 6.1 - + 7-'*" - 3 and 1 2x“ + 1 6.t* - 3. 

3 . g-r- - 2 5 and <>r- -h 3 1' - 20. 4 . 61-4-1 3.r f 6 and 8.i + Ox - 9. 

5 . 1 5 V- — a — 6 and 9,1 - - 3,1 - 2. 6. 6,r- - .r - 2 and 211" * 26 r ^ 4. 8.r 

7 . 8 y- 4 - f4.t- 15 and 8 t’ 4 - 30 t^ 4 - 131 —30. 

8. 4 1'"' 4 - 3 V - lo and 4 1 ' 4- 71- - ijr - 

9. 2^" f(xt‘^ + 6 .i 4-2 and 6i^4*(n^ -6.i'-6. 

10. 23^® — 1 03 ^ 4- r ?r and 3_v* — 1 53'** 4- 243 - - 24. 

11. r® ~ 6ax- 4- 1 2 and .1 - 4^/ x\ 

12 . 2.T^ 4- 1 o i f r 4a 4- 6 and t*"* 4 - 1'*'* 4- y.r 4- 39. 

13 . 0x ^‘ - 6a - 4“ 2a - 2 and 1 2a - - 1 5a 4- 3. 

14 • 3ar^ -- 22 1 - 1 5 and 4 - 1 ** — 54 1 " 4 - 1 

15 . — 3a'-3' 4 -ar —X and 4a^ - t -3/ - 32*3'*'^. 

16 . x^ - 8.V 4 - 3 and a« 4 - 3a 4 - x 4 - 3. 17 . .r^ -- sa- - 2 and 2 ^ H 3.t * - 8. 

* 18 . 3Y® 4 “ 3-f® - 1 5a 4- 9 and 3^:** 4- 3a ^ - 2 la- - gr. 

19 . a® 4 - .^^3' + ^*4-3'^' and r*4-.^'V4'..^3'”--3'^ 

20 . 2a* 4“ and 4«* 4 - 4 - 

21 . 5ar^ 4 - 2:r^ - 1 5ar - 6 and -7a'’'4-4.r®4-2T.v - 12. 

22 . ar 3 4 - 6 a'‘‘* 4 - 1 12:4-6 and X’^-{-()x'^ + 27x + 27. (c. E. i866 iK: r.. m. 1893.) 

23 . a- 3 - 7 a-®- 8 o.r 4 -S 76 and 3.Y-- 14.Y-80. (c. K. 1882). 

24 . x^ - ^ -• lo/ix 4 * (C'. E. 1 880). 

26 . ;ir* - Sx'^ - 1 2.r 4- 1 44 and 3a*- - i6;r - 1 1 2. (a. E. 1 889). 

26 . x^ 4 - 3x'^ - gar 4 - 5 an d - j ga' 4- 30. (c. K. 1 8 59). 

27. .r® 4 - 4 a'’* — 5 and a'’- 3 a' 4 - 2 . (C E. 1868). 

28 . 2x' - 5.V - 39 an d ,r* - 2 i.t - 1 8. 
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29 . .r’ - X- - 8,1' + 1 2 and 3.1" - 2x - 8. (a. k. i 892). 

30 . 1 5 .r^- 4 ^‘' - 53.1 +30 and ! 5. (c.K.A. 1882) 

31 . 2.r^ + - 20 r’ - 7.V -i- 2 4 and 2x^ + 3,1" - 1 3:t'‘^ - 7.r + 1 5 . 

32 . + 1 - 3<'^'/^" - 1 and Joa‘' - 30^^^ - i OtxV/*^ 4 - 30£^/^\ 

33. a'* - 2^ 't + 2 vjr - ;d and .r'' - 2xy + — 2xy^ -hy^, 

34. .r ■* + 6 r" 4 1 J .r- 4 - 4 r - 4 an d 4 2X^ - - 1 2.r - 4. 

36 . 20x^ 4 .»■" - I and 2 5^:^ 4 SX'‘ - jr - 1 . (i\ K. 1 896). 

36 . .r ■ - 2ax-^ - 5rt"A' - 1 2u^ and - yax- 4 1 yr.v — 4/^ (a. E. i 189 1 

37 . 2.r 4 9 A 4 4-v - 1 5 and 4.r'' 4 8;ir- 4 3.r 420, (( '. E. 1 867 ). 

38 . 4 .'i’’ - i'*-^ - 2oa-x 4 24/z'' and 6x^ 4 24rt.r‘-^ 4 (c. E. 1 888). 

39. - 3 .v’' - I 4 r 9 .r 4 1 1 an d 6 .r - 2 5.1-^ 4 ‘ i 2 2 . (C. E. 1872). 

40 ; 2a'^ - x^ - ()x‘^ 4 1 3-1' - 5 and 7.r‘ - i 4 1 7 a' ~ 5 . ( Ai . .M . i S89). 

41 . -r‘’ 4 A '*4 1 and .r“-2.r^4A-- r. (c. E. iSgo). 

42 . 6.r^ 4 7x' - 9 V 4 2 and 8 a''‘ 4 6.i ^ - 1 4 9 r - 2. M . M . 1 890':. 

43. A* “ 6 jt :^ 4 7 4 6 r - 8 and 2 j " - i j ,v- 4 1 i.r 4 4. (At. M . 1 887). 

44 . 2 x^ 4 4 2x - 2 and 4x‘^ - 2.1 " 4 2 .r - i . (c. J<.. 1 876). 

45 . X*- <‘-)ciV 4 1 0/7 'x and dX^ - (r * 4a' (c. E. 1 873). 

46 . 3.r^ -* 5 1 ^ 4 5.1' ~ 2 and 2.r^ -- 2x‘*’ 4 3x^ - a' 4 i . fc. K. 1 893 ). 

47. .v( 6 .r- “ sy-) --.r(3-r- ~ 4/-) and 2.t;v(2_^ - .r) 4 4x^ - 2 /". (('. E. 1 883}. 

48 . ~ 2.t'“ - 4.1'^ - 5 5-1' and j-"’ 4 <S.r^ 4 2 5.t" 4 52.r- -in. (c'. i*:. 1 894}.^ 

49. .i'* - 3.1 4 20 jind 5.r‘‘ - 3^'^ 4 64. (it. m . 1 882). 

50 . -r'^ 4 lx 4 ’ and x^ 4 j.x 4 • 1 *^ 1 879). 

61 . 4 .r’ - 6,1 - 5 ,r - 2 and 2.r* 4 3a ^ 4 2.v- -71'- 6. (c E. 1 87 5 ). 

62 . .1* 4 - 1 la- - ijx 4 i ‘S and .r^ - io;i :^ 4 35 .n - 5o.r 4 24. (C. K. 1 877), 

53. 20/2^ - 3£2^A 4 and 64a* - 3a/r 4 j^b*. (c. K. 1 89 1 ). 

54 . x^ — S.r'' 4 2S.r‘-^ - 53;*; 4 42 and 4 6.r - 42.i'‘-’ 4 1 29 1 — 1 54. 

(M. Al 1891). 

66. 2,1'* - 2.v" 4 .t " 4 3-1' - 6 and 4.1'* - 2 r 4 3-t - 9. (a. e. 1 893). 

5 %. .r* - 2x’^ 4 A *' - 8.1 4 8 an d 4,v^ - 1 2x" 4 9 r - i ■ 

67 . 6.r* x^y - 3.vy 4 - y* and ()x ^ - ^^y - 2x^y^ 4 7^xy^ -y^. 

58 . 1 2X^ - 1 2Ay 4 I 2a' V - 3,19/* and 1 2x^ 4 8,r*9' - 1 8.ry - Gx'y^ 4 J/j/*. 

59. 3^.'* — I oxy 4 2 2 A'-'r“ - 22.19'* 4 1 Sy* —x* - jxy 4 1 Gxy'^ - I yxy^ 

4129/*. (ai. m. 1882). 

60 . yx^ - 1 oax^ 4 - 4a'X 4 4 a* and 8 ;r* - j 3^^'^ 4 5 - :b<^x 4 3 a*. 

■ (B.A1. 1884). 
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61. and 4,1*’^ + 1 ci ’ -t 8i. (C.K. 1865-66 J‘.K. 1890 & 

A.K. 1898). 

62. 4^'’ ■“ 209.1'^ 4- 1 5 and r 5.r" -* 209 4- 4. (m . f. a . 1891 ). 

63. + 3.T* 4- 46 ;i’' 4- 89.r- 4- ! 27.1 4- 1 64 and 4- 3x‘^ 4- 46A''' 4- 89.1'’ 4- 

i32;ir-4-i69Lr4-205. (C.h. 1895). 

64. What value other than zero must ))e j^ixen to d? in order that 

.i^-x-a and ,i--f.r-££ may liave a conjnion factor, and 
what lb their ii.c. l\ when // has this value ? 

€5. Find the xahu* of which uill make the e\[)ressions 2{y-^ + y),i‘ 
4- 1 117 - 2 ).r f 4 and 2{y 4- F ( i fr- - 2 4- (y-^ + 5.;9\v 
4-5r- I have a common measuie other tlian unity. 


199. To find the of more lhan t\\«) <'\pi'essiorib which 

< annot easily be resoKod into their ])iime factors. 

Kule. /'"/;?// f/u’ ii.c.i*. of (wy /loo of J 7 u'?i t/ic of 

//iis arfS 70 ('/’ and ihe thn\i^ and so on, I'he Iasi \\,iW. ’luUl k iiic 
n’l/ifircd 

Ex. Find the 11 C'.F. of F'" r- 4- 3.1-4. 5, a'' - 5.1 -4. 1 1 r - 1 5 and 
7A'- F r6r -15. 

lly the usual ])roccss, it will be found tliat the li.( .1'. of y-.r- 
+ 3-F + 5 Jind .1 " - 5.1- 4- n .1 - 1 5 =-.i - - 2.r + 5. 

JTocecclm^ as befoic\ it will be found that tin* H.c.i-. of r- -2.V + 5 
m d 2.r'* - 7.1* - 1 6.r — 1 5 .1 — 2.1* + 5. 

/. II. C.K. of the three e'vpresbioii'^ = A‘'^- 21 +5. 


Exercise LXXXII. 

, Find the H.C.F. of ; - - 

1 . y - 4a-‘-^ -h 9a -- i o, .1 ■■■ + 2.F’ " 3.r F 20 an d .x " F .ci ' - 9a F 3 5 . 

2 . .v^ F 2A'- F 1 , a F a'** - .r" ~ 1 and y — 1 . (c.F. 1 869). ■ 

3 . 2oy F A “ “ 1 , 2 5 r'^ F 5 a" - A' - 1 and 2 5,1 ^ - 1 oa - F i . 

4: y - 2y - I yx F 20, a” F 2A'- - 23,1 - C)0 and .1 ' F 7 x^ - 4y - 52.1 4- 48- 

5 . 3a" - 1 4A “ F 1 6a', x-’ - 7.1“ F l6.r -- 1 2 and 5.1”' - j ox'^ F 7-r - 1 4. 

6. ‘ Sy F 1 4.^' F 3, 2o.r’' F 9.t- -3X-1 and 1 2.1'^ -- 5.1*^ F 2.1: F i . 

7. 3 y - sy F yx - 2 , y - 4.1*- F Sa- ~ 2 and 2y - 4.r- F 3 a- - r . 

8. .r® F y - F 2,r^ F 6 a' - 9, y - a - F 6a' “ 9 and a ^ F 2A'’* - 5.1:- - 

6.rF9. (n.M. 1886). 
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200. In order to prove the Rule given above, it will be necessary 
to shew first the truth of the following statements. 

{t) If P be a measure or factor of A, it will be a measure or 
factor of m^. 

For let a denote the quotient when A is divided by P ; then 
Asr^zP ; therefore mA^fuaP^ so that P is factor or measure 
of mA. 

i 

( 2 ) If P be a common measure or factor of A and B, it will also 
be a factor of the sum or diff'erence of any multiples of A and B, as 

For let P be contained / times in A, and </ times in B ; then 
A—fP and B = $rP, and mAh^n% — mpP4tinqP=i\mp±.nq)P\ hence 
P is contained mp\.nq times in // 2 A 4 «B, and therefore P is a factor 
of niA-knPt. 

201. To prove the Rule for findiny^ the H.C.V. of two compound 
A lyebraical expressions. 

Firsts let the two given expressions, denoted by A and B, ha\e ( 
neither of them any simple factor. 

Let A he that which is not of lower 
dimensions than the other: and suppose A 
divided by B, with quotient p and remainder 

B by C, with quotient q and remainder 
D, and C by D, witli quotient r and no 
remainder. 

Thus, we have the following results 
A **^B 4* C, B — 4 D, C = rD. 

Then, by Art. 200 , all the common factors of A and B are alst/ 
factors of A -^B or C, and are therefore common factors of B and 
C ; and, conversely, all the common factors of B and C are also 
factors of jj^B + C or A and are therefore common factors of A and 
B. Hence it is plain that B and C have precisely the same common 
factors as A and B. 

in’like manner, it may be shewn that C and D have the same 
common factors as B and C, and therefore the sa?nc as A and B. 

And so we might proceed if there were more remainders, the 
quantities A, B, 6, D, &c., getting lower and lower, yet stUl being 
such that A and B, B and C, C and D, &c., have the same common 
factors. 

But, here, since D divides C without remainder, then D is itself 
the greatest expression that divides both C avd D, (for no quantit\ 


B)A(/ 

pB 

C)B{q 

qC 

0)0 {r 
^O , 
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higher than D will divide D), that is, D is the greatest of the common 
factors of C and D, and therefore is the Highest Common Factor 
A and B. 


202 Mext^ let A and 5 have simple factors, and let A^aA^ 
where <2 denotes the product of ait the simple factors \n Ay 
and ^ of those in B, and A, B are the resulting expressions, when 
these simple factors are struck out : then A, B, having neither of them 
any simple factor, will have no factor in common with a or d. Now 
^ or A is made up only of the factors in a and A, and B or d B 
only of those in d and B. Hence, if a be prime ft) by (that is, if a 
have no factor in common with b), the only factors which A can have 
in common with B must be those which A may have in common with 
B, thnt is, the H. c. F. of A and B will be the same as that of A and 
B. FJut, if a and h have any common factor, then this will also be 
common to A and By besides what may be common to A and B, 
that is, the ir. c. F. of A and B will be obtained by multiplying the 
I^. c. F. of A and B by the common factor of a and b. 

Hence, this case also is reduced to finding the u. c. F. of two 
expressions A and B, which have no simple factors. And, of course, 
ihe above reasoning holds if either aox b be unity, that is, if one 
(9nly of the given expressions have a simple factor to bo struck out. 

203. Having shewn that we may strike any simple factors out 
of the original expressions, we shall now shew that we may strike 
them also out of any of the remainders. 

I.et then A, B, represent expressions having no simple factors, 
(either the original expressions A, B, if they have no simple factor, 
or else A, B, reduced, as above) ; and let us apply the Rule to A, B 
dividing A by B, and obtain the first remainder C : then we knov\ 
that the H. c'. F. of A and B Is the same as that of B and C. Siippo.se 
now that C = cC, where c is a simple factor, and C a compound 
expression, having no simple factor. Then C is made up of the 
factors in c and C ; and B (having no simple factor) can have no factor 
m common with Cy and therefore can have none in common with 
C but such as it may have in common with C ; that is, the H. c. F. 
of B and C is the same as that of B and C. And, of course, the same 
reasoning holds with the other remainders. 

20i. Lastlyy if, at any step (supposing simple factors struck out) 
the first teim of the dividend should not be exactly divisible by 
llie first of the divisor, as, for instance, in the case of A and B, 
we may multiply the dividend A by any simple factor^/', which will 
make it so divisible : for, since the divisor B has no simple factor, 
it can have no factor in common with a\ nor therefore any in com- 
mon with the dividend ^l'A, but what it may have in common with 
A, that is, the h.c.f. of A and B will be the same as that of a! A 
and B. 

\ 

M.A. — II 
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205 . Every cojumon factor of two expressions is a factor of 
their ll.C.F. 

Let A and B be the two expressions, and D their fic.i*. Let 
d be any common factor of A and B, so that 

A == vid and B =^nd. 

Then C = A -/B = ; | s 

also X^ — ^—(20 — nd—q{m-~pn)d—{Ti — mq-\-pqn)d\S ' 
and therefore is a factor of D. 

Also, since 6 cannot contain a factor which is not in common 
with A and B, (foi then it will not divide them exactly), therefore D 
contains all the common factors of A and B and nothin^' more. 

206 . f'o p7'ovc the Rule for finding the K.c.I''. of ?fiorc than 
/7i >0 expresshms . 

Let A, B and C be the three expressions, and suppose the 
H.C.r. of A and B to be D ; then the Ji.C.F. of D and C will be tlie 
K.C.I . of A, B and C. 

For, since D contains all the factors common to A and B, 
and nothing more (Art. 205), therefore all the common factors of 
D and C must contain all the factors common to A, B and C, 
and nothing more. Hence the H.c.r. of D and C is the same a^ 
the H.C.F. of A, B and C. 

In the same manner, whatever be the number of expressions, 
theiik ll.C.F. will be determined by a continuation of this process. 

Or we may obtain the H.C.F. of A, B, C, and D, by finding X 
the H.C.F. of A and B, and Y the H.t .v. of C and D ; then the Tf c. 1 
of X and Y will be that required : and so in other cases. 

207 . NoniGIielaturo, We have already noticed in Art. iqi 
that the term (;. C. M. is not appropriate in .Algebra. The reason for 
this will appear from the following consideration. 

The H. c. F, of 3.r^ + 7 jr — 6 and + 1 3;ir — 10 is 3;r-2; but if we 
put a = 3, these quantities become 42 and 56, whose c. c M. is 14, 
w'hereas the numerical value of 3A -2 would be 7. The fact is that 
3.r‘-^ + 7.r-6 = (3.r-2)(;r + 3), and 3.r‘^+i3.r- io=^(3.r-2)(.r+5) ; and 
here, besides the common factor 3 a'~ 2, the tw'o factors .r + 3 and x+ 5, 
which algebraically have no common factor, will have the common 
factor 2, wdienever w'e give v the value of any odd number. 

208 . The principle explained in Art. 200 can often be employed 
to shorten the work of finding the H. c. F. 

Ex. 1. Find the fi.C.F. of .r®+6.r--8.r — 7 and ^'*^ + 8.1'-+ io.r + 2 r. 
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The common factor must be a factor of 
3(.r^ + 6x^ “ 8.r - 7 ) + + 8,1:- + i o.v + 2 1 ), 

/x. of 4x^ + 26x'^ - 1 4 or 2.r{2x^ + f 3X - 7), 
z.e. of 2.r(2,r-- i)(,r + 7). 

Now 2x is not a common factor, nor is 2.v- t, as is evident. 

/. .r + 7 must be the H. c. V. if there is one. 

Ex. 2. Find the h.c.k. of 2.r*'— 5.r 4-6 and 4.1'^+-^-- 12.1+4 
The ( ommon factor must be a factor of * 

4-r” + jr^ - 1 2.r + 4 - 2(2.1 s _ + 6), 

7 \e. of .v--2.r-8, or (.r + 2)(;r-4). 

N'Ow.i -4is not a common factor, for 4 will not divide exactl\ 
both 6 and 4. 

/, jr + 2 must be the H. c. f. if there is one. 

II. LOWEST COMMON MULTIPLE. 

209. When one quantity confaim another, as a divisor without 
remainder, it is said to be a Multiple of it ; and a Common 
Multiple of two or more quantities is one that contains each of 
them without remainder. 

Thus, 6xlv IS a Cofnmon Multifile of 2.r-, 3rv. 6.r^, c'^'c., and any 
(juantity is a zniAltiplc of any of its measures. 

210. The Lowest Common Multiple (briefly l. c. m4 uf 
two or more expressions is the lowest expression that can be formed, 
so as llius to contain each of them. 

Thus, 6.r^F is the I., c. M. of 2;r^ 3ry and 6.r^. 

211. The term Least Common Multiple^ as Lircotest Common 
Measure is objected to in Alg^ebra, as bein" inappropriate, for reasons 
similar to those said in Art. 191. It would be better to speak of 
/x>7oest Common Multiple^ and we shall use this expression. 

212. To find, by inspection^ the L. C. M. of two or more simple 

expressions. , 

Rule. Find by Arithmetic, the J.. c. M. of the numerical coe- 
fficients j after this number zorite the hii^hest pozvez’s of all the letters 
that Occur in the i3;ivcn expressions. 

Ex. 1. F'ind the r.. c. M. of and Gab'^c*. 

Here, the L. C. M, of the numerical coefficients 4 and 6 is 12-, 
The letters which occur are a, b, and c. The highest power of a 
is of ^ is and of c is c*. 

/. the L. C. M. required = 1 2a®^V, 

4 • 
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Ex. 2 . F'ind the L. c. m. of 6 ad^c^d'^ and 

Here, the L. c. m. of the numerical roeflicients is 36. The letters 
which occur are a, d, c and d ; and the indices of their highest powers 
are respectively 3, 3, 3 and 2. 

Hence the required L. c. M. = 

Exercise LXXXIII. 

Find the L. 1:. M. of : — 

1. and 2. and 12^/^ 

3 . and I 23 "xy. 1. 2o.rj':r, and loay^s'^. 

5 . bh and d^c^. 6 . and (^br. 

7. zb'^x^ babx^y and 3«”fr.r. 8. 8/-^^ \oa^b and \2db-. 

9. a\ 5^1^/', \Qd^F‘^ and b^. 

10 . 9.r2, 6 ax^ 36.r’', 3^jr^, ^od^x and 24rt’'. 

11. i 2 n!^^W, z^d'bc^xy- and yyab^'cVy. 

12. 77a^Pc^x\ <)ia^b'^cir^ and J43rt^^W. 

213 . With the aid of the pre(eding Article, we may sometime.s 
tind by inspection the L. c, M. of two or more compound e\pressions, 
if it happens to be easy to separate them into their roniponent 
factors. 

Ex. 1 . Find the J.. t:. M. of a^bA-ab'^ and a^b'^-d^b'^. 

W e ha\ e a- ^ + ^^- «= ab{a + b\ 

and - db'^^d^Pid^ — d^) — a'd^{a + b){a - b). 

Here, the highest power of a is d\ of b is of a-\-b \s a-\-b and 
of a-b is a-b. ^ 

Hence the 1.. c. ^i.^d^b^(a + b){a — b)=^ d^b'^{d — b'^). 

Ex. 2 . Find the L. C. m. of 2a\aA'X\ 4ri:.v(^j--a-) and 6 .r ^(<7 4 *-v). 

, Here, the L. c. M. of the simple factors 4«v and 6.v- is i 2 dx“ ; 

^hal of the compound factors is (aA-x)(a-x) — d-x-. 

Hence, reqd. T.. r. M. = J2d^x^(d-x^). 

Ex. 3. Find the L. (\ M. of 3 (a*®+ 4 ^- 5 )» 6(.^- +2.a'- i 5) and 
A: 2 - 4 .r + 3 . 

We have 3(.r® + 4 ^ - 5) “ 3 (^ - i X-^ + 5 )> 

6(;r2 + 2.V - 1 5) == 2.3(;r - 3)(.r + 5), 

and x^ -^4^ + 3^ I “ 3)- „ 
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Select the highest power of each factor, 

/. I.. C. M. « 2 . 3 (^-i)(:r« 3 )(.r + 5 )=: 6 (.v^ 4 '.r-- i 7 '^'+* 5 )- 

Exercise LXXXIV. 

Kind the L. c. M. of 

1 . axj^ and a{xf -jr), 2 . ab + ad and ab - ad. 

3. 2{(i + b) and - < 5 -). 4 - - a) anS + a). 

5 - and a + b. 6 . ^ ^ - -V - 20 and .r- + — 1 2 . 

7. .r- -3-1-4 and .v--.r- 12. 8. i, «*+ r and a*- i. 

9. 6(.r‘-‘+.T>'), 8(;rj/-y“) and 

10 . ^^Uv'-c^b\ \2{ai)-^b^') and 

1 1 . G(xy + -rj'- ), 9(.r^ -xj/-) and 4( y + xy ^ ). 

12. .r- + .r - 30, - .r - 30 and ,r- — 1 1 .r + 30. 

13 . n''‘b - ab^'^^ <r + ab^ 2b^ and rt- - 

14 . x-^ - [ 2x + 35, x^ - ro-r + 2 1 and x - - 8.v + 1 5. 

16 . + 5« 4 - 4, + i and 4 - 1 . 

16 . .rr, .r- r andy-A-y ((’ e. 1866 and M.M. 1893.) 

1 7 . - .r-, 4- 3^.v 4 “ 2 and - 41--. 

18 . .r- - 9, a " - 27, a - 3 and a- 4 - 3a 4 - 9. 

19 . (3(1-^ - j-, 1 - ab^) and 24(a^^^ - b^'). 

20. r 8(/'i: f b)^(d^ - b^\ 24(01 — b)^(a^ 4- b^) and 36(a- — 

21 . 5 + 2.r 4 - 1 ), 1 oa-(a- - i ), and i 4 - 1 )Gr‘^ - 2 a 4 - 1 ;. 

22 2(a - 2)^, 2.r- - 8, x^ + 2x and 2 a® - 4A. (c'. E. 1871 ). 

23. A-^ 4- A® - a^, A^ +ax-t-d^ and a® 4 - a^. ( A. E. 1 889), 

24 . A^- I, a 2 4- I, (a- i)“, (A 4 'I)^ A'**- I and a*** 4 * i. (c. E. 1885). 

25 . 6a‘-*-a-i, 3a‘‘^4*7a 4‘2 and 2 a‘** 4 - 3.r - 2. (c. K. 1869). 

26 . /2'**4-6^t/^4*5^^ and (i;. M. 1885). 

27 . A^ 4 -A 2 ^ 4 -Ay 4 -y and A^-A 2 / 4 -A^®-y. (C. E. 1870J. 

28 . I 4-4v4-4a‘*^ - i6a* and 1 4 - 2 a'- 8 a’^- I6A^ (r. E 1874& P. E. x888). 

29 . 9A^ - 28a® 4 - 3, 27A^ - 1 2 A® 4- 1 , 27A* 4 - 6 .V® - T and x* - 6a® 4 - 9. 

(C. E. 1886). 

30 . A® - 3A® 4 - 3-v - I , A® - A® - A 4- 1 and a* - 2a* 4 - 2a - i . ( M . M. 1 890). 

31 . A* - 4<3®, A® 4 - 2f?A® 4 * 4a^x + 8a® and a® — 2aA'* 4 - 4«'‘*a' - 8a®. 

32 . A® - (a 4 - b)x 4- ab, a® 4 - 3 a.r - 3ab - 3 * and a* - (2a 4 - b)x -ab- 3 a‘-. 
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21i. To find the i. c. M. of two compound expressions which 
< annot easily be resolved into factors 

Let A and B represent the two expressions, and D their li. c:. K. 
found according to the Rule of Art. 196. Since each of the expres- 
sions A and B is exactly divisible by D, let them be divided by D 
and let a and b denote the quotients respectively. Then 

A=rtD and B = />D. 


Now it IS clear that a and b have no common factor. Therefore 
the lowest expression which contains a and b is cib^ and therefore the 
lowest expression which contains and is which is conse- 

ijuently the l. C. m, required of A and B. 


Thus, the L. c. M. = d2Z»D = 


^/D X bD 
D 


AxB 

D 


Hence, we obtain the following Rule : — 

Rule. Pividc f he product of the (700 expressions by their n.( .K. ; 
lidiic/i is more simple in practice^ divide cither of them by their 
H.t'.F. and multiply the ciuotient by the other. ' 


, their pioduct 

315 . Since ('. ivi. of two expressions^ H C i' ’ 

/. L.C.M. xH.C.F. = Product of the two expressions 

Ex 1 . Find the ].. c. ai. of 9,r^ - - 2 and 3.1 ^ - io,r- - -jx - 4. 

The H.c K. of the two expressions will be found to be 3y‘* + 2.r4- J. 

13 y division, we shall find that 

(q.r-*’ - .1' - 2 ) ( 3 .r^ + 2.r -I- i ) = sx - 2, 

and (3;r'’ - i ox' - jx - 4) -1- 2.;r + i ) = .r - 4. 

/, ('. M. required = (3Ar~2) (ur-q) ( 3 ,r“ + 2 .r-f 1). 

f 

216 . To find the L. c. M. of three or more expressions which 
cannot easily be resolved into factors. 

Let A, B and C be the proposed expressions, and let M be the 
1.. c. M. of A and B ; then the L c. M. of M and C will be the 
L. ( . M. of A, B and C. 

For, since M is the L. c. M. of A and B, therefore M contains all 
the factors that occur in A and B, raised each to the highest power 
it has in any of them, and nothing more. Hence the L. c. M, of 
M and C must contain all the factors in A, B and C, raised each 
to the highest power it has in any of them and nothing more, and is 
therefore the L. c. M. of A, B and C. ^ 

.Sim ilarly, for four or more expressions. ^ 
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Hence, we obtain the following Rule : — 

Rule, fhc L.C.M. of any iiuo of the expressions^ and then 

the L.C.M. of this ansixjer and the thiid and so on. f'he last result so 
obtained will be the required 

£x. 2 . Find the L. c. M. of — 6v“, and 

6 a:- — 5.rj/ — ()yK 

First, find the L. M. of 2 1- 4 - .r v - 6j/- and 31'" - 1 - 8.1^4- 4^-. 

Their H. c. v.=x + 2y. 

Hence, their L. c. M. =(2 .v--3J')(3a + 2j)/)(.r + 2j/; 

- 6^:'' + yx^y -- i6.rv“ - 1 2f. 

-Vexl, to find the l-. c. M. of this expression and 6,r“-- yry — Of'^. 
'Fheii H. c . r. = 6 x- - — 6j'-. 

1.. c. !\l. iequired = 6.r^ + 7A'“|/~ ifi.rj/-— i2y’. 

This question may also be easily worked out resolving the 
'expressions' into factors. Thus, 

2.r2 +xy - 6y‘^ = (2a: *- 3y)(x + 2y\ 

31^ + Sxy + 4y^ = (3X + 2 y)(.r + 2y\ 
and 6.r‘^ - sxy - (iv^ — {3x-r2y)[2x - :y/). 

Hence, the L. C. M. required = (2.r-“3/)(3.i- + 2y)(.v 4 * 2 k). 

Exernise LXXXV. 

Kind the L. c. M. of : - 
1 . 3A'* - X'' 4- - I and 4-r* - x^ + 4x~\. 

* 2 . x^ 4- c>r- 4 - 23A: 4 * 1 5 and 4 - 1 ox^ + 33,1- 4- 3 ^* 

3 . d'^ 4- 2a^b - ab'^ - zb^ and or’ - zd^b - ab'^ 4 - zb^. 

4 . 3.r^ — loax 4 - yd^ and x"^ - sax^ 4 - ya-x — 30^. (c. E. 1 880). 

5 . 6 x^ + yx^ - 9,r 4-2 and Sx* 4 - i — 1 5.^^ 4 - ^)x — 2. ( M.* M . 1 890). 

6. 6a:* 4 - yx^ - 27a:^ 4 - t 7a: - 3 and 3 a:* 4- 1 yx^ + zyx^ 4 - 7a: ~ 6. 

(m. M. 1 888). 

7 . x'^ - 5a:‘^ 4 - a:*^ 4 - 4a: - 4 and a:* 4 - x^ - 6a:- - 4A' 4-8. (C. K. 1 868). 

8. x^ — 6a:“ 4- 1 1 A' — 6, x^ — gx^ 4- 26a: — 24 and x^‘ — Sx^ 4- 1 gx — 1 2. 

9. .r* 4 - 7 a:^ 4 " 16, a:® 4 - 3 a: 4 - 4 and a:'^ 4 - 3 a: -4. (B. M. 1892). 

10. a:^ — 7a:‘‘^-8oa:4-576, 3a:‘‘*— ^i4a: — 80 and 3A:® 4- 1 7 a: - 90. (c. K. 1882). 

11. -v^ 4- yx ^ 4- - t6, a:'* - 13A: 4- 12 and 3 a:^ 4- 1 3 x ‘^ - 16. 
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12. — 2;ir- — i gx + 20, x^ + 2.r* — 23.r - 60 and a * + - 4.1 S2X + 48. 

(n. iM. 1891). 

13 . x^ +x*- 4x^’ + 2X^ + 6.r - 9, .r* - x^ + 6x - 9 and 

x*4-2X^^Sx^-6x+g. (it. m. 1886). 

14 . The H. c. 1. of two expressions is .r— i, and their L. c. M. is 

x^ + 4^'* + 6x^+^ ^ — 6.r — 6. One of the expressions is 4 *-v‘^ - 2- 
Find the other. 

15 . The H. c:. i'.*of two expressions is a—i and their l» ( . M. is 

a^-4a‘^-i~6a*'-4a^4-2a-’ I. One of the expressions is 
4 - 2rtE* 4 -« - I . Find the other. 


217 . Every common multiple of two 01 more expressions is a 
multiple of their L. C. M. 

Let w be any common multiple of the expressions A and B, and 
M their T.. c. iM. : and let /;/ contain M (if possible) r times with re- 
mainder jr, which will of course be less than the divisor IV| ; hence we 
should have 

+Sf and, /, s=m^rM : 

but since A and B measure both in and M, they would also measure 
yyy - or s (Art. 200) ; /. c\ s, which is less than M, would be a 
common multiple of A and B, contrary to onr supposition that M was- 
their L. C. M. Hence m will contain M with no remainder, and \vil!i 
therefore be a multiple of M. 


III. BEMAINDEB THEOBEM. 

218 . If px^ + qx + r is \divided by x — a until the rcyyiaindcy‘ is 
independent of that reniainder will be pd“ -f ya + 

hirst Method. Performing the actual division, 

x-aYpx^’\-qx4rripX’\‘(pa-^q) 

J px’^ — pax V 

(palrq)xfrr 

’ + + g)a 

pa^ + qa + r 

This proves the theorem. 

. Here, we observe that the remainder is of the same form as the 
dividend with a in the place of x. 

Second Method, Let Q denote the quotient, and R the remainder, 
which is independent of .r, when px^'^qx'^r is divi^d by .r-a. 
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Thon px^+i/x+r-(X'-a)xQ + R . (i) 


Since the above is identically true, and R does not contain .r, it 
remains the same, whatever value we assign to x. 

l.et x = a. Then the equation (1) becomes 

pci^ 4- + ^ = R, for {x - a)Q = {a -- a)0 — o. 

This proves the theorem. 

(i) When 3.r^*-5.r + 7 is divided by .r-2, 
the reinainder=3 X2‘^-- 5 X2 + 7 
= 12 - 10+7 = 9. 

(ii) When 5:1-— 9^ + 6 is divided by .r + 4, 
the remainder = 5( — 4)“ — 9( “ 4) 4 f', 

= 80 + 36 + 6= T22. 

219. ffpx- -rqx^ + }X +s is divided by x -a until the remuinde/ 
/' independent of that remainder vdll be 

pti^-^qcr 4ru+ s. 

thirst Method, Performing the actual division, 

X — a \px^ + qx‘^ + nr + .s i px^ + (/<? + + (/a + /',) 

Jpx'^—pax^ \ 

{pa-^q)x- +;:r 
( pa-\-(/y\--{pa + q)a\: 

( pa“ -\-qa-k-r)X'^s 
( pax -\rqaX- r)x — {pax + qa + r)(i 

f)C^ + qd- + ra + .v 

This proves the tlieorem. 

• As before, the remainder is of the same form as ilic dividend' 
with a in the place of x. 

Second Method. Let Q denote the quotient and R the remain- 
der, which is independent of .r, when px^-^qx^ + rx-\*s is di\ ided 
by .r — a. 

Then px^ + qx^ + + J= (.r - ai) x Q + R ( i ) 

Since the above is identically true, and R does not contain -r, it 
remains the same, whatever value wc assign to .r. 

Let x=^a. Then the equation (i) becomes 

peP + qcc^ + J = R, for (x - a)Q = (a - n)Q = o. 

This proves the theorem- 
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(i) When 2.1" + 7.1- -9,1* +2 is divided by .r — 2, 
the reniai nder = 2x2^ + 7x2- - 9x2 + 2 
= 16 + 28-18 + 2 = 28. 

220. 1 j any expression in x vanishes identically uf/ien x = aj then 
at ill the expression be exactly divisible by x — a. 

Thus, when 3r'' + 7r“ - 2.1'+ 12 is divided by .v + 3, 
tlie remai^ider = 3( - 3)" + 7( - 3)2 _ 2( - 3) + 1 2 
= 81 +63 + 6 + 12 = 0. 

3'^'’ + 7-1“ - 2x + 12 is exactly divisible by x + 3. 

Ex. 1. I* or what xalue o( a is — (^/ + 5 )a"+ 14 divisible by a - 2 
without remainder ? 

When the division is peiformed the remainder, (Art. 218) 

= 2'^-(a + 5 )-x 2 + I 4 =lS- 2 (,^+ 5 ). 

the required value of <r is obtained by equating this remainder 
to zero, in which case " * 

i8-2(rt + 5) = o; /. 2(fj + 5) = i8; 

.*• ^^ + 5 = 9; and = 

Ex. 2 . For what value of a is 3.1" - 7 a'^ - f u' + 9 divisible by a - 3 
without remainder? 

* We ha\ e 3 X 3^ - 7 X 3- - 3^^ +9=0, (Art. 2 1 9) 

81-63-3/7 + 9=0; /, 27 - 3^ = 0 ; 

/. 3^=27 ; and /, /f=9. 

Exercise LXXXVI. 

Without actual division, hnd the remainder when 

1 . A'- - 7A + 12 is divided by a - 5. 

2. 4A- + 7.V+ 1 5 IS divided by a +3. 

3. 8 .r“ + 1 3-1' - 5 is divided by x - 2. 

4. 2A^ - 1 3A“ + 1 7A' — 16 IS div ided by a - 5. 

5 . 4-1 ■** - ja’* + 1 1 a - 1 9 is divided by a + 9. 

* 6 . 2.r’‘ - .A- + 3A - 1 1 is divided by 2 a - 3. 

* 7 . 7-v^ “ 24A^ + 58A' - 25 is divided by yx - 3. 

8. 4A* - 33a“ + 8.r - 5 is divided by a + 3. 

* 9. 4A^ - 3A'2 + 8 is divided by - 3, 
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10 . For what value of is + 120 divisible by r-15 wilhoin 

remainder ? 

,11. For what value of is + + divisible by x^+12 wuhoiil 

remainder ? 

12 . For what value of ri! is .i'^-(/? + 6)y- + (6i3! + 5).v-h30 divisible by 

-a without remainder? 

Without actual division shew that the foilowinj;^ expressions are 
exactly divisible . - 

13 . 2,\ - + 3.r - 2 by .r + 2. 14 . 5 v- - 7.1 - 6 by .1 - 2 

15. + 4 by 3^-2. 16 . -i"-3r -2 by r+i. 

17. 3 rt'^ - 2 a -/? - 1 }ad- + i od'‘ by a- 2d. 

18 . 1 2,v^ - 1 7.1'' -h 2 1 .1- - 3 1 .r 4 - 1 4 by 3^ - 2. 

Find for what value of the following are exactly divisible : — 

19. + 3 .r*-’'- ux + 35 by .V + 7. 

20. r’* - 4.r- + bx - ^ i by .r - 2 . 

21 r- 4-/^1 +40 and a'--a -2o have a ('oinmon iactor, find the 

possible values of /. 

22 If r 4 -^^ be the H C.F. of -v- 4'75.'i 4 -^/ and .r- 4 '//.v 4 -y\ shew that 

23 . If r-' 4 -^A 4- J and .i" 4 -/.r“ +^ 1 * 4 * I have a common measuie of 

the form a'4-^i, shew that 

1 ) 4-1 o. 

24 . If .1' + ^ be the H c.r. o{x--{-ax + ad and a* 4 -^.v 4 -^t, theii J.. C. M 

• w i 1 1 be 4- ( 4 - c)x- 4 - acx. 

25 . Find the relation between d and so that d.x c and 

4- 6'a 4- may have a common divisor. (i‘.K. 1891). 

26 . If // be the H.c 11. and / the L C u. of two quantities x andjj/, and 

i f V + y = // 4- /, pro ve l h at .r* 4',>''* = //” 4- P. ( 1 '. ic 1891). 

27. Find the condition that 4 - ( / 4 - ^).v 4 - ^ may be divisible by 

x+ff + ^y. (p.E. 1895). 

88. If x+/f be the H.c F. of ax--\~dx^-c and cx“ + dx + a^ prove that 
either = ^ or d + ^4-i^=o 
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REVISION PAPERS II. 

Paper I. 

1 . Divide the product of 12;'+ 16 and _r' - I2r- [6 by 
(ii. m. 1872). 

'• 2 . Resolve into elementary factors : — 

(i) 8.v^ + 729j/^. (h. m. 1890). (ii) .r^ + 324. (is. M. 1895). 

(iii) 56r‘-*5-5AT-99y^. (n. m. 1895). 

3 . Simplify 

(fi-hr- a){r + fi- /f)(ci + d-c)'\-{a + lf+ c){a" + + r-* - zh - 2ai - 

4 . If I , prove that {li ^ - - nfi. (r.. M. 1 889). 

5. Simplify 241.1 - if.f- l)H.r 2 )H.v “ I ( ,t* •“ t^)I j and sub" 

tract the result from ,(535) 


6. Shew that (4.1“^ ~ 5T + 7)^~(5;r^+ I4.r-f2)‘‘* is divisible by 
+ T, and find the quotient, (m. m. 1893}. 

7 . Find the (i. t\ \i. of 

6.r^ - 4.r* - r i .r^ - ~ 3.1* - 1 and 4^** -H 2 r’* - 1 8.r* + 3,1- - 5 . 

(>i. M. 1893). 

Extract ilie square root of 

■* w> + 2 ^ ^ /» + 1 _ I o,r * ^ v’” ' ® 4* 9.1'*'* — 30 r " ^ + 2 S/*"*”' “ 

(m. m. 1893). 

9 - Solve the following equations : — 


... r+jo . (3,r-2)(2.r- ^ 

(0 v - -'Xy^ - 4 ) I- ^ =A'- 


(ii) j(-i ~3)+K^'-8} + i(.i - 4 )- 2 ^V (C. K. 1901;. 


10 . A boy bought a number of oranges for 2 Rupees. Mad he 
bought 8 more for the same money, he would have paid 4 pies les.s 
for each. How many did he buy? (M. M. 1893). 


Paper II. 

1 . Divide the product of ad{x^ + i) + (a^'\‘fi^)x and .r^+i by that 
of .r-Fi and ax -yd, (M. m. 1894). 

2 . Multiply + (3rt - 2b)x - bab by .r* 4 - (2^ - 3^).r - bab, 

p\. M. 1899). 
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Find the H. c. k. of 3.r*-2Jt^+2j:‘^ + 8 and + ixi - 10. 

<M M. 1898). 

4. Extract the square root of 

+ + (m. M. 1898). 

5 . Solve the equations :~ 

(i) •\(.i'- 4 ) + ^(2,r-7)- ‘-(r + 5-v) = 4(i -.r). (M. M. 1897). 

(ii) s(2;i'~3)+r‘o-(3^ + 8) = 5A* + K4-v~i9). (H- M. 1S99). 

6. Simpl ify 2(/7" 4- ;»'**’) - [(.r +jp)(J9' - x‘* -j/^) ~ {2(r 4-jp + s') x 

( js- 4- s-.r 4- ;i:r - - (.r - y)Cv- 4- 4-j/*^ )>]• 

(m. m. 1894). 

7. Kind the I- ('. m of jv-n^ .r-— rf-, .r"~-a\ (,r‘’‘4-fr^)*. 

(m. m. 1894). 

8 . Shew that (4.1:^ - 8.1' — i - (2:r- - 5.r 4-7)“ is di\ isible b\ 

2 1'- — 3.^ -8 ; and express the quotient as the product of two factors, 

M M. 1895). ' 

9. If b, c l)e three quantities whose sum is zero, show tlial 

/ f 4- <5^ 4- c* = 2 4- b“ r -'rC'^ar) f m . J . 1892}. 

10. The numbei of months in the age of a man, on his both 
day in the yeat 1B75, ewtly half of the number denoting the 
\’car in whicli he was born. In what year was he born ? ( \. V. 1898). 

m 

Paper III. 

1 . l.)ivide cr- - I )’ - 3(a'“- i)^ 4 - 1 by -31-4-1. (M. M. 1898;. 

2. KesoKe into factors : — 

(i) ib-r**-!. (AJ. M. 1897). (ii) a 4- 4.^“ + 4 1'- ( ^. E 1895;- 

(iii) { 2 X“ - 5.r4*3)<'2;r‘^- 5,i'4'4)-2. 

3. Find the H. c. 1‘. of 

6a '* 4- 2.1'^ 4- 1 9A'- 4- 8^- 4- 2 1 and 4,r‘^ - j.r’’- 4- 1 o.i 4- :r 4- 1 5. 

(M. M. 1896). 

4. Kind the L. C. M, of 

4- rt®, x^ 4- arx'^^ 4- a* and .r^ - ax + a^, (ai . Ai. 1 896). 

5 . Extract the square root of 

x\x — aY-\‘^a^x^’¥a\ 2 x-\raY‘~ 2 a^x'\x-\-a). (M. M. 1894). 

' 6. If + show that (a^ + x^){b“ +x^){c^-\-x“) is a 

perfect square. (M. M. 1889). 
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7 . Divide the difference of + +a- d) and 

(x^ -- ax + iv" )(.r — a-\‘l})hya — b. ( M . M . 1872). 

8* Find what term is wantinji to make the following expression 
a complete square : — 

ah'* + G 4 b' - 4(ax^ + Sb){a — d\r (m. m. 1875). 

9 Solve the equations : — 


(i) -ii:+'-2(6-x)= 

4 


7 



2.r + rt x-b yixA-(a-b)‘^ 
fi - a = aV 


10 . 'Phe ^^ross income of a certain man was ^40 more in the 
second of two particular years than in the first, hut in consequence 
of the income-tax rising from 4// in the £ to 6 fi. in the £ in the 
second year his net income after paying the tax was unaltered Fin<l 
his income in each year (h. m 1891). 


Paper IV. 

1 Fiom a{b + A- b{r + a)^ -h r(a A- b)\ subtract 

(a 4- b){a -c){d-c)A" {b + c)(n - b)( a -c)- {a 4- r){fr - b){b - o). 

(m m. 1893' 

^‘'2 Multiply together the expressions 1 4 ’^^.r 4- i)v' -f 
i)((T-2).r^ and T A-bx A- \b(b - i)x- A- !,b(b ~ i){b - 2)x^ as far as 
the term involving x^ and resolve into factors the coefficient of x^ in 
the product. (11. M 1897). 

3. P"ind what quantity not involving higher powers of -r beyond 
the second should be added to 3 r" - 5 jr‘’-l- 2 a'* 4 - 5 -r^ 4 - 4 .r®-l- > to 
make it exactly divisible by .r*’ + 2A'- i (n. M 1897}. 

4. Resolve into factors : — 

(i) x^ - iix^y^ A-y*’ (1- m, 1897). 

{\\) 4 {arA-b/f)- — — b^ A-i^ (m. M 1897). 

5. 'P'ind the expression of lowest dimensions which is exactly 
divisible by a^b - b{b — c)‘^^ ac^ — a{a — b^ and [a 4- c)V — h'^c. ( u. M. 1 890 ) 

6 . Find k when {x — a){x- yi){xA-a){xA-2^ct)A-k is a perfect 
‘^tquare. (B. M. 1890). 

7. Given ax A- by — 7/1^ bx - ay—n^ d^A-b'^—i ; 

shew that a - A-y^ =* 4- ( B. M . 1 890). 
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8 Extract the square root of 

(i) (2.r+i)(2A' + 3 )( 2 jr 4 - 5 )( 2 ,r + 7)+i6. (n.M. 1890). 

(ii) i-'‘ + 2.i*+4r'’+x‘-+4.r-^j-*ji+^,,. (M.M. !«<;5). 

9. Solve the equation 

'i5.r+ r2 - •875.r-h'375 - '0625^ =0 1897}. 

10 . Two men leave two places A and B, distant mile '5 fnjin 
each other, and travel a and h miles a day respeciivtfly in the same 
straight line AB. What is their distance apait at the end of / days, 
and after what time will they come together? (im*:. 1895). 


Paper V 


1 Kind the difference between (1 +.r)^4-(r + i +.i )y- + r' 

and 3a*(A' + i)+y>'+i) + 2.r_)'+ I, and show by what e\pression this 
difference must be multiplied that the product ma\’ be 

(A.K i8(K>). 

2 Simplify + + + lOor). 

3 K md the H ( . l) of a - 4.1'' - a - + 2.1 + 2 and x ^ - .r- - 2 x + 2 
•ind find such a value of 1 as will make both the exjiressions vanish. 

\.v 1899) 

4 Kind the L c M of 4a*- - (9/“ +.7-), 

9 j- 4 4“^-- (4,1''^ + .*7“) and r" - 1 2.r9' - + 94 '- ) ( 1 \i . r 8( ;6j. 


6 - Kesolve into factors : — 

(i) 4;r- ~ 9y - 6.1 — 9jj' 1902). (11) — .r-y+jfy 

• ( i i 1 j a-** - 1 o.r‘^ +9 ( i v) 5 1 2( i - J )■' - ( - </)■' 


6 Find the square root of 
( i ) frA + 6 alfX^ — 2 acx^‘ + — (xbex + ^ . 


(iO 




30 25 


(n.i\i 1902). 
(I).M 1895). 


7 Find the cube root of 

(ii) x " - 1 2.f=' - + SAX + ‘y - r 1 2. 


(li.M. 


1893)- 
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8 . Solve the equation 
I * 05 ^ 4- 1 o ^ I ‘3 5.r-2 
50 ^ 


9. Shew that if a number of two digits is four times the sum 
of its digits, the number formed by interchanging the digits is seven 
times their sum. (n.M. 1889). 


10 . A number has three digits which increase by i from left to 
right. The qi^otient of the number divided by the sum of the digits 
15 26. Wliat is the number? (a.k. 1901). 


Paper VI. 

1 - If a number is equal to the sum of twb perfect squares, sheu 
by an algebraical relation that the square of the number is itself the 
sum of two other perfect squares. (h.M. 1896). 

in) Express (34)“ as the sum of two perfect square.s. (n M. 

2 . Resolve into factois . — 

(i) + 6 x- ]^7. (icM. 1901). (li) + 

(iii) + + { --n)-. y\.K. 1899). 

3. P'lnd the L. C. M . of 4r'' - 20.1® 4 - 1 7.v - 4, 2 r ' - i 5 r^ 4 - 3 i.r - 1 2 

and 4.r ' - 1 6 + 1 3.1' - 3. (n.Ai . 1 902). 

^ 4. Divide {n 4 - 1 4 - (n + 1 ).r^ 4 - n'{f 7 — 1 )a - b> (a 4 * i )•'»' “ 

and find the value of the quotient when n— —4 and r= —21 

Cm.m 1899' 

5. Extract the square loot of 

(i) 4 - 3 ^")“ 4 - — 3 ^) 4 - 33 rt‘‘^^“. (n.M r899). 

( i i ) nr{x^‘ 4- 2.r 4-0 + 2 ad{X’' 4* .r^ 4- x^ 4- -v) 4- 2x'^ + x^). * 

(P.K. 1895; 

6. Find an expression containing no higher power of x than 
tlie first, which added to 4- b.v’’ 4* 1 3^*^ + 6.r 4 - 1 will make it ?i 
( omplete square. (ii.M. 1896 & r.K. 1899). 

7. Exhibit (x-^ + y^)(a^ + d-) as the sum of two squares. 

(P.K. 1894’ 

8 . Find the c;. c. M. of 

x^ 4 - - 36A'® 4 - 50.r 4- 48 and x*+x'^ - 1 2.r- - 2.1- 4 - 80. 

(IJ.M. 1900^ 

9 Solve the equation : — 

i.r-{ 3 ;r 4 - 6 --K-^^ 4 -io)}- 2 J-ii( 9 -TVO^ («■ m. 1901). 
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10 . A certain number of two digits is equal to seven times the 
sum of the digits. If the digit in the units^ place be decreased by 
3 and that in the tens' place by i, and the number thus found be 
-divided by the sum of its digits, the quotient is lo. Find the 
number, (n. M. 1896). 


Paper VII. 


1. Substitute ^ + 3 for x in + arrange the 

result. (R. M. 1868). • 

2. Divide a^i i - x) -^ab{a - b){x'+y) + b\ 1 +jy) by i ~ .r) -p i + J'). 

,M. Ai. 1898), 

3. Find the H. c. F. of 6 ;r« + 35jr*+ 59.*:" + i 9 lI'“- i 7 ,r ~6 and 
'• - 5 ^:* - 4 i.r^ + 7 1 - 37.V + 6. (h. m. 1 897). 

4. Extract the square root of 

(i) aiv- + Oac + + 4 biax 4-b)+ . ( R. M. 1 890). 

(ii) {a + b){a + ^ + c)(a + ^ + 2c){a + ^ + 3t ) + c*. (R.M. 1 897 j. 

5. Kind the cube root of 

(i) +''4) 

' i i j 8 + 36.1 -f 42x‘^ - ()x '' — 21 X* + 9-ir*'‘ - x'^. ( B. iM . 1901). 


6. Mesolve into factors 

(1) i3y-^+.i -35. fn. M. 1900). (ii) 8,r-+6,r-27. (a. k. 1896;. 
(iii) 8i4i*4-64^‘^. (c. K. 1898;. (iv) x^- 3 a^x + 2 a^. 

7. 'IVansform {x'^^ 4 -y‘^ 2 xyf 2 {x 4 rj')V into the sum of two 
perfect squares, (m. m. 1879). 


8 . Find the value of {ma — nb)( mb — Hc){mc - na) + {na — mb) x 
htb -- 7 nc){ 7 H — ina\ when a — b^o. (m. M. 1883). 

9. Solve the equation : — 


21 

4 



5 \ ■ 7^-3 4^^ 19 _ 
18/ 12 144 


lizlSf 

3 


(B. M. 


1900). 


10 . A person bought a certain number of eggs, half of them at 
2 a penny and half at 3 a penny. He sold them again at 5 for 2d.- 
and lost a penny by the transaction. What was the number of 
eggs ? (c. E. J 900). 


ALA.— ^2 
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Paper VIII. 


1 . Si 111 plify ( r - i' + /?)(:*: + r - ^r) ~ (x + r + -/ -- - 4xy^. 

(a. K. 1891). 

2 . rind the H. C. F. of + gx^ + 9J1 - 4 and 9;r^ + So-r’* - 9 : 

and find suoli a value of x as will make both these expressions 
vanish, (n. M. 1895). 


3. Find the square root of 

(i) .1'“ - U ^ - i- 1 ' + '. • ( 11 . \l . J 90 1 ). 


r,,) 


4 ^, 4 ^, 9 ^*^ (M ». 


gar A,x^ 


4 . Find the *; c. M. 
and 6 .r* + 7 .r' - 27 . 1 '*^ + r ^x - 


and t , c. M . of 3.1* + 1 7^.* + 27.4*^ + ix -- i\ 
3. (M. M. 1888). 


5. Find the cube root of 81 ® - 12 1 ^ - j7.r‘' + 36.v** - 9,1* + 
54r^-27.i-'‘^ -27. (H. M. 1876-96). 

6 . A ladder with its fool at a hoii/ontal di.“>laiu:e of 20 ft. from 
a vertical wall, just rearhe.s a point on the wall 30 ft. from tin. 
ground ; find, by means of squared paper, to the nearest tenth of a 
foot, the length of the ladder. 


7. Divide {d^ -bef ^rWr hy -^-bc. (c. K. 1899). 

8. Show by riieans of a formula that {ax-{-by-\-c!:)^'^{ix-bv 
-\-adf is divisible by ia ^c){x (n. M. 1887). 


Solve (i) ^■+i + -"±i = |. 

o 5 ^ 


lii) 


r-5^ a-* + 6 
7 3 


-.1 + r 
6 


2 


— X + 2(j. 


10 . Find the value of x which will make the expression x^ -8r" 
4- 11 A‘- + 7.r'- 1789 exactly divisible by -I- 7r- T. Tn. P. K. 1887). * 


CHAPTER VUl. 

KLEMENTARY FKACTION.S. 

221 . Algebraical Fractions are for the most part precisely 
similar both in their nature and treatment to common Arithmetical 
Fractions. We shall have therefore to repeat much of what has been 
said in Arithmetic ; but the Rules which were there shewn to be true 
only in the particular examples given, will here, by the use of letters, 
which stand for any quantities, be proved to be true in all cases. 
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222. A Fraction is a quantity which represents a part or parts 
of a unit or whole. 

It consists of two members, the numerator and denominator, 
the former placed over the latter with a line between them. Now we 
have already agreed (Art. 13 ) that such an expression shall denote 
tliat the upper quantity is divided by the lower ; and, in accordance 
with this, It will be seen presently that a fraction does also express 
tlie quotient of the numerator divided by the denominator. 

223. The numerator and denominator are the terms of the 
fraction- The denominator shews into how many* equal parts the 
unit is divided, and the numerator the number taken of such parts. 

'I’hus, means that the unit is divided into b equal parts, a of 
which are taken. 

224. Every integral quantity may be considered as a fraction 
vvirose denominator is 1 *, thus ^ is . 


236. To multiply a fraction by an integer, we may either 
multiply the numerator or divide the denominator by it ; and con- 
versely^ to divide a fraction by any integer, we may either divide the 
numerator or multiply the den()minator by it 

rhus, ^X-r= ^ \ for in each of the fractions 7 , the unit is 
00 : 0 o 

divided into b equal parts, and r times as many of them are taken in 
the latter as in the former ; hence the latter fraction is .r times -fhe 

^ , . ax a , , . .ax a 

formei, that is, x.r : and, by similar reasoning, ^ . 


Again, 7 ^-a'= ^ ; for in each of the fractions the same 

^ ’ 6 bx b bx 

yumber of parts is taken, but each of the parts in the latter is ^th of 

each in the former, since the unit in the latter case Is divided into x 

limes as many parts as in the former ; hence the latter fraction is ^th 

(»f the former, that is, \ similarly, 


226. If any quantity be both multiplied and divided by the 
same quantity, its value will, of course, remain unaltered. Hence, if 
the numerator and denominator of a fraction be both multiplied or 
divided by the same quantity, its value will remain unaltered. 
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227. Since a=~ (Art. 224), and, therefore, a divided hy d = Y -i- 

^ = I (Art. 225), it follows, as stated in (Art. 222), that a fraction re- 
presents the quotient of the numerator by the denominator. 

In fact, we may get ~th of a units, (or by taking ^th part 

of of the a units, and this is the same as a such parts of one unit, 
which is expressed by ^ (Art. 223). Hence it is that, in Arithmetic, f 
of Rs. 3 is the same as J of Re. 1, &c. 

228. To reduce an integer to a fraction with a given denomi- 
nator, multiply it by the given denominator, and the product will be 
the numerator of the required fraction. 

Thus, iif expressed as a fraction with denominator .r, is ^ ; or, 

. , , , . ab^ac 

with denominator is , — . 

o — c 

The truth of this is evident from Art. 226. 


229. The signs of all the terms in both the numerator and 
denominator of a fraction may be changed without altering its value 

^ Thus, , --0*“ IS identical with — — . 

-^ab -a" a" - 

This follows also from Art. 226, as the process is equivalent to 
that of multiplying both numerator and denominator by — i. 


1-1 I 

Thus, = = - 

’ 3-.r .r-3 .r-3 


a — b b — a a - b _ a — b 
a—c c—a* ‘ c—a~ a-c 


I. REDUCTION OP FRACTIONS. 


230. To reduce a fraction to its lowest terms. 

Rule. Divide the numerator and denominator by their H. c. v. 

Ex. 1. Reduce to their lowest terms .1 and „ . 

2Sa^b\'^ a^xj/ + axy- 

(i) The H. c. F. of the numerator and denominator is 


• *,.25aW“ Jd ’ 
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(ii) The denominator = 

The H. c. F. of this and the numerator clearly is axjy. 

• a^x'^y^-^axy axy 

a^xyy-tixy^'^ axy{a+y)-^axy^ a -^-y’ 

Note. The operation of dividing out any common factor is called the 
cancelling' of that factor. 

231. When the numerator and denominator ca\i, on inspection, 
be resolved into factors, then any common factors can be cancelled 
out and the fraction will thus be reduced to its lowest terms. 


x'"^ “t* *ijr *1“ 

Ex. 2. Reduce to its lowest terms -5 — y . 

.r- + 5A*4-6 

The fraction= on dividing both numerator 

U' + 3)(.r + 2j x + 2 ' 

and denominator by the H. C. F. a* 4‘3- 


Ex. 3. Reduce to its lowest terms 

,p, r . {a-{-x)[or -ax’^-x-) 

Jhe fraction— ' 


-ax 


{a+x){a-x) a-x 

liumeiator and denominator by the n. C. F. a-\’X. 


, on dividing both 


Exercise LXXXVII. 

Reduce the following fractions to their lowest terms : — 


- I ^c^b^cd 
2Sa*dV^d' 

A 

zia^b^y' 

7 

axy 

10. 

ioax-^ay‘ 

13. 

2t/^n 4* 2mn^ 


a^eWd^x' 

-- 

20a¥'\-\oc^¥' 

SaW 

a^c+ab^c+abc^ * 


g 2iaH^c*x^y^ 
33a*b^cVy^ ’ 

Q ^ ^22m x 

33(w2-4;r2)‘ 

6^-i8;ry 
* 63.^y-i2xj/- ■ 

15, 9^ y-» 5V 

i2x‘^y^ -2ixy^ 


abe+gbe-s/^ _ yj 

20<i!^^4‘ 1 ^bdf^— I oedf* * af’\‘2bx^ 2 ax + bj ’ 
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18 . 

ax-i^a ' 

XX’- 

20 . 

a^-b^ 

21 . 


22 . 

.r“- I 

23 . 

rt'** -ab + ax-- b.i 

x'^-\-2bx -\-b ^ ' 

a^-f-ab-hax-hbx 

24 . 

.r“ — {a -~b)x-- ab 


25 . 

+ 2ab + b~- 

. 1 “ --(</ + r).r 4 - ac * 


- ^ 5 * - 2hc - c~ ' 

26 . 

1 -^- 4:^;+ 3 

.r-- 2 ji '-3 ■ 

2 - j:“ + 2 .v -3 
t<‘ + Sx+6- 

2 a 

d^ — ab^2b^ 

— 2>^b + 2b'^ * 

29 . 

6 ^ 1 *- i^ax + 6x- 
loa^ - ()ax - 9.1- ’ 

30 

6 fz“ 4 “ r irt.i + 3 ,i 

^ 31 . 

{2a-\‘b'f-‘ir 

32 . 

acA‘‘‘^ + — fic)x — 

aV - b^ 

33 . 

2 .r^- 

7 .r+io 

--jr -6 

34 . 

3 « + 9 

35 . 

- 4 '; — (c'-E. 1867 ). 36 . — 

x*+x^-^x-\ ^ ' 7x^“ 


37 , 

(a + b)^-^(c + df'^ 
{a + cf-id+'d)>‘- 

3R -’^- 9 “- 

.r* — 6a;r^ + 9a^ 

39 

1 ^-Lzyytr' 

■ (■-r+f)’-/-' • 


232 . If no common factor can be found by inspection, the 
H. c. F. must be obtained by the method of Art, 196 . 

Ex. 1 , Reduce ’ — to its lowest terms. 

,H- 4 ^ + 3 

The H. c. K. of the numerator and denominator is .1 — 1 . 

Dividing both numerator and denominator by ;r- f, 

r^+;r‘^ + 3ar- 5^(r^+;r2 + 3j:-. g)- 4 -(;r - i + 2 ^+ 5 

.r^-4jr4-3 4'3)^(^~ 0 '^ '3 


.r* 


Ex. 2 . Reduce — ~~ — -?£jtr to its lowest terms. 

2.r*-9;r'' - i4;r + 3 


Here, the H. t:. F. of the numerator and’' denominator 
5 -V+i. 


,** the fraction 


( 3a:*- i4Ar-^-9^-f 2) -iy - 5;r+ 0 _ ^’{’X + 2 
{2X*-9x'^-‘ 1 4X + 3) -i- (x^ - 5;^ + i) 2X^+x + s 


i^ 
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Exercise liXXXVIII. 


1. 


Reduce to their lowest terms : — 

.? -“5.?T7^“ 3’ * 5.V' 


7.r*~23^+6j|;^ 

1 + 1 1 xy^— 6y' ‘ 


±2 

5 ‘ 

x*^ax'-a\v-a* ‘ 


4 . 


yr '' -F lotfV 4 - 
a\r + r’* + 2rtET'’ + r* ' 


6 . 


5' + 34'---4 
.r"* - 1 


7. 


3 - 2nx^ -j 

4^ V* - 2tr.r‘* - 3<'7,r- 4- 1 


a 


34 ' - 2 . 1 . — X 
4.r* — 2.r® — 3J1: 4- T 


(c.K. 1869 ). 


a. 


,i-*- 4 .r + 3 
2 t'‘ -- r 1 . 1 "’ - 9 


(M.M. 1885 ). 


10 . 


6x^ — 37^ 4-210 
.i*‘* 4 - 4 .^*~ 47 T- 210 


(C.E. 1865 ;. 


11 . 

12 . 

U. 

15. 

16. 


- ya.^ 4- Mx - 2a^ ^ 


1862 ). 


iQ.v''' 4- 19.1:^ ~ 9 


25.r'*~ i9.r4-6 


-(C.E. 1871 )- 


13. 


,r‘‘ 4 -.r^jf .IT - 3 
;r8 4-'3'?"4-5'»' + : 


2,r’’ + 1 0^.1:- - 4 <i'^x - 48/'^ ^ 


1889). 


~ jr ^ - 9 .X-- 4- 1 3.^ ~ 5 
7 .r®- I 9 ;ir^ 4 - 174 "- 5 

2 . 1 *** 4 - 1 4 - 4 I-^'''^+ 99 'Yj -45 

2.i'^-7.r‘-^~ 52.i'4-2i 


(C.E. 1870 ). 


17. 


x ^ - 2.r" — 2 5:r* 4 - 26a 4 - 1 20 
A* - 4.r^ - 1 -f 46.r + 1 20 ■ 


18 

.r^ 4* 2 x'^ - 3A' 4- 20 ' 


19 2i±LL^-‘t'J. 

<*^‘4-11^/^- 


(M.M. 18841 ). 


233. If the numerator be of lower dimensions than the deno- 
minator, the fraction may be considered in the light of a proper 
fraction in Arithmetic ; if greater, in that of an improper 
fraction 

234. To reduce an improper fraction to a mixed fraction. 

Buie. Divide the numerator by the denominator^ as far as 
ike division is possible^ and annex to the quotient ttw remainder for 
numerator and the divisor for denominator tn the form of a fraction. 
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Er. 1. 2|?=3«+^ 


Ex. 2. 

a-b a-b 


Ex % , -7 A--19 . 7 ^ + 19 

235. To reduce a mixed fraction to an improper fraction. 

Rule. Multiply the integral part by the denomhmfor : to this 
product add the numerator and under this result toritc the deno- 
mifiator. 

Ex 1 -tj 4a^ + 3.^ 6a3-(4a3+3) iab-i 
^ lb 'll} zb 


Ex. 2. A'^+.r+i+' 


:r^ - I + 2 ;r^ + I 

r- I x-\ 


236. Sometimes it is convenient to express a single fraction 
as a group of fractions. 

15 ^^ AtC^b Ga^l?^ 15 ^'’ 

~ i 2 aV~ ' ^ 

«*+'*_ jl 

3^”^ 2 40.^ ' 

Exercise IjXXXIX. 

Reduce the following to mixed fractions : — 


a^-ax+x*^ 


i6(3.r2 + i) 


3 4 3x^ + 6x + s^ 

4 a ’ ’a ' ' A' + 4 * 

- 2x^ 4*5 w - 1 7ax + 10.1 - 


6. "^-^5 
'^~3 


x^-x+\ 


x^- 6 x+ 14 
5r* -3,rT’4 * 


Reduce the following to improper fractions :- 


11. 4 X -* 


6 - 2 


12. I 4 


U. .r-5- 


16. ^-rt4j4 


zr - 15 

;r- 3“ ‘ 


13. x'‘-3x- 3^.(3 “£). 

;i'“ 2 

15. a®-2a;i:44^®“ 


17. x+y- 


- ;!ry 4 -y ^ ' 
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237. To reduce fractions to a common denominator. 

Rule. Multiply the numerator of each fraction by all the 
denominators except its otvn^ for the 7iew numerator corresponding^ 
to that fraction^ and all the denommators together for the common 
denominator. 

The truth of this Rule is obvious ; since, the numerator and 
denominator of each fraction being both multiplied by the same 
quantities, vis..^ the denominators of the other fractions, its value 
will not be altered, though all the fractions will now appear with the 
same denominator. 


Ex. Reduce \ to a common denominator.- 

^ ’ c d 

I 'or the numerators, a'Kcxd^acd 
by, by. d=b‘^d 
cybxc =^bc^ 

Kor the denominator, b ycyd=^bcd ; 

> 

238. if, however, the original denominators of the fractions 
ha\e, any of them, common factors, this process will not give them 
iheir lowest common denominator, which, as in Arithmetic, will 
he found by forming the i.. c. M. of the given denominators ; and 
the numerator corresponding to any one of the given fractions will 
he obtained, b> multiplying its numerator by that quotient, which is 
obtained by di\iding the L. c. M. by its denominator. 


and the required fractions are 
acd b'Hi bc^ 
bed"^ bed' bed' 


Ex. 1 Reduce ? , . ^ to their lowest common 

2bx habxy ^acx 

denominator. 

Here, the i.. c, M, of the denominators is babexv. 

• Then, 6^6cxy ^ 2d.v= ' 


babexy -r- babxy — c ; /, 


babe xy -V- yicx = 2by ; /, 


babxy babexy 
b _ 

^acx babexy ' 


Hence the required fractions are 1 


2b^y 


babexy ’ babexy ’ babexy ' 


Ex. 2. Reduce 


xy 

2 (aTJ)’ lC<^-~hy 


to their least coni' 


inon denominator. 



/86 


M ATRICULATION ALGRHKA. 


'Die L. i.. M. of the denominators= 12(^7^ — 

'I'hen, i2{a^-fi'^)-^2{n + d) = 6 ; 

" * 2(a -h <^) ~ 2[a +i) ^ 6(« -^) 1 - d ^) ' 

1 2 (a- - ) -i- 3(a - ^) = 4(a + ^) ; 

.17 ^ . •''^7 ^ 

• • 3(77 3 ( 77 - d) 4{a + ij) 1 2{a^ - j ' 

i2(.7V75*^)-^4y^-^‘-^) = 3; 

. 2 j'- _ 2 ^^ 3 _ 6y^ 

* ’ 4(77*^’ - d '^) 4(71^ - / 5 ‘^j ^ 3"" 1 2(7;.*-^ - ■ 

Exercise XC. 

Reduce the following fractions W) their lowest t onnnon deno- 
luinator. 


1 . 

i 

' . 2 . 

y‘ 


3 . , 

b 3‘ 


a ’ ^ ’ 

7 - 277^ 

’ 3717: ’ 4 bi 



3 . 1 ’ 77.1 

4 . 

2 x^y 

3 ,r^ 4 v’' 5 -^y 



5 <*+.r 

a —X 


id:' ’ 

4«V;’ sa^-” 6 #’ 



a — .r 

’ a+v 


ia~b 

^77 ~ ^ 277 - 


7 

.1'^ 



4.r- 

’ 2 .r« ’ 8 .r • 


1 . 

,t> + i 5 =’ a-- 


8. 

42 .- xy 

3(tf + b) ’ 6(77*'^ - ^*) ' 

4 a^( 7 i+. 

O' 

— x) ' 

laHd^- 

10. 


ax la 

4^ _ 

;> 



.r - T ’ 

[x-\f'' .r+i* 

(,r + 1 )* ’ .r 

-- 1 




II. ADDITION OR SUBTRACTION OP FRACTIONS. 

239 . J o add or subtract fractions. 

Rule. Reduce the fractions to a common denominator^ and add 
or subtract the numerators for a new numerator^ retaining the 
^cominon denominator. 

r V a 

Ex. 1. .Add together ^ and ~ . 

Here, the common denominator is ahc. 

* * fl 1 > c abc 
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JEx. 2. Add toffether — - and . 

7 8 

5_-7«_ 24a -32 35 ~49« 

7 8 56, 56 

32 + 35_~ 49^ ^ 3-2 5a 
56 56 

Ex. 3. From ^ take^-^-- . 

6 5 

3fi - 5 ^ + 2 ^ 1 5« - 25 _ 6^^ + ! 2 _ j^a - 25 - (6^r 4- 1 2) 

fy 5 30 30 30 

15^-2 5 --6 a-- 1 2 _ 9^ “ 37 


30 


Ex. 4. ,.\dd , to 

Here, the i-. r. u. — (i +.i +;t^)(i ~.r+.r“;= i 

Hen. e the EKp. = ^' A+ I 

' i+.r^+.a'* 

(1 4-.r9-h(i_-;r^)_ 2 

r + 4- x^ ^ 14 - 4“ .1'^ * 


if I-* 14“^ I I — 

Ex. 5. rom . , 5 take ; — t» . 

T 4- r 4- i — x 4- x* 

Here, the l« i). = (i 4--i^4'.t'®)(i — .r4-.r'-*)= i 4-.i'-4-.;c‘* 


Hence the Exp. = 


_(i 4 -a'Ki -.r4-ar^)j-(i -^)(i +x + .^) 
i4->^4-r* 

( I 4- - f I — ,1^) __ I -hx "' — I + X^ _ 


2.1- 


I 4-,v-*4"4r^ 


I 4-.r*4--r* 


F4-.r‘‘'4-.r^ 


, i i ^ a-'4-^“ a — d 
Ex. 6. Hind the value of -« . o - -- ,+2. 

n* — a~hb 

Here, the L. C. n. = a’* — 


Hence the Exp. =*= 


(^3 +. ^9) ~ 4. 2(aJ - 


_a“ 4“ (g^ — 2a^ 4- b^) 4- 2a^ - 2(<z^4-a^ - 
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Exercise XCI. 

Reduce the following to a single fraction : 



X X X 


a 

a a 



2 ^* . 5^ . 3^* 

1. 

-+ + . 

2. 

■ 4" 

4- — . 


3. 

— 4 - - - ' 4- 


234 


2 .t 

Sx 4x 



yc I 2 y 4 z 

4 

-V 4- 1 2X - I 


-^-3 

x^S 


6 

5 A ^~2 3 a'^-a 


3 4 ' 


5-^ 

6 x 



8 a- 8 .t- 

7. 

3 a -26 1 5 «- 7 ^ 1 

Sa 4 - 2 b 

8 . 3 '^" 

1 ^- 

2 a - 

- — t' 1 15 ^ 4t' 


5 ti lort 

2 

5^ 

2 



3 *2 

9. 

3^'r.4.‘'^'_S£-4"_ 

2X 

-r 

10. 

a-. 

V 



2 12 


3 

ax 


. 1 - 4 ax^ 

11. 

2 ^^ 4- 5 ^^ , - 2 

ab'^ 

_4«*- 

3a /> 


ia 

a'^ ab^ 


a^b 



2 b 2 {ayb) 

13. 

a ^ a + b 

11 

a 

+ . 


13. 

(1 b 

^f 3 {a-b} ■ 

a + b 

^a-b 



a~b a+b 

16. 

— , - a. 

17. 

a‘‘ 4 " b' 

* ,(i-b 


18 

a^4-b'^ a — b 

a-b 

a~-b 

“ «4-^' 


— b^ rt 4- b 

J9_ 

a — b^ ab 

20. 

2X^- 

2xy 4-y^ 

.1' 


21. * - * 


a-Vb^ a^ — b'^’ 

X' 

^‘-xy 

x-y 


a - 7 ; 

22. 

1 4- 5;r 1 - 5.r 

23. 

a \ad- bc)x 


^ . .1' a - A' 

24. .4- - - 


1 - 5.r 1 4- 5.r ' 

c e(e-fdxj 



/^r «(«4-‘A'; 

25. 

X a-^-x 


26. 

1 

3 




ci^ a{a — -r) ' 



X X-l 

.r + 2 



27- 

^ “ 4- . 


28. 

1 

I 


4- ’ r, . 


X - 1 X x-^ l 


2(£i-.r) 

3(rt4-.r) 

rt- - X' 


29. >864.) 30. -r-i - - 

ab ca be ^ 2(.r-i) 2(.r+i) x- 


ab ^ ca ^ be * 

31 ^ y\_ 

2rt + ^ ^ 2« - b 4^'^ — 


00 ' \ 

^ ^X^+l 


33- 34. (b.m. 64). 

35 36 _ _£L I 
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37 . 

3 « ^ 2 ax 

38. 

Li 2a + 

a+x“^a-x c^-x^' 

a — 4 a + 4 16 ‘ 

39. 

xy xy-^-y’^ x^^xy’ 

40. 

a‘^ a — b 1 

+ ‘ a*® — + <3!+^ 

41. 

X - 1 2 (,ir -f z) 

{x+' 2 ){x+s) i.x + \){x-\ 

) + (.v- 

.x + 5 

-l)(.V + 2) ■ 


2i0. Sonieiinies the denominators of the fractions have to be 
resolved into factors either by inspection or by the method of finding 
the L. c. M. 


Ex. 1. Simplify 


^ 2.r- f3 


_5^ + 2 


Hence the Kxp, = - 


+ b '.r^-4r + 3 * 

The first Oenr. = (.r- 2)(-r-3) ; the second=i(;r- i)(jr -2) ; and 
the third = (.t-- i)(.r-3); of these the L. c: D. = (a-- i)(;r- 2)(;r- 3). 

_ .5-;t+2 

'(.1 -2X.r-3)'‘'(,r-i)vr-2) (.r-'i)(:r-3) 

^ (3-1' - - I ) + (2;r + 3)(.v - 3) - (5.1- + 2)(.r - 2) 

(;i'- ijOi “2)U--3} 

=: ( 3 - 1 ''" '-' 5 ^ + 2) - 3 ^ 9 )r ( 5 '''*'^ “ 8 - 1 ' - 4 ) 

(,r-i)U'~2)f.ir-3) 

^ -3 

(a - i)(.i'-2X.r-3) * 


241 . Sometimes it would be convenient to combine two of the 
tra( tions together, instead of finding the L. c. M. of all the denomina- 
tors at a lime. 


Ex. 2. Simplify j ^ . 

3-1' -2 3.r-|-2 9 j:^ + 4 

The L. C. 1). of the first two = 9:1^- 4. 

tj ♦u c 4 ^ . 5(3-i^ + 2) + 2(3jr-2) 2 I:i' + 6 

Hence the first two terms = « — - = - - - . 

- 4 9A'^ - 4 

Therefore the whole expression 
^ 2 IA' 4-6 2ijr + 6 
” gx^ - 4 gx^ + 4 ' 

, (9-'^‘'^ + 4 )~( 9 ^y^~ 4 )_ 8 ( 2 i.y-f 6)_ 24(7;^ + 2) 
'8i:r*-i6 8i.r*-i6 




= (2I.r-|-6) X ' 
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Bx. 3 . Simplify J- - aV" • 

^ ' «“-“2 fl ^+1 U ^ + 2 

Tlie Exp. «( ^+2/ 0* - -- — V 

\tr-2 \^*+i a^-if 


(re-arranging the terms) 


-\-2 -a‘^ + 2 -a-- 1 \ 4 _ 4 

cr^-4 ^ ^ \ i ) ' a* -4 i 

^i( ' - * \-=. J2 

\a *~4 (a* - j)(a* - 4) a^-^a* 4-4 

342 . Sometimes the work may he simplified hy first rediu lng 
he fractions to their lowest terms. 

Ex. 4 . Siniplif\ 

a --‘2b 2a — yi-\‘2h 

r . \ii~ b){a — 2li\ , 

( he hrst traction ; =tf - h 

a - 20 


The second. 


{yi-V 2 b){ 2 a-y) 


— ^ -- T 

2a - y 

-n ^ i2a-b)(3a4-2b) , 

The third = - , =^2a-b. 

^a4-2b 

Hence the expression — (rr-/>) + (3^ + 2^)- (2<'r = . 


243 . By applying the principle of Art. 229, fractions may often 
be changed to simpler form for addition 01 subtraction. 

Ex. 6. Simplify -— 4. ^ . 

a-b b-a 

Since b — a^ — {a — b\ the above fractions may be written thus ; • 
a b a — b 

ft -- b a — b a- b 

Ex. 6 . Simplify -f. + '’--3a . _ ^4) . 

Since t“= therefore we have 

the Exp. = ='^-,% 

X-6^ x+b^ 

_ (2b-a)(..x + b)+{b-za){x-b)+;ix{u-b) 
x*-b* ' 
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(2h' - ax 2b- - ah) + {bx - 2ax - + 'lab^ + ^a.v - -^6,1 



_ ab + b^ _ b(a’\-b) 

-.^2 -^ 2 - ;,,•>„ ^2 • 


Exercise XCII. 


Kind the values of : — 


1 *--+ “'■^"'5 x^-Gx-y ^ 4 ,. 

3.r + 2 ( 3 ^ 4 - 2)2 (3.r + 2)^ ' ' x - x‘^ .xf r" - V‘‘ 


.f^~ 7 ^i+i 2 jr*-.r-T 2 

- I 2 X 

.I'-i .r ~2 -r^- 3 .v + 2 


4 . 4 . + - 2 -ir-- I I 

.r* 4 - X r‘- — .r 4- 1 ,r® + i 

. 1+3 I'+i 8 

0 . - “-'-+«' 

.f- f ;r + 3 r 2 + 2 .i ~3 


7 . •-- 1 “ 

V-r - 2 < 3 : J 2 ,f 2 _ 3 ^ 


ga‘‘' - + ^2 27a^ + b^ * 

( 2 rt - 5^)2 ~ 4^2 ( 3 ^? - 2^)2 - 4 ^* 

4 ^A- 5 /^ ^ ' ‘3a - 4 b 


9 .. '*"“5 

r*--3r-28 .1-2 + 2.1-35 


11 __i 4. 12 4. 

2 (fl--.T) 2 («+.l-) a^ + .T* * -r+T' x'—y- x'^+y“ 


2 _ 1 __ rt + 6 

ti ~2 2 + a 


14 3 ^ 1 .. 

8(1 -.r) 8(1 +J:) 4(1 +T-) 


4fi . 4 . 1R 4 . 

r -.r^ I +jr2'^ I -a* t+.r‘ ' a^- b*^ a + b b-a 


17 ''^A? _ ( x + 4 ^)i^' - 3 ^) 

V -4a"^ x + x'^ - ax — 1 2d* 


18 - ^ ~ 

— I <^/ + f I — f/ 


10 * . X4-1 2x^-\-x4ri2 . , Q, ^ 

19 . + 4 = . (C. K. i860). 

.r + 3^ ;c“-3;ir + 9 ,r* + 27 ^ 

^ 10,1 -n lojr-i x'^ - 2 X + S . 


3 ^.r‘-i) 


S{x^ +.r +!)“*" (.r’' - I ){x + 1 ) ■ 


ix - ! )(.r - 2 } {x - 2)(3 - x) {X - 3)( I - .V) ’ 


21 . 
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22 . 

23 . 

25 . 

26 . 


27 . 


2a 

29 . 

30 . 


31 . 


32 . 


33. 


34 . 


35 . 


36 . 


37 . 


3 a 


39 . 


.r — 2 


4. 4. 2(.r-3) 


21 -J- + . L. _ -^--3 

.r - 1 2 + 2 X 2 X^ + 2 


(^- 3 X^- 5 ) (^-iXS-^'*^)' 

^~.r_ X — 2y 3a(x - y) 
y + a y^-d^ 

. 5 _ . 3 _. 9 . 

.1“ - 3 1 - 28 + Jt' — 1 2 ;t-- - I o,r + 2 1 

1 1 a + jd 

a — b 2{d’\’b) 2{a^ + b'^) n^ — b^' 

I I 2 

2 ab - 3^^ ^ + 2 ab — 3^^ 3^-^ + 3^^ -f ‘ ^ 97 ;• 

rt^ + rZi: 2C , . 

ya^c)r d^^^' (C.K. 1869 ). 

(C.K. 1862 ). 

x^y .r + y x^—y“ 

+ + — \ n — + [ ■^- — V . (l>. M. 1893) 

X x- i x-hi 1 x(x^ - 0 

J' .t+_r x^-y^' ’ 

a + b , d-^rb- . „ . 

a-Yb 2b 2b[a-by ^ 

(C.K , 87 .}. 

b a-Yo ab — O'' a‘ —b-^ ^ 

X —y x — :: ( y - 2')^ , ^ , 

=^+ r -— — . ((J. K. 1S70). 

;r - X —y {x - y){x - £*) 


a + c 


b + c 


{x — a){b — a) {x~b){a-b) 


. (c. K. i860). 


x + 2ty 


x + 2y 


x-Yy 


■'*' > J u I ^ jf / , , ijrr\ 

4ix+jy)(xT2j/) {x+jy)(x+'^)~ 4{x + 2jfXx + 3jf)' 


I I 


x-s I x-6 

-j - r+ r- 


. (c. K. 1864). 


2'x—i x'‘ — 7x + io^ 2' x^ — gx+ 18 

a+x _ a~x 2x^ 

a^+ai'+x'^^ ,1^-ax+x*'^ c?'Xa*x^+x*' 

4 a*(tf+J)^ 20^+^’*)' 
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^-f 2 .v -2 2 .r ®~4 , - . 

A<i '- _ -* 4 . ^^. 4 . 

1 H-jr I -Ji'^ I i +,v* i +.r‘* * 

44 (c K 18661 

**• (^r+.r)»-.ri^(.r+>/) 2 -^ 2 +(^ + ^)» (C-. K. I 866 J. 

“• 4X’*-(3/+/fc)«^ ^(2;{- + 3/)»-/t“- ' 

4g 9^ - (45 - 2-r)^ 162 :* -(3r - 4^^ -(3^-4-)“ j, ^ 

( 2 .i' + 3yy^- 162 -'-^ ( 3 y + 4s)*-4.r3 (43r + 2 Jir)^ -9 v‘-^ ' “ ' ^ ' 

47. , .i . I 

ti® - - 4-^ 4 - 2 ^ 6 ’ ^ ?;2 - <;*-* - ^ + 2 ab * 

48 . '. + 4 _^_!__ 

a — 2b a — b a a^^b a -{•2b 

49 _.H ±9 ...* 

-i‘'' + 7A'+l2 .r^4-5^+6 ,i-^ + 3:»r4-2 ‘ 

50 . - *+.. _ 3 («-^) 

2«* - 1 14 ^ + 1 2i® 4«* — ^ab — 3^“* 2rt* — yab — 43* 


III. MULTIPLICATION OP PBACTIONS. 

244. To multiply one fraction by another. 

Buie. Multiply the ni^merators to^fffher for a new numerator^ 
<ind the demininators for a nexu denojuinaior, * 

Suppose that we have to multiply v by • . 

o a 

Let |=.r and ; /. a^bx^ c^dy and ac—bdxy ; 

hence, (dividing each of these equals by bd\ we get 
ac a c 
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, ac^axi product of nu merators 
* * bcT' b'Ad product of denominators ’ 
whence the truth of the Rule is manifest. 

Similarly, we may proceed for any number of fractions. 

245. It is always advisable, before multiplying out the factor'^ 
for the new numerator and denominator, to see if some of them do- 
exist in the numerator and denominator, in which case they 
may be struck out, and the result will be mote simple. 

:x a X cx ac x x ac 
d bx X dT' bd x x bd ' 

xy->ry - _ ^gx X yi 

+ .1 r 30' X ( r +y) ~ y ' 

- ^ 

^ - .r- - ax ^by x (r + x){ c — X)X a(a — .r) 


Ex. 1. 
Ex 2 
Ex. 3. 


a L 


X 

yy 

oh' 


Exercise XCllI 


Find the value ol ; — 


T 

^ab i 2br 
bb^c ^ I ^ab ' 

2. 

25 r 

X 

> 5" • 

„ 6 SuV't - 85.1 'fa 

4. 

zx 2 ^ab 


5. 

~lx 



a c 2 b 




9 ^’*'£ '6d-b 

6. 

ax dr — X' 

(a — x)^ ^ ab 

j 


7. 

9^0'- 

T 

4 ^'\rr lorxy 
ybj:" ^ 8acy-' 

8. 

d ,, „ 

«■* — 4 a- - u 


9. 

2 a(.r- - 

TJ'Ix 

c^'^za rt- + 3 rt‘ 


cx 

Cr-r)(-r+jO“' 


10 . 

1 

< 

1 

(C. K. i8rx>). 

d^ ^ zab + a(a + b) ' 

11 . 

rt* + zab ab — zb- 

12 . 

x—y -'t -J' 

13. 

d'^-^-gx+x^ 
a^ — x^ (i-^x 

rt--lia + 30 


-5rt' 
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16 . 


-f + 2 + 5^+ 4 

fl® + 7<2 4 ‘io 


(C.K. 1866). 


;r- — 2 -r — 3 x^^x — 2 


ji- — 


^ -v v - 2 r" ^ ~ xy 


x' - 3.ry + 2y- x^ + Jrr (.r - r)- 

j g .r- — 2 rt.r + ^ x'^ - <)a^ ^ .r- 4 - 5 rt.r 

4 - 40.1* ~ 5<7- fl.r 4 - 2^1 '■ T - — 4- ' 


IV. DIVISION OP FRACTIONS. 

346 . I'o divide one fi action by another. 

Rule. Imu'rf ihe diviwr and fi?-oierd a? in Multiplicaiion. 

Suppose that we have to divide^ bv ^ . 

* 0 ' o 

Let^i=.r and\— 1' ; /, — and f — dy. 

bd 


Hence ad = bd v, be - bdy^ an d 


(td __bdx _ X ^ 
be bdv V ’ 


-v a e , ad a d 

iJui — ..and ,- ='X , 

y ‘ b d be b c 

whence the truth of the Rule is manifest. 


247. In division of fractions, as in multiplication, cancel factor 
( ornmon to both numerator and denominator before multiplying. 

~ - 8aV^ 2a^ ^ Za*b _^ab y,()a\ejr ^ab 

• • i5.rj/' ' 3 - 1 ^" 1 5 -r ^ 2a^ ~ 5vx6<2-lrv® ”* 5 r 

Ex 2 ^ * 1 " ''y\ X 

x-y {x-yf x-y -y* ^ 

^ xjx^y) (x-y)(x-y) ^ .v 

X -y (.r- +y%v +y){x -y) x^ +y^ ' 


Exercise XCIV. 
Find the value of : — 
j[xy^ i^xy 2 2 a^b * Sab 

lyz-'*' loyz' ' 5jry is.rj'' 


3 . 


cd 4 - b'^ a~^ b 

d^ — b'^ a-Vb’ 
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4. 

6 

10 . 


~"a~b 

. d^ + b^ 

cl" — 2ab + ' ~b{a - b) ' 

x^- xy-{-y " 4x‘y^ 

6.r ^.1 -y 

- ^a‘^b 4*^ab^ — b^ 2ab — 2b' 


Nf ' 

^ - I Lr + 30 - sx 




3-^ 


“ 6 a' + 9 

x^ - 2£y^j^ -r2 - y“ 
x^y+xy^ ' X‘4ry^’ 


iT + ab 
a — b 


- - ;r“ + 2.r - 1 5 ^ ()x + 20 - ^ </-_+ // - + 2(z/ > ^a4-b-^c 

.r-^ + S;*; — 33 ' ,r‘** + 7.r-44 * * c^~ ir — l>^ + 2ab ' b4-c' — u' 

13 -yx 4- fi ^ x' ^ + io:r + 24 ^ x^ + 6 r 

.r^ + 3.t'-4 ,r--i4.r + 48 ‘ ‘ 

- - X* — .r^ 4- V x^ — — 2bx'' 4* 

14. "Js+F ““.v»->i+# ■ 

-j. !_ x^-a^ 

^ A'* “ 2« V + ' (x^ - aV 4- - 2^Li' + d^) 


248. Before applying the Rules for multiplication or division, it 
is necessary to change mixed expressions to a fractional form. 

.i . • , x^ , a X 

Ex. 1. Multiply ;i' 4- by - - . 

^ a-x X a 

x^ (ix.— x*^+x^ ax a .r d^—x'^ 

Here, ^'4- = ; . 

a-x a-x a-x x a ax 


, , Product = X 

a — x ax 


ax (u'-x){a-yx) 

X — - = a + x. 


a—x 


ax 


Ex. 2. Divide i “-^^-4- by ~ , 

y d 

,. . . / r?V\ y-^ax y^-dKx^ 

Quotient= p - ;^ ) ■ y ~ x 

{y4rax'){y ':^.^')y 


y 

y’Vax 


y^(y+ax) y 
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Exercise XCV. 

Fmd the value of : — 


1. 


^ {-^)»{r 3 -)- 

3 . 



5 . 

1 . a?x-+abx^ ax 


7 . 

«■ ( 

(a. k. 1891). 

9 . 


10. 


11. 

{x+yy^-{x-j>)- 2 xy(x-y)' 

( m . m. 1887.) 

12. 


|. (b. m. 1885). 


Multiply 


13 . 

by !.+ -' + t. (c. k. 

A- X 

.876). 

U. 

• 

. X , x'^ X , » 

— + - + i by „ hi. (n. M. 

a a 

1865). 

15 . 

+ . (c. K. 1875). 16 . A- + - +1 by.r-i + -- - 

x^ 'yx ■’ X ’ X 

* t 


Divide * 


17 

. a b , 0 . 

18 . ^,-T by ^+1. 

19 . 

(fi+^t-^Y^vl-y (B.M. 1895). 

20. 

ylO j/2 

by . (M. M. 1897). , 
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V. COMPLEX AND CONTINUED FRACTIONS. 

249. A Complex fraction is one which has a fraclion in its 
numerator or in its denominator, or in both. 


Thus, - 


are complc r fractions. 


Ill liie last of these forms, the upper and lower quantities? 
<t and d are called the extremes, and the two middle ones, b and . 
are called tlie means. 

Sometimes the above arc con\eniently written thus : — 
a ; id a Ic 
b! d' 


^0. Simplification of Complex Fractions. 

definition of fraction, * 

a /c _ a __ c _ (I ^ d ad 
ht d b ' d b" be ' 


We Inive, by 


Similarly, ^ andi . 

bl he I c b 


^ Hence, wc observe that \\lien a (omple\ fraclion is put into tlu* 

form 5 simple expression for it will be found b\ 

taking the product of the extremes.^ for the numerator, and that *ol 
the nieans.^ for the denominator ; and that any factor may be strucb 
out from either of the extremes, if it be struck out also from one oi 
other of the means. 


a 

X 

or — x'^ 


.V 

a 

ax (d' — a-) X ax 

[a ^ .x') 

I 1 

a - X {a — x) X ax 

— a 

cl-X 

X 

a 

ax 



Hence the following Rule 

251. 'I'o simplify a complex fraction. 

Rule. Multiply both terms of the fraition by the i.. ('. M. oi tlu 
denominatoi s in each. 

Ex. 1. Simplify - " *■'' and 

.\X X ~r I 

Here, the L. c. M. of the denrs. in (i) is 2, and in (ii) is 12. 



COMl'LKX AM) CONTIXVKD FR ACI IONS. 


Hence, (i) 'J'he K\p. = * --- x - = ^ 

4-1” - o-F 


5 - I.I.- I 3 bo- ^ _ 3(20 ~x) 


(li) The Exp. = ^ ^ - 

^ .1 + 1^ 12 1 2 r -I- 16 4(3F + 4) 


a 

(1 4~ 1 

a - J 

a 

n 

a- I 

// + 1 

a 

of the deiirs. 

a 

a 4- 1 

a - 1 

a 

a 

a— 1 

a 4- 1 

a 


Ex. 2. Simplify 
1 1 ere, the i-. r. M 
lienee, the Kxp. = 


ria+i)- {a + 1 )(<i^ - 0 _ (^ + 1 ){a^ - + i ') 4- 1 

~ 1) - {a - i — I ) (a—i )(n^ — r/' + i ^ a—i' 

252. 'riie foll(3u in^ is an example of a Continued fraction, 
riie l)ebt way to simplify it i.s to begin from the bottom and proceed 
ipwardb step by step. 


Bx. Simplify 


'I'lie lC\p. - 


X . 1 ( 1 -.r) I +.r-^4-.v-a “ i+.r 

1 - r- + 2 x-^ I 4'.v- I 4- 1 ^ 


Exercise XCVI. 


Simplify the following : — 

2. ^ . 3. . 

5 5~V* X + 2^ 


31 + 2 ^ 


6. tL- V" 

3.1--1J 


t-Si o ■*’-r(3A-2; n <>a-K5-^+3> 

2i-ii- ®' 3 • ®- “‘si 


2li -i(X-2) 
3(,-V+l)-4l ' 


l^-3U_+2) 


12 . ! + ■ 


2a" 

i+«+ 

I — a 
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13. 

1 

1 +x 

14. 

\-\-x l—X 

15. 

a^ + b'^ 2P 

2 ^ + b'^ 

1 

1 X 



^ I +x 


l-X 1+X 


2b‘^ 

10 . 

a+x a—x 
fi-x'^ a-^x 

17. 

x-y 

A'— -- 

I -hxy 

18. 

6 

rt-i+ . 

a -6 

a+x a-x' 
«-.r ^'x 

i+Ay 

3 

rt~2 + -^-7 
rt “6 

19 

.l‘ + 2 

. 20 . 

I 

. 21 . 

A' 


1 ^ 
2 — . 1 ' ^ 


r-i + 


1 -- 


[ + - 
4-.r 


I +.r + 


,r 


1 -.r4-.r 


22 . 


21 


-4—: — 1887 ). 23. , ^ , 


.r + - 


-21«- 


J' ^ 


A-h 


25. 


j' + l 

+ — 


^ - I -f- - 


I +- 


] + --- I------ 1+.---., 

(I'i-X U-i-X <^'“.1“ 


(c.K. i87( 


4 -a 


VI. SIMPLIFICATION OF FRACTIONS. 
253. The followinj’ are illustrative Examples. 

Ex. 1. Simplify ^-±1) ^ (^:+ . 

Xa + b a-^bf \a^ — 0^ a^ + b-'f 


Here, Niimr. — 


{a — b)“ + {a + b)^ — 2ab + b'^ + or +2ab + b‘* 








D,enr. = 








Hence, the Exp. - - 
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Ex. 2 . Simplify ^ ("ilT "*■ ■ 

\x+y x-j' x^-y^f V+J' x-~y-} 

Here, • 

.r- - V- r-^ - -i'" - )'■ 


Denr.— 


X- v + .r_ 2 x—y 


Hence, the EKp. = '^(r--!'^^ =^-^1= 

.r- - r- -y- -j'- 2.r -j' 

Ex. 3 . Simplify ( . j, - /f- ) (3- 45^ + 5 ^) . 

,, - . 45(4r~6)~26(.r-8) iar-62 

Here, rst fraction — i + - = i + ., - r, 

’ {X - 8)(.r - 6) .1 - - 1 4 X + 4& 

_ - 1 4.1' + 48 + 1 9..r - 62 _ x^ + 5^- - 1 4 _ (x + 7)( -^' - 

.md fn-vetion =.3 - ( "S, ' ~—) =3 r r^-' 

^ V;r + 7 x-ll ^ (.v + 7)(.i-2j 

_ 57-^: - .1^*1 =, + 5-f - 1 4) - ( S;.*" - 1 86) 

3 A-“ + 5A--l4°’ ;r“+5.r-I4 

_ 3.v“-_42.r+ i44_ 3f.r‘-‘- ' 4f +_48)_ 3(-y - 8 )(a; -_6) 
“ (■t- + 7;tr-2) '(x+7)Cv-2y " (x+7)(x-2) 

,, V f.r+7)(jr-2) 3(.r-8Xx-6) 

’ ' (.r-8XA'-6) U + 7;('V>-2) 

Exercise XCVII. 

Simplify the following expressions : — 

1. 1-5 -5 + ) X .7. (C. K. 1872 

x-a x+a/ a- 


(' - FTx) (-"+^7^) ^ 7V" ('+■"+.;)• 

^x & n, M. 1893 ). 

I J "7T'^''^"7+xl. (r. K. t886). 
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■' L \ 'J ■ 1 C U J . \ 'J ' 1 0 N A I . ( ; K I? R A . 


1 1 
j/i — n m — s 


(c. 


X 

(C. K. 


* (Si- 

d + t: (m — n)“ (///-.v)- 

7. ' +•-’1+1'+ ( ■’■- ' ■""■'1 X ' 

I -.r^ i+.v \n-.r X r / i- 

.JU 6xh’- , ^z{m-ii r _ f 4 (;'-.v') ;-‘-.r'- Ij 

/// + ;/ I 7 (r+.s'i ‘ { 2Kn/' ' I 

— ^- 

^ a-\-b ^"*"< 2 ^ + ^* , . 

11- T-^ ii — Ti- (<’•!’- '859)- 

,j+/^ '"a- + / 5 >= 


(li. M. 


12 . 


x+a .r-a 
X X x—a x+a 

X - if X + X -i-a ^x — <r 

x-a x+a 


. (c. h. 1869.} 


13. (^!+i;- -"Jr-’':) (l+^_ •'lr.!'\. ,, ,86P. 

14 . ^' + ’+-5 \/.v- 3 _ 2 \ 

\4.-i -r-7/\3.r-s x + ^f 

15. (lt?f _ " + (. 3 i_V 

\(j- 2 i' x-2a/ \2a-x a-xf 


K. 1886). 


1875). 


18., 2). 
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264 . If one equation contain tioo unknown quantities, there 
. ire an infinite number of pairs of \alueb of these by "'hich it may 
])e satisfied. 

Thus, consider the equation 3.r + 2p--=i3, which ('ontains 
unknown quantities. 

t)y transposition, we get 3i'=i3-2^v; 


3 

From this it appears that if we give any value to we shall 
get a corresponding value for .r, by which pair of \alues the equa- 
tion will of course he satisfied. 

If, for example, we take |/=i, we shall get -- ; if jP — 2, 
1—3 ; y — jj ] ; and so on. 

255 . One equation then between Iwo unknown quantities 
admits of an infinite number of solutions ; but if we have as many 
different equations, as there are unknown quantities, the number of 
*101 ut ions w'lll be limited. 


Thus, while each of the equations 3A'-F2 v==13, -|x-P3j=i 8, 
bf'parately considered, is satisfied by an infinite number of pairs of 
values of x and y, there will only be found one pair common to both. 


Thus, being given the two equations, we must have 

x= , from equation fi) and .r — from equation (2). 

3 ' 4 

Now, if -v is to have the same value in the two given equations 
(ij and (2), we must have • 

i3-2y_ i8-3j/ 

3 ' 4 ’ 

Multiplying up, 52-8^=54-9^ ; 


/. 9 T- 8 ^=- 54 - 52 , orj/ = 2. 


Substituting this value of y in either of the two equations, we 
^>hall obtain the corresponding value of x. Thus from (1) we obtain 

31 + 4=13; /. 3'^'=9; /. ^= 3 - 
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Hence the only values of x and y which satisfy both the 
equations (i) and (2), are 

.r^3 and\y— 2. 

266 - Equations of this kind, which are to be satisfied by the 
same pair or pairs of values of x and v are called Simultaneous- 
Equations. 

257 If there be three unknowns, there must be three equations, 
and so on ; and ^moreover, these equation's must all be dijfferent from 
one another ; i. e. must all express different relations between the 
unknown quantities. 

Thus, if we had the equation 3 x + 2 y~i;^, it would be of no use 
to join with it the equation 6:r + 4v = 26, (which is obtained by merely 
doubling it), or any other, derived, like this, immediately from the 
former ; since this expresses no new relation between x and y^ but 
repeals in another form the same as before. 

258 . It may be observed, that if any two or more equations 
he given, any equations formed by adding or subtracting any 
nuiliiples of these eqhations, will be also true^ though expressing, 
in reality, no new relations between the quantities. 

Thus, if ;1' + 2^ + 32'= 10, and 2,r-3j/+5=r ; then, subtracting 
the first from three times the second, we have 5.r-- -7, which 

expressses no new relation. 

I. EQUATIONS INVOLVING TWO UNKNOWNS. 

259. There are generally given three methods for solving 
Simultaneous Equations of two unknowns ; but the object aimed 
at is the same in each, to combine the two equations in such a 
manner as to expel, or, as the phrase is, eliminate from the result 
one quantity, and so get an equation of one unknown only. 

260 . First Method. Multiply, when possible, one equation 
by some number, that may make the coefficient of x or y in it the 
same as in the other ; then, adding or subtracting the two equations, 
according as these equal quantities have different or same signs, 
these terms will destroy each other, and the elimination will be 
effected. 

Ex. 1. Solve 4 .ir 4 - 9J'=5i { (*)'’ 

13^*9 J (2) 

Here, it will be convenient to eliminate x. 

Multiply (i) by 2, 8,r+i8/=i02 

but S-r- I3y= 9, from (2) 

subtracting, 317= 93> and 
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To find X, substitute this value of ^ in cMer of the given 
•equations. 

Thus, from (i), 4.r + 27 = 5i ; /. 4.r« 51 -- 27 = 24 ; 

/. a'= 6, and^= 3. 

V erifloatioD . When x = 6, and y= 3, 

4'i'' + 9.1^= 4 X 6 4-9 X 3= 24 + 27 = 5 r . 

/, equation (i) is satisfied. 

Again, when x^ 6 , and_y=3, 

13^ = 8 X 6 - 13x3 =--48 -39 = 9. 


/, equation ( 2 ) is satisfied. g. k. o. 

Ex. 2. Solve 4.v-r = 7 1 (i) 

3r + i>' = 29 / (2) 


Here, it will be convenient to eliminate r. 

M ult 1 ply ( I ) by 4, 1 6 x - 4. y — 28. 

but 3 .a: 4 - 4 v = 29, from (2) 

/, adding, I 9 .r =.^ 7 , and a .== 3 . 

Substitute this value in ( 1 ), 

/. T2~j/=7; /. /=i2-7=5 and .1=3. 

261. Sometimes we cannot make the coefficients equal bv 
multiplying only one of the equations ; but shall have to multiply 
both by some numbers, which it will be easy to perceive in any case. 


Ex. 3. Solve 7A'~i6y==42 1 (i) 

5 ^ 4 - 17^=30 / ( 2 ) 


Here, to eliminate x we should proceed thus : — 

Multiply (i) by 5 , 35-*^“ 8 oy = 2 io 

„ ( 2 ) by 7 , 35A’4-ii9/=2io 

/. subtracting, - I 99 j/- o, and /. y=o. 

Substitute this value of ^ in (i), 

/. 7 a '*42 and /, .r=6, andj/ = o. 

262. Second Method. Express one of the unknown quan- 
tities in terms of the other by means of one of the equations, and 
put this value for it in the other equation. 

Ex. 4. Solve 2 x + 3 y= 4 . \ (i) 

3r-.2r=-7 / ( 2 ) 
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Here, from (3), 3 Ji'=^ 2 r -7 ancl (3; 

Substitute this value of .r in (1), 

/. 4)/- [4+9v= j2, /. i3/=-26and r=2 

Hence, from (3), by substitution, .r -.1(4-7)= - i. 
we have i — - 1 and r = 2. 

263 . Tliirci. Method. I'A'pross the stimr quantity in terms of 
the other in both equations, and put these \ allies ecjiial. 

Ex. 5. Solve 4r4-7.t' = b2 

3;'-2.r- S j. 

from (i) 4r= 62 - 7r and /. r 

Kiom (2) 2.v=3r — 8 and /. ^ U/ 

from 0; and (4\ — - •'•■= . 

4 - 

clearing of frac tions, 62 - 7v = fn' - 16, 

— 131'= - 78, and 

Heme, from (4), by substitution = - '°" 5 - 

we ha\ e a = 5 and _r = b. 

264 . 'The lirst of these methods is generally used : buu the 

second may be used with advantage, ulienever either .1 or v has a 
coefficient in one of the equations. 

Ex. 6. Solve 3i--.j/=:3 (i) 

9,r-S/= -45) .. .(2) 

I'voin (i)j= 3 -f -3 ( 3 )- 

Substitute this value of v in (2), 

/. - 5 ( 3 -'»^- 3 )= - 45 , or 9.V- 13.1-415 -= -45, 

/. - 6.r = - 60, x = \ o. 

Menc'e, from (3) jr= 3 x 10 — 3 — 27. 

we have .r=io and ^ = 27. 

26 a. In some cases, the work of solution may be shortened by 
certain arithmetical artifice.s. 
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Ex. 7 . Solve M-»' + ^3J=35) (0 

2i.r + 19^=563 (2) 


Observing that 14 and 21 have a common factor 7, \\c shall 
make the coefficients of .r in the two equations equal to the L. c. M 
of 14 and 21 if we multiply (i) by 3 and ^2) by 2. 

I’ll 11s, 421 4*393' = 109 

42.1*4-38;'= 1 12 

Subtracting, i'= -7, and /. .t =9. » 

266. In some cases, it will be necessary tr) sirnplifv the equa- 
tions before proceeding to soUe them. 

Ex. 8. Solve 7(2.1* 4- 5(33^ “4-0 ■+ = o \ (0 


5( i/-.r4-3)~6(3^-2.i j ) (2) 

I ' I'oin ( 1 \ 1 4.1* “ 73' 4* 1 53' — 2av 4- 30 -- o ; 

/, -r).r + 83'= -30 or -31 4-43'“-- '=5 

1 I om 5 K - 5.1 -1-15-= 6r - 1 2 .r ; 

/. - r4-7-^'~ “ » 5 ( 4 } 

.Multiply (^4) b\ 4, -43' 4- 28.1*= -60 

f rom (3) 43/- 3.1 = -15 

adding, 29.1*= —75, and /, .1*== - 3. 

From 14', ■ 1' -- 7 V 4- 1 3 - 2 1 4 - 1 5 = - 6 . 


Ex 9. Solve (. 1 -^5/(j' + 7)"=(.»*4-i )( 3 ' -9;4-ii 2) (i^ 

2 .1*4-10-3^4-1 J (2) 

From (i), multiplying out, we have 

.i3'4-7-v4*53'4-35='^3'~9'1'+3'-9+ * ^2 ; 


Reducing and transposing, we have • 

j6jr4-43' = 68, or 4,r4-3'= 17 (3) 

From (2), 2.i; - 33'= --9 (4) 

Multiplying (4) by 2, 4.1* -63'= - 18. 

Subtracting, 73' = 35 ^^nd /.3'--=5- 


From (3) 4,r-H5= 17 ; /. 4 a-= 12 and /. .i =3. 
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Exercise XCVIII. 


Solve the following e()uations 


A 

3v + 2 /=. 9\,^ 

K, 1861 

.) A 

-»'+J'==37l 

/3. 

2r+93;=« 1 1 1 


.r + 3 j/= lo* ' 


x-y= rj 


4.r+ 3'= 5f 

A' 

2 X 



2 .r ~ cjy « 1 1 

1 6 . 

2 -y+ 3 y= 8 l 


3y+^ = 9j 


3 .r-i 2 j/«i 5 J 

7r- 3'=sJ 

7 . 

5r + 4/ = 58^ 


8. 

4^+3' = 34l 

: 9- 

S.v + 63/=i37'» 


3 . 1 - + 7 j '= 67 J 



43' + r=i 6 j 


I3.r-43'=23J 

10. 

4-1+73' = 621 


11 . 

7.r-83'= - 

22 \ 



3 j^- 2 .i-= 8 j 


. 

1 1 . 1 '“ ioy = 

4J 


12 . 

4 v'+ 6 j'= 1 1 ) 

13. 

120:4 

'f3V=37l 

11 . 

8 .r- 2 i 3 '= 33| 


I7.v-5y=>i 


17 A- 

i9y=^is( 


6 . 1 + 35 )/= 177 J 

15. 

3 .r-ir 3 '= 4 ! 

16. 

38 r 4 

■T 7 V -127 j 

17. 

44 + 3v = 43], 


Sr- I 2 y=i 3 j 


133'^ 

+ 7U':=479j 


3 - 1 - 23 '= 11 J 

18. 

5T-4y=80 



19. 8 .r - 43 ' = 9.‘' - 33'= 6 . 


2x+3y<=i4} 






20 . 

Sr- 2 y= 7 .r+ 2 y 

■=.1+3' 

+ ir. 




21 . 

8 ( 2 r - 33 /) - ( 2 .t' + 3 >') = 1 

I, 7 ( 2.1 

t'-3y)+(2»+3>')=' 

4* 


1 

il 

1 

'ff 

•jy-s). 


,y + 7)=4('4A' 



23. 

4;r + 4)-7(r-3' 

-i) = 56 (,r-: 

!), 6 ( 3 '- 2 )- 

(3r-23') = 9r. 

21 . 

3r-23' + 2 = 5 r- 

-ii'+i 

7j = 6 or 

-3'-4i. 

(h. M. 1 

892 ). 


25 . (;»: + 7 )(j'-* 3 ) + 7 = (^^'-i)(j+3) + 5 , 1 ^^ + 35 =-o* (c.e. 1888). 

26. x{y^7)--y{x+i)'\ 27. (.r - 1 J)=:.vj/-5 \ 

2.r + 2o=3j + i J ' 2oU'--0-5(j^' + 5)=^'+2j' 

28 . i2(;ir-2)-2o(io-;i-)«i5(/- 10)) 

i6(>' + 2)-3(2.v+j/) = 6(.r4-i3) J • 


267. *' If the equations are given in fractional form, we should 
.first remove the fractions before proceeding to find the solution. 


Ex. 1 . Solve 


7X+ 




2^+4 

5 

X +2 


-16 I 


- = 8 


•(i) 

..(2) 
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'To clear of fractionb. 

Multiply (i) by 5, 35.1- + 2j/ + 4 = 8o, 

/. 35 '^+ 2>'=76 (3; 

Multiply (2) by 4, — 2 = 32, 

1 2.1/ -.r= 34 (4) 

Here, from (4) r = I2r -34 ( 5 ) 

Substitutinf^ .v in (3), we have * 


35( 1 2r - 34) + 2j^ = 76, or 4201' - 1 1 90 + 2j' 7r> ; 

4221'-= 1266, and /, r = 3. 

Hence, from (5), .r= 12 x 3 - 34 = 2. 


Ex. 2 


Solve 


4 


y-S _ .t' + 3 I 
5 ” 4 I 

U+J--^ I 
u I 


Muliipljins (i) by 20, 5f2.r-3) 8)-= 5(_r + 3) 
io.r- 15 -4y + 32 = 5;/4-i5, or 10.1-99'=-: 


Multiplyinj’ (2) by 33, i i(-r- 7 j + 3 ! 4 J+ 0'=''99 ; 
ii.i -77+ J2J/ + 3-99, or iLt4-i?v=r73 


Multiply (3) by 4 and (4) b> 3 ; thus 

40.1 — 36 V = — 8 

33.1 4- 361'= 5 19 

/. adding 73-^ 

Hence, from (3) 9/ = io.r + 2 = 72, /, 


(0 

(2) 


•( 3 ) 

■(4) 


Exercise XCIX. 


1 . 

3 . 


Solve the following equations ; — 

2. 4 .V+ ;{^j'+ I — o 


i.r + ij|/=i3 I 

U' + ir^S J 


2 . r -^^3 = 4 | 

3 . »' + ~^ = 9 

j 


(C.K. 1863) 


4 . =.-^-34 1 


-r4-2 

3 y + — =9 


M.A. — 14 
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5. 

7. 

9. 

11 . 

13. 

XL 

15. 

rl 6 . 

17. 

19 . 


2 4 “ 

14 18 


(C. K. 1876). 


6. = s 

X+IO 

4 ^- -3 - =3 


4 ^- 




ItJ'-U* = 2 J 
0. i(2;i: + 3j/) + jAr=8 I 


jT -.r _ J' “ I 

”3" “ 4 
4 -^- 5 )' 


12 . 


(C. E. 1872). 


^■-7 

5 3 ““ 

7 3 


XV XV 

+'^+j=' +-;=23- (p- K. 1893). 
4 5 5 4 

3 2 5 2 


J 


;r + 2 

'7 


21/ — 3;r 

- 3 -- 4 - 2 j/= 3 .r 4-4 


7 +.r 2r-)/ 



(p. K. 1892). 


(C. E. 1 880). 


18 . '\ 

4 5 I 

8 — ^ 2 r + 1 1 

4 y — ^ 


- . 8 . 



EQUATIONS INVOLVING TWO UNKNOWNS. 


21 T 


io6 .r-6^+i ';ir-3 
63-7 9 

a--sj/+ 8^ 3-r-J3J' ■ 55 
9 7 63. 


22. 5^“3_:!:,-8„>+3l 
4 5 4 I 


23 . 35 + 4 .;i '+3 _ , >'-8 




9 jt" + 5>r-8 _ -r+y_ yx + 6 | 

“12 ' '4"'' ii“* j 

24 . 2 x+- 4 .v=i -2 I 8 ). 25 . • 3 -r + -« 2 SJ '=-'^-6 | 

3 4.r-o2>/ = *oi j ^ ^ 3.r--5;/ = 28--25^ J 


36 ■^‘Z.y - ^ _ 91 + £2 \ 

^ ' 2 14 8 4 ! 

3 , 10 ' 7 i 


(C. E. 1882). 


27 . '6;i; + 7 r + 3'95==o, \ 10=0. 28 . •5.r + -6y= 1*38, 4- ; =2. 

•• 7 3 5 


268 . P^ractional Simultaneous Equations, involving the 
reciprocals of jc and //, may be solved as they stand without clear- 
4ng them of fractions. 

Ex. Solve ■'+- = 29 (i), ^-^^ = 2 (2) 

X y X y 

Multiplying (i) by 5, and (2) by 2, we obtain 

•o 35 "1 1 ' 47 

“ + ^ = ^45 Subtracting, ^ = 14* ; 

10 12 • 11 

=4 .. i 4IJ'=47, and 

X y ] 

Substitute in (i), -+21=29; /. "'=8; 

X X 

269 . When the coefficients of x and y are interchanged in the 
iwo equations, it is advantageous to employ the method of addition 


and subtraction. 

Ex. Solve Ii;r+i3;^=ii8 'I (i) 

I3;r+ii9^= 122 J (2) 

Adding (i) and (2), 24;*; +24>^=24o. 

Dividing by 24, x4ry=\o (3) 
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Subtracting ( j ) from (2), 2,r - 2 v = 4. 

Dividing by 2, .r— j'=2 (4; 

Adding (3) and (4), 2.1 = 12, and /, ,r = 6. 

Subtracting (4; from (3), 2 r= 8, and i/=4. 
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18. 


4(-v 


+ 20 = 47- lo' ) ,, .... 19 . Iv + Lv-43 \ 

^■-0 = 3 (j^-- 3 ) J “ ■ ^A- + ?,7 = 42 j 


30. '%7>' = 65 , '^ + 7^''==y9f 


21. '"f + 3/ = 3>, ■;^ + 3-^-=24 

J A 


270 . In Simiiltaneoas Equations the known quantities may be 
. lenotecl by letters. 

Ex. Solve — ) (r) 

cx-^/fy^n J (2) 

Multiply (1) by r, (icx-^dcv = cm (3) 

„ (2) by acx-{-a/fv—tr/i (4) 

Subtract (4) from (3), {be — a(i)y = cm — an^ 

Divide by coefficient of \\ ^ . 

■ be -ad 

To find the value of .r proceed thus : 

Multiply {]) by d, adx-Vbdy^dm (5) 

„ (2) by bex + bdy bn (()) 

Subtract (6) frotn (5), {ad - be)x=^d/n -bn^ 

Divide by coefficient of .t, ^bi ‘ 

Oihervjise ihm : Substitute the value of v in (i), 
bUni — an) 

<fA'+ " - - , =//*, 

be - ad 

. b{ cm - an) a{ bn- d m ) 

. , ax==m T — —5- = — , , ' . 

be — ad be — ad 

. bn — dm dm — b?i . _ 

. - i — r •> before. 

be — ad ad — be 

Exerciso Cl. 

Solve the following equations : — 

1. .t:+7 = a 1 2 . ax^ry^b 1 3 - bx-k-ay=^h 1 

ax-\-bym^b^ j x-\-by—a j ax-by=a J • 

4 . ax^by 1 . . 5 .ax + by + c=o j (j,. K 1867). 

.r+7 = f j " aj^x + bjy + ei = o j 
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^ 9 . ax-^-by^c 1 
bx-ay—d / 




10 . 


7. nx-Vmy=^c 1 .r+>'=^? + ^ 1 

px-^^y=d J bx+ay= 2 ab} 


X y 
a b 

^ . y 

+ %=n 
c d 


11 . ■"+-?'=i 

b c 
ax bv 

=rO 

c a 


12 - ^+'J=i 

a b 
b a 


13. 


.r */ 

=2 

a b 

ax - by = — b'^ 


(M. M. 1884 ). 


14 W « 

14. — =« 

.r y 


px=^qy 


(c. L. 1885). 


15. 

a b — a 
X y 

z+ '-. = 7111 
b a -- b 


(m. m. 1891). 


b a 

16. ax + « I = . 

a ' V 


17- ^+J,=o.i*-^+4'/=^- 


18. + — =?« 

.r y 

a — c . // 

+ —n 

X V 


(M, M. 1883 ). 

(M. M. 1887 .) 


(»5. M. 1885). 

19. -5/>= a 

X ^ y I 

^ ’ I 

— 2 «i = - I 

,1 j/ I 


(A. K. r894). 


20. {a-l,)xHa+bh'-^^a--m (p. ,889). 

ax-by — a^-{-b^ J 


21. (a+b)x + (a-b)y = 2 a\ 
{a - b)x + {a + b)y — 2 b) 


(a. k. 1891). 


2 . + 

b+y a-hx““ 


2 s 

(k. m. 1879 ). ’ c-b ' 

c a-b c] 


(a.E. 1893 ). 


24. .'*+-=»/ 
^ J' 
ba 
4 ^-n 
X y 


(c. K. 1869). 


25. 

X y 

W’l^b 

X y 


(m.m. 1885 and 
A. E. 1892 ). 
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2 . 3 


5 . 

ax 


2 

6 / 


' 27 . 


a b 
a b 


x\ 

€ 

y 


) (A- E. .889). 
{(i^rb)v - {(i — b)x'=ab j ' 


(M. M. 1893). 


29 . {a-b)xHa^h)y^ 2 a{a^-b^^)\ 

zah{x +,v) — {d^ + b^\x -y) j 

30 - a{zx-y)’>irb{ 2 x +y) = c{ 2 x-~y) + d{ 2 X-\-y)^ i. 


11. EQUATIONS INVOLVING THREE UNKNOWNS. 

271 . Simultaneous Equations of three unknown quantities are 
solved by eliminating one of them by means of any pair of the 
equations, and then the sramr one by means of another pair ; we shall 
thus ha\e two equations involving the same two unknown quantities, 


which may nbw be solved by the preceding Rules. 

Ex. 1 . Solve 2;r-7».3j/ + 2/7=5 ] (0 

x+2y-3s=4 ,• (2) 

3;i:+ jy-4^^7 ‘ (3) 

Take any two of the equations, say (i) and (2) 

Bring down ( i ), 2.r - 3;/ + 25 = 5 (4) 

Multiply (2) by 2, 2,iM-4r -65=18 (5) 

Subtract (4) from ( 5 ), 7j' - 85 = 3 (6) 

Again, take any pair, say (2) and (3), 

Multiply (2) by 3, 3.r + 6v~92r= 12 (7) 

Bring down (3), 3X+ y-^s r^ 7 (8) 

Subtract (8) from (7), 5 (9) 

Divide by 5, y^\ s= i (10), 


Now, the equations (6) and (10) contain only j/ and .7. 

7y-Zz^3 1 (a) 

y~ ^ = ^ J (/}) 

Multiply (i8) by 7 and subtract it from (ct) ; thus 
7j'-83r=3 I 
7 j /- 7 y =7 ) 


— S’® — 4 <^tid 


4 - 
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From (lo) >/ = ::+ i = 5 and by isubslituling these values for v and 
j in any one of the given equations, .v = 6. 


Ex. 2 . Solve + y = 1 

y-\-z=d j- (2) 

-+-r = r ) ( 3 ) 


In this L.ise it would be convenient to add the three given 
etjuations, and thus deduce the value of .r+j)/ + ,7. 

I'lius, adcKlng, we have 2r 4-2r + 2r — + r 

Dividing by 2, r-\-y-\-::=^l{a-\‘b-k-c) (4) 

Subtracting (2) from (4), x~\{a-\-b-\-(:)-b-^ - bye). 

Similarly, yh - c) and G' = i(/» 4 “ 6 '- ^ 0 - 


Ex. 3. Solve .1 4-y — ^.vy | (1) 

yyz^byz (2) 

zyx^rzx I (3) 


Here, dividing (1) by .ij/, 



Similarly, from (2) and (3), | -H ^ = 

Now, solving these equations in and ^ as in the last e\am- 
•jjle, we obtain the values of .v, y and s. 


Thus, r= ", , , r — V and — . 

tr-byi - ayb-c bye -if 


1 . 


3 . 


4 . 


Exercise CII. 

Solve the following ecjuations . 

.L'-2y + 3::=2 \ 

2. r-3y+.7=i 

3. r-jy + 2r = 9 I 

.r + 5^-4- = 5 I 

3A--2_y + 2^=14 . (C. K . 1867). 

- io;r + 8j+.cr = 6 j 

.v-y^z^-iS ] 

yyxy 2 z = 4 o y (c. E. 1886) 

45 '- = - 1 50 j 


2. 2.r + 3y + 42 = 2o 
3.r + 4_)<+ 5^ = 26 
3.r4-iK + 6s = 3l 


/ 5 . S-J-'+ 3>'=65 
2y — z=ll 
3 .i- + 4 s =57 , 
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6. 3.r + 2|/-s’--^2o 

2 ,V + 3 V + 62 70 

r —y + 65 = 4 1 


7 . A' - j/ 4 --t= I j 

.r-2r + 4£r = 8 > (M. M. iS^ji 


.r-2r + 4- =8 
A'- 3 V+t>G = 27 


8 . 3V + A*-2 = 0 \ 

3:7-4>'-.i-+I5 K. 1883}- 

2 .r 4 - 7 ^' = 7 ) 


9 2A'-- 31'+ - + 1 — o 

5,r - 3;r = 6 
3 A- + 2 ;'=: 4 c' 

11. .i- + 2v = 7 I 

_.'+2i-2 

3r + 2j/^-r~j I 


v\i. M. 1888). 


^10. + 2'-- 5 

i-+v=^- 7-7 


la a: - 27- 5 1 

3 )' + 4;r*ii6 - (M M l8S<;: 

5:+6.r=2i I 

15 I 

}v + j!r-,:.r=S ■ (c. K. 1868) 

l.l-+,'4^=IO J 


12 . 3 . 1 + 41 '- 1 1 -o "i 

5 >'- 6 t+ 8=0 (( K. 1877 ). 

7'.-8r-i3-o j 

U. 3 (.i-- v) = 3i-2 j 
•-+i=. 3 (y+-) 


= •»(i -r) 


16 . ‘ + .'. + 1 = 6 

A r : 


■ 5 - '^+5=10 


(|5, M. l<S<;o). 


17. ‘■-'^'4-:=^7 

- 3 

X' z 

A - 4 - + - - I J 

2 3 

r-Hi'- -5 


18. ^+^+‘’ 

X V z 


4 “ - — — I 

X _V - 

2a ^ — o 


19. 1 4-j'- 3 'C'= -a 

£:4 A '“3 V'-= -/> . (.M. \i. j88i). 


20. x+f+z=j 
ax + ify-hc^^o 
a^x 4- 4- = ah 


(m. m. 1883). 


21. ,rj'=.v 4 -r 'I 

2 (.l-+^) [ 
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*’^ 25 . x \ 

;r - 

III. EASY PROBLEMS. 

272 . We shall now soK’e some problems whirh lead lo Simul- 
taneous Equations of one dimension with more than one unknown 
quantity. 

Ex. 1. The sum of two numbers is 50, and their diffeience is 
one-third part of the greater number. Find them. 

net .i'=the greater number and y- the less. 

liy question, .r + y = 5o ) (i) 

and .r -- y = }x J (2) 

From (2), we obtain 3.r-3 y=A' ; /. 2x=3j' (3) 

Substitute (3) in (i) ; thus J.y+^ = 5o, 

/. 3y-l-2y=Too; /, 5>'= 100 and y = 20 
Then, from (3) ;r=^ y — 30. 

Hence the numbers are 30 and ?o. 

Ex. 2 . A farmer sold to one person 9 horses and 7 cows foi 
3000, and to another, at the same prices, 6 horses and 13 cows 
for the same sum. What was the price of each ? (P..M. 1871). e 

Let :r=the number of rupees in the price of a horse, 


and^'=» - a cow. 

Then 9 horses cost 9-r /?j. and 7 cows cost ’]y Rs. 

, Hence, 9.1+ 77=3000 1 (i) 

Similarly, 6,r + i3jy=30oo / (2) 

Multiply (i) by 2 and (2) by 3 ; thus 

i8.r+i4y=6ooo 1 (3) 

i8;r + 39i/ = 90oo J (4) 


Subtract (3) from (4), 25^ = 3000, y= 120. 


22 . 


y-^rZ __ z-\-x 


’xy 

yz ^ zx 

23. 

a b 

lac 

-+ = 

. - 4 . - = 


.r y 

X z ( 


3 

i b 


(P- E. 1887). 


^ y - P 


24. ^ + = 5 

“ I ) ■“ K y *“ 2) = J4y(s’ -f 3 ) 

5 ) 
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Substituting in (i), 9^: + 840= 3000, 

/, 9.r=2i6o, and /, .r=»24o. 

Hence a horse costs 240 and a cow Rs. j2o. 

Ex. 3 . Find the fraction which becomes equal to i when the 
numerator is increased by 4, and equal to i when the denominator 
IS increased by 7. 

Let ,r = the numerator and ^ = the denominator. 

Then - = the fraction. 

y 

By cjuestion, "” = i 

Clear the equations of fractions ; thus we obtain 
2x + 8 = r I (t) 

5.r =jq-7 J (2) 

Subtract (i) from (2), 3r-8 = 7 ; 3.1'= 15 and -t = 5. 

Substitute the value of x in (i) : 
thus, io-f8 = r, Or r=i8. 

Hence the required fraction is rV- 

273. To represent algebraically numbers of more than one 
digit, we must remember that 45 means 4x10+5, and not 4x5. 
Hence the number, whose tens’ digit is x and units’ digit y, is- 
lOx+y, and not xy, for xy denotes X xy. 

Ex. 4. When a number consisting of two digits is divided b> 
the sum of its digits the quotient is 4, and if 27 is added to the 
number the number is inverted. Find the number. 

Let .v=!the digit in the tens’ place, 

* and units’. .. 

Then io.r+^ = the number required, and 

icy/ + .r=tlie number with the same digits inverted. 

lox + y . 

By question, -=4 | '0 

and io.r+^ + 27= iqy + .t j (2) 

From (i), io.r+_y=+r + 4y, or dr=3y ; /. 2x^ y (3) 

From (2), 9.r-9j/= -27, or -3 (4) 

Substitute (3) in (4), x- 2 x^ - 3 ; /. x^ 3. 

From (3)_>'=2.r-=6. 
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Hence, the re«.|'.iired number — 10x3 + 6-= 36. 

Verification. 'I'lie bum of the digits is 3 -^-6 or 9 

Thus, V- ~ 4 And 36 + 27^63. <,>. k. d. 

Ex. 5. Ten years ngo a father was sex en times as old as his 
->on, two > ear's hence twice his age will be ecjiial to fiv'e times his 
son’s. What arc their present ages ? 

Let X- the present age of the father in years, 
and r"-..€ son in years, 

'J'cn years ago, the hither’s age was {x- \ cars and the bon's 

age was ( - 10) years. 

liy question, .v — to = 7( v~ 10) (r) 

Again, two yeais hence, the father’s age w'ill be 1.1+2) years and 
tile son'b (j' + 2) years. 

By question, 2( r + 2)- 5( v + 2) ... (2) 

From (1}, we obtain .1-7/=^ -60I {3) 

Kroui (2), 2r-5v= 6j 

.Subtract iwii'e 3) from (4), <) y= 126, and ' r= 14. 

From (3) x — 7 v - 60 - 98 - 60 = 38. 

Hence, fathers present age is 38, and sons 14 xears. 

Verification. Ten years ago, the father was 28 and son 4 
years ; and 28 = 7 x 4. 

Hi Again, two yeais hence, the father will be 40 and son t6 yearb ; 
ind 2 X 40 = 80= 5 X ]6. (,). L. ]). 

Ex. 6. A person spent gs. in buying apples at the rate pf 7 it. 
per dozen, and oranges at 20 a shilling. If he had bought two-thirds 
-as many apples and twice as many oranges, he would hax e had to pay 
13.9. 4^. How many of each did he buy ? 

Let .r=sihe number of apples, ' 

and 9^'= oranges. 

The cost of each apple is and the tost of each orange is 
or Also 9 S'. - io8rf. and 13^. 4^.= 

F>y question, vy-A' + '59 — \ •• -(i) 

'' and tV X § r + "^ X zy— 160 J (2) 

Multiply (0 by 2 and subtract (2) from it; we thus get 
TTA'-.Vtr = 2Xio8-i6o«56; /, .1=72. 

Substituting x in (i), we have 

42 + ?9'=io 8; /, ^'=66 and /• y^no. 

Hence, he bought 72 apples and 1 10 oranges. 
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Ex. 7 . A sum of money was divided equally ainon^ a certain 
number of persons, had there been six more, each would ha\e 
received a shilling less, and had there been four fewer, each would 
have received a shilling more than he did ; find the sum of money 
and the number of men. 

Let a ~the number of persons, 

and r = shillinys whi( h each received. 

'I'hen .rr = the number of shillings in the *sum of money wlmh 
was divided. * 


lly question, (a -i-6)( i'- i )=xj' 1 (i) 

and (.t -4)(j/+i)=.rj' j (2i 

Krom (i), we ha\e Ay + C)j'— i — 6 = a c ; 

/. 6 r “. r --“-6 

I’rom (2), ue have Ay— 41'+ i — 4=.-.rr ; 

(4,' 


f rom (3) and (4}, by addition, 2r--= 10 ; ,\r - v 
.Substitute the \alue of v in (3) ; thus 30-^1 =6 ; /, r “ 24. 

Hence, ihcie were 24 men, 

and sum flivided was (24 x 5) shillings — 


Ex. 8 Tv\o passengers have together 5 cut. of luggage, and aie 
< barged for the excess above the v^eiglit allowed 5^. 2d and ().\. lod 
lespectixely ; if die luggage had all belonged to one of them, he 
would have been charged 191. 2//. How much luggage is each 
passenger allowed to tarry free of ( barge? And how miu h luggage 
had each passenger? (('. K. itSyy). 

Let a — the no. of cw'l. of luggage the first passenger had : 

then 5 - .1 = . . . second 

Also let r = no, of cavt of luggage each passengei is allowed to 
can y free of charge ; 

and let :r=:tlie charge per cw 4 . for excess luggage (in shillings). 

Then, the excess lug'gage carried by the first |)a«sen^^er is (x-y) 
cwt., for which he has to pay (a — ji^):' shillings. 

The excess luggage carried by the second passenger is (5 
cwt., for which he has to pay shillings. 

If the luggage had all belonged to one p.'isseng-er, the excess 
luggage carried by him would have been (5 — 9') t 'vt., for which he 
would have had to pay (5 —y)^ shillings. 

Hy question, {x-y)c=: 5^ 'j (0, for 5J. 2c/. = 5^.5. 

(5 -.x'-- 9 ')' 7 = 9t. f (2), for 9J. iod. = ()?,s. 

and (5 -r).c= 19^*. j ... . (3), for tQ.v. 2c/.= 19/; 9. 
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Dividing (2) by (I), 1= ' 

i'(i-x-y)=S9{x-y) 

Again, dividing (3) by (r), = ~= V-' ; 

3I(5-J')=H5(a--j/) 

Siibiractinjj (4) from (5), 31^:= 56(-r— ^), 

/. 25 a -~56 j / = o 

From (4), ()ox - 2Sf =155; 

Multiplying by 2, 180.1 ~5fy/ = 3io. . . . 


( 4 ) 

( 5 ) 

( 6 ) 
-( 7 ) 


Subtract (6) ft 0111 (7); i55.r = 3io, and ;r=2. 
Therefore from (6), y — l lx — I 


Hence, the first passenger had 2 cwt. and the second 3 cwi. ; 
and each passenger is allowed to carry free of rrharge cwt. or 
100 lbs. 


Exercise CHI. 

1 . The sum of two numbers is 124, and their difference 20. 
Find them. 

2 . The sum of two numbers is 100, and twice the less exceeds 
the greater by 5. Find the numbers. 

3 . If 7 yards of stuff and 17 yards of silk together cost A’r.133. 
8a. and 12 yards of stuff and 7 yards of silk cost As-.gC, what are the 
prices per yard ? 

4. What fraction is that, to the numerator of which if 7 b/j 
added, its value is f ; but if 7 be taken from the denominator, its 
value is t ? 

5 . A bill of 25 guineas was paid with crowns and half-guineas ; 
and twice the number of half-guineas exceeded three times that of 
the crowns by 17 ; how many were there of each ? 

6 . Find a fraction such that if i be subtracted from its 
numerator, the value will be ^ and if 6 be added to the denominator, 
the value will be (c. K. 1858). 

7 . A person has two horses and a saddle worth /i’j.75 ; if the 

saddle be put on the jfirst horse, his value becomes double that of the 
second ; but if the saddle be put on the second hoxsG, his value will 
not amount to that of the first horse by Rs 350. What is the value 
of each ? (c. E. 1859). , 
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8. A’j'.i lOo are so divided among A, B and C, that if A were to 
^Mve B 7 ?j.2oo, B would then have twice as much as A, and three 
times as much as C. How many rupees did A, B and C each receive 
originally ? (c. K. 1872). 

9 . A says to B : 'rwo-fiftlis of my salary is of yours, and the 
difference between our salaries is A\i\6oo. What is A’s salary ? 
(A. E. 1894). 

10 . What fraction is that which, if i be added to^ the numerator, 
becomes i, and if 1 be added to the denominator, becomes i ? 
ic. K. 1862). 

11 . A and B received £$. 17s. for their wages, A having been 
employed 15, and B 14 days ; and A received for working four days 
1 i.r. more than B did for three days : what were their daily wages ? 

12 . A draper bought two pieces of cloth for A\r.i26. 8rt., one 
being A\v. 4 and the other A’.C4. Sa. per yard. Me sold them each at 
an advanced price of AV.i per yard, and gained by the whole Ks.^o. 
What were the lengths of the pieces r 

13 . Find three numbers A, B, C, sufF that A with half of B, B 
with a third of C, and C with a fourth of A, may each be 1000. 

11 A rectangular l)owling-gieen having been measured, it was 
observed that, if it weie 5 feci broader and 4 feet longer, it would 
(-ontain 116 squaic feet more ; but, if it were 4 feet broader and 5 
feel longer, it would contain 113 square feet more. Find its present 
area. 


16 . '1 be sum of three numbers is 24. The gicatest exceeds the 

least by 4, and the other number is half the sum of the greatest and 
least. Find the numl)c*rs. 

16 . A certain resolution was earned in a debating society l)y a 

majority which was equal to one-third of the number of votes given 
<fn the losing side ; but if with the same number of votes, 10 more 
votes had been given to the losing side, the resolution would only 
have been carried by a majority of one ; lind the number of votes 
^;iveii on each side. in. M. 1889). , 

17. A shop keeper sold to one person 30 maunds of iice and 
40 maunds of oats for yv"j.i35 ; to another person he sold 50 maunds 
of rice and 30 maunds of <jats for A’j.170 ; find the price of iice and 
oats per niaund. 

18 . Seven years ago A was three times old as B was, and 
seven years hence A will be twice as old as B will be ; find their 
present ages. 

19 . Four times A’s age exceeds B*s age by 16, and one-fifth of 
As age is equal to one-sixteenth of B’s age. Find their ages. 
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20 . A's age is twice B’s. Four years hence B’s will be twice C’s^ 
and 12 years after that A’s will be twice C’s. Find their present ages, 

2 1. Divide the numbers 8o and 90 each into two parts, so that 
the sum of one out of each pair may be 100, and the difference of 
the others 30. 

22 . T he sum of the two digits of a certain number is six times 
their diffcienre, and the number itself exceeds six times their sum^ 
by 3 ; find it. 

23 - fhere is a number of two digits, which, when divided b) 
their sum, gives the quotient 4 ; but if the digits be inverted, and 
the number thus formed be increased by 12, and then divided b) 
their sum, the quotient IS 8. Find the number. (M. \i. 1858). 

24 . The united ages of a man and his wife are six times the 
united ages of their children. Two years ago, their united ages were 
lerv' times the united ages of the children, and six yeais hence their 
united ages will be three limes the united ages of the children. How 
many children l^iive they r (ic M. 1891). 

25 . The dimensions of a rectangular court arc sucli that if tlie 
length were increased by 3 yards, and the breadth diminished by the 
same, its area would be diminished by 18 square yards, and if its 
length were increased by 3 yards, and its ))ieadlh increased by the 
same, its area w'ould be increased by 60 square yards ; find the 
dimensions, (c. K. i888\ 

26 . A person spent in buying mangoes at A*s .6 pei 

hundred and apples at AV. i. ?>a. per dozen: if he had bought three 
times as many mangoes and a ((uarter of the number of apples, he 
would ha\e spent A’-v.29. How' many of each did lie buy? 

27 . 'fhere is a number, the sum of w hose digits is 5, and if' 10 
times the digit in the place of tens he added to four times the digit in 
the place of units, the number w'ill be inverted. What is the 
number? (c.K. 1868'. 

28 . A certain number consisting of two digits becomes j 10 
when the number obtained by reversing the digits is added to it ; 
also the first number exceeds unity by five times the excess of the 
second number over unity. What is the number ? (ic m. 1884). 

29 . A number consists of twm digits. When the number is 
divided b) the sum of the digits, the quotient is 7. The sum of the 
reciprocals of the digits is nine times the reciprocal of the product 
of the digits. Find the number, (m. m. 1887). 

30 . Reverse the digits of a number and it will become five- 
si-xths of what it was before ; also the difference between the two 
cligils is one. Find the number, (c. K. 1883). 

31 . There are three numbers, such that the jv/zz; of the first and 
second divided by their f 7 oduct is .j ; the sum of the second and 
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third divided by their product is A ; and the sum of the first and third 
divided by their product is j-. Find the numbers. (C. E. 1859). 

32 . A certain company in a tavern found, when they came to 
pay their bill, that if there had been three more persons to pay the 
same bill, they would have paid one shilling^ each less than they did ; 
and if there had been two fewer persons they would have paid one 
^hillinR each more than they did; find the number of persons and 
the number of shillings each paid. 

33 . A grocer bought tea at io.f. per lb. and coffjpe at 2J. bd. per 

Ib., to the amount altogether of ^^31. 5^. : he sold the tea at Ss per 11 >. 
and the coffee at 4.s-. bd. per ib., and gained £3 bargain : how 

many fbs. of each did he buy ? 

34 . A train left Calcutta for Allahabad with a certain number 

of passengers, 40 more second-class than first-class ; and 7 of the 
former would pay together /\V.i less than 4 of the latter. The fare 
of the whole was >^^.550. Hut they took up, half way, 35 i|iore 
second-class and 5 first-class passengers, and the whole fare now 
received was \ as much again as before. What -\<»as the first-class 
fare, and the *vholc number passengers at fiisi ? ^ 

35 . A niimbei' consists of three digits whose sum is 10. The 
middle digit is equal to the sum of the other two ; and the number 
will be increased by 99, if its digits be reversed. Kind the number, 
(a M. 1888). 

36 Find that number of three digits which is the same when 
reversed, and the sum of whose digits is 16 and the difference 2. 
(C. K. 1883). 

37. Two men start from tuo places 48 miles apart. When they 
travel in opposite directions they meet in 4 hrs. 48 min. ; when they 
travel in the same direction, one overtakes the other in 9 hrs. 36 min. 
Find their rates of traA clling. 

38 . If £2. ns. bd. IS paid in florins and half-crowns, the number 
of coins being 24, how many are there of each 

39. What fraction is that which becomes equal to one-half or 

one-third, according as its numerator and denominator are both 
increased by 2 or both diminished by 2 ? , 

40 . A sum of ;^i2. i 8 .f. might be distributed to the poor of a 
parish by giving A a crown to each man and 15. to each woman and 
each child, or A a crown to each woman and is. to each man and 
each child, or a crown to each child and u. to each man and each 
woman ; how many were there in all ? 

41 . A person spends lile.j. 14 a. in apples and pears, buying 
the apples at four, and the pears at five an anna ; and afterwards 
accommodates a friend with half his apples and a third of his pears 
for 13 annas. How many of each did he buy ? 


M.A. — 1$ 



226 


MATRICULATION ALGEBRA. 


42. A party was composed of a certain number of men and 
women, and, when four of the women were gone, it was observe^ 
that there were left just half as many men again as women : they 
came back, however, with their husbands, and now there were only 
a third as many men again as women. What were the original 
numbers of each ? 

43. Having ^.c.45 to give away among a certain number of 
persons, I find that if I give Rs.^ to each man and Re. i to each 
woman, I shall have Re.i too little, but that, by giving Rs.z. to 
each man and Re.i. Sa. to each woman, I may distribute the sum 
exactly. How many were there of men and women ? 

44. A party at a tavern, having to pay their reckoning, and 
being a third as many men again as women, agree that each man 
shall pay half as much again as each woman , but. a man and his 
wife having gone off without paying their share, 10^., the rest had 
each to pay 2 d. more. What was the reckoning 

46. A and B lay a wager of Rs.io ; if A loses he will have as 
much as B will then have . if B loses he will have half of what A 
will then have : find the money of each. 

46. A man receives AV.i. 12 a. for every day that he works, but 
is fined Sa. for every day that he is absent. After 20 clays he receives 
the same wages that he would have earned by steadily working for 
1 1 days. How many days was he absent from work ? 

47. A traveller walks a certain distance. Had he gone half a- 
mile slL hour faster, he would have walked it in four-fifths of the 
time ; had he gone half-a-mile an hour slower, he would have been 
2i hours longer on the road. Find the distance, and his rate of 
walking. 

48. In going the shortest way from A to B, a man had to go 
back one mile to pick up something he had dropped, and took 
3} hours over the walk. He went back by a route which was half-a- 
mile longer and took 3 hours over the return walk. Find his rate 
of walking, and the shortest distance from A to B. 

49. The sum of the digits of a certain number, less than 100, 
is II and if the digits are reversed, the number is diminished by 9. 
Find the number. 

50. ^ man does a journey in a motor car at a uniform speed 
in 6 hours. On his return he is delayed at half-way for half-an- 
hour, but quickening his pace by 3 miles an hour does the journey 
in the §ame time. Find his original speed and the length of the 
journey. 



CHAPTER X. 

CO-ORDINATES AND GRAPHS. 

I. AXES OP CO-OBDINATES. 

274. Let XOX', YOY' be two straight lines cutting at right 
angles to each other in O, thus dividing the plane in which they 
are into four spaces XOY, YOX', X'OY\ Y'OX, which are called 
the first, second, third and fourth quadrants respectively. Take 
a point P in their plane, and draw PN, PM perpendicular to XOX' 
and YOY' respectively. 

Let PM or ON=Ar, and PN or OMs=^. 

'fhen, for this point P, x and jy are definitely fixed ; and 
.conversely, when x and y are given, the position of the point P is 
definitely determined as the point of intersection of the perpendiculars 
iNP and MP. 



The numbers x and y are called the co-ordinates of the 
point P. The lines XOX\ YOY' are the axes of co-ordinates, 
or more briefly, the axes ; they are taken as lines of reference and 
are called the axis of x and y respectively. The point O is 
called the origin, and is the point (o, o). 

X is called the abscissa, and / the ordinate of the point P, 
and P is briefly described as “the point (jr, y)” In thus describing 
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the position of a point the first co-ordinate is the abscissa and the 
second the ordinate. 

276 . The values of .r are measured from O along the axis 
of A', according to some convenient scale of measurement These 
values are positive when drawn to the right of O along OX and 
negative when drawn to the left qf O along OX'. The values of 
y are positive when drawn above XX' and ncifatwc when drawn 
below XX', 

Thus, if the co-ordinates of a point be given by ;r=6, and 
; mark o^' ON = 6 units of length along OX, and OM=4 units 
of length along OY and draw through N and M straight lines 
parallel to the axes meeting at a point F. Then PM = ON = 6 and 
PN= 0 M = 4, and therefore the position of the point P is determined 
Similarly, any pair of corresponding values of x and y will deteiinine 
a point relatively to the axes. 

276 . The process of marking the position of a point on the 
diagram by means of its co-ordinates is called plotting the point. 
This process is made very easy by using squared papn\ as shewn in 
the following Examples. 

Ex. 1 . Plot the puiniij 

0 ) A ( 5 , 4 ); (ii) B (-5,5;; (m) C (-5,-3); (iv) D (3,-5)."^ 

(i) To plot A move 5 units to the 7 'iglit^ then up 4 ; the resulting 
point is in the first quadrant. 
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Fig. I. 


(ii) To plot B move 5 units to the left,, then up 5 ; the resulting 
point is in the second quadrant. 

(iii) To plot C move 5 units to the left, then down 3 ; the 
resulting point is in the third quadrant. 
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(iv) To plot D move 3 units to the rights then down 5 ; the 
resulting point is in the fourth quadrant. 


Ex. 2 . Plot the points P (8, 9), Q (-4,4); and find the 
distance between them. 

Heginning from O move 8 units to the rights then up 9 ; this i^ 
the point P. 

Move 4 units to the /<//, then up 4 ; this is the point Q. 

With centre P and radius PQ describe a circle cutting the 
horizontal line through P at the point R. 

'The length reqd. = f^Q = PR = 1 3 units, from the diagram. 


('Ir we may proceed thus : — 

Draw through Q a line parallel to XX' to meet the ordinate of 
P at S. Then PSQ is a right-angled in which QS=i2, and 
PS^5. 


\0W PQ‘^-PS‘-^ + QS'^==5‘‘i+r2- 

•-=2S + i44-=i^'>9 ; PQ*I3- 


[Pig. I. 


Ex. 3 . Plot the points A (8, 12), B (-7, 12), C(~7, --6), D 
(8,-6) ; find lengths of the sides and the area of the quadrilateral 
ABCD. 

After plotting the points as in the diagram below, we dearly .see 
that ABCD is a rectangle. BA, CD are eacli 15 unit.s and DA, CB 
are each 18 units. 



Fig. 2. 
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The rectangle is divided by the horizontal lines into i8 strips, 
and each strip contains 15 small squares ; the area of ABCD is 
therefore 18 x 15 or 270 times the area of a small square. 

In the diagram, since one division in the paper is one-tenth of 
an inch, therefore, the number 15, which gives the length of BA or 
CD, represents 15 tenths of an inch; BA, CD are therefore 1*5". 

^^Similarly, DA, CB are 1*8". 

The area of a small square is one-hundredth of a square inch ; 
therefore the area of ABCD is 270 hundredths of a square inch, 
that is, 2*7 square inches. 

Ex. 4 . Plot the points A (4,8), B (9,-5), C (-7,-5); find 
the area of the triangle formed by joining these points. 

Plotting the points as shewn in the diagram below, we find that 
BC=i 6 units, and AD, the perpendicular from A on BC = i 3 units. 
Hence, 



Fig. 3. 

Area of the A ABC = i BCxAD = ^ x 16x13 square units 
= 104 square units = 1*04 square inches. 

Ex. 5. Plot the points A (17, o-6), B ( - 0*9, i *6), C ( - 1 * 5, ~ 0 4) ; 
D (o*8,-o'9) and find the area of the quadrilateral ABCD. (Scale 

Plotting the points as directed and drawing lines parallel to the 
axes (as shewn in the diagram below by dotted lines), the quadrilateral 
ABCD is divided into four right-angled triangles ,and a rectangle. 
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^ ABE^i AExBE-iX2*6x 1 = 1*3 square inches. 
^ BFC = ^ CF xBF = i X ^x 3= -6 „ *„ 

^ CDG = J CG xDG = i X2*3X *5- *575 „ „ 

^ DAH = ^ AH xDHs^ X -qxrsw *675 „ „ 

rect. EFGH*= EFxEH = ixi7 ♦=3x7 „ „ 

/, the area of ABCD *4*85 square inches. 


Fiff. 4. 


232 


MATRICULATION ALGERRA. 


Exercise CIV. 

1. Plot the following points on squared paper : — 

(7, 8), (o, 9), (-8, 9), (3,-8), (-5,-3), (“5, S)- 

2 Plot the following pairs of points and draw the line which 
joins them : — 

(I) (7, 6), <3, -8). (2) (-3. 5), (-5, 3)- 

(3) (-6,7), (3,-8). (4) (6,8), (-2,-4). 

(5) (-2, o), (0,-8). (6) (o, o), (-8,-10). 

3. Plot the points (5, 2), (5, i), (5,-2), (5,-4), (5,-3) and shew 
that they all lie on a straight line parallel to the ajds of Y. 

4. Plot the points (8, 12), ( - 7, 1 2), ( - 7, - 6', (8, - 6) and find the 
sides and area of the figure formed by joining the points in succession. 

5. Plot the points (3, 4), (3,-4), ( - 3, 4), (- 3, -'4)- Determine 
the number of square units in the area of the figure formed by 
Joining them. 

6 . Plot the following pairs of points, and determine the co- 
ordinates of the mid. points of the lines joining each pair : — 

(i) (3, 4), (3,-4). (2) (4, 3), (12, 7). 

(3) (-8,0), (0,-10). (4) (-3,5), (-5, 3). 

7. Plot the following points, and calculate their distances from 
the origin : — 

(I) (6, 8). (2) (-15, -8). (3) (-7, 24). (4) ( 3 , -8). 

8 . Plot the following pairs of points, and in each case find the^ 
distance between them : — 

(i) (9, 8), (-10, 19). (2) (15, o), (o, 8). 

(3) (15,-12), (-15, 4). (4) (JO, 4), (-5, J2). 

(5) (o, o), (15, 20). (6) (20, 8), ( - 15, o). 

Verify your results by measurement. 

9. Find the perimeter of the triangle formed by joining the 
points (7, 9), ( - 1 1, 20), ( - 17, - 5)- 

10. Draw the figure whose angular points are given by 

(13,0), (-13,-15), (15,- IS), (is, o)- 

Find the lengths of its sides and the area of the figure. 
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11 . Plot the three points in each of the following examples and 
find in each case the area of the triangle of which the three points 
are the vertices : — 

(0 (-15.-JS). (1S.-15), (o, 10). (2) (12, 14), (-14, 4), (12.-8)- 

(3) (10. 5 ). (-6. 5 ). (6, 17)- (4) (13. o), (o, 8), (13, 8). 

12 . Plot the following points : — (scale r''=i). 

(I'S. 2-5); (- 3 ' 2 ,-i- 3 ); (-2-3, I‘ 4 ): (2-J.-1'6)- 

13 . Plot the following four points in each case and find the 
-ides and area of each quadrilateral. 

(0 (27, 3), (o- 4 , 3). (0-4, -1-2), (37,- 1-2). 

(2) (1-8, 1-3), (-2-4, 1-3), (-2-4, -07), ( 1 - 8 , - 07 ). 

14 . Plot the two following series of points : — 

(>) ( 5 . o). ( 5 , 2), (5, 5), (5,-1), (S, - 4 )- 
(ii) (-4, 8),(-i,8), (0,8), (3, 81,(6, 8). 

Shew that they lie on two lines respectively parallel to the axis 
of r, and the axis of .v. Find the co-ordinates of the point in which 
they intersect. 

15 . Plot the following five points and shew experimentally th l 
they lie on a straight line. 

(o, lo), (r, 12), (3, 16), (-2, 6), (-5, o). 

16 . Plot the points (15, o), (19, 6), (10, 14), (-14, 8) and find the 
area of the quadrilateral formed by joining them. 

17 . F'ind the area (in squares of your paper) of the figures 
formed by joining the following points ; — 

(0 (o, O), (17, o), (o, 12). (2) (13, o), (o, 8), (t3, 8). 

la Plot the points (3, 4), (4, 8). Join them, and write down 
the abscissic of the points on this line whose ordinates^are respec- 
tively o and 12. Write down also the ordinates of the points whose 
al)scissa,‘ are respectively 1'$ and 3*5. 


II. GRAPHS OP STRAIGHT LINES. 

^ ' 277 . Any expression involving x is called a function of x and 
is usually denoted by f{x\ If y represent its value, then, from 
the equation ysif (x\ by giving to x a series of numerical values 
(generally increasing by small differences) we may obtain a corres- 
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ponding series of values for y. Now, if these values of x and y 
be marked off as abscissse and ordinates respectively, we can plot 
a series of points in succession. By joining all these points in 
succession we shall obtain a line, either straight or curved, which 
is called the graph of the function f{x\ or the graph (properly 
locus) of the equation y^f{x). Thus, the graph of X\x^ function 
3:r4-4 is the same as the graph or locus of the equation /=3^+4. 

278 * It is worth while to notice here that all graphs of linear 
functions^ /.<?., ifrapks obtamed from equations of the first degree^ are 
straight lines. The following points, as regards graphs of straight 
lines, are very important and should be committed to memory. 

(i) The co-ordinates of the origin are (o, o). 

(ii) If a point lies on the axis of .r, its ordinate is o. 
if\\) If a point lies on the axis of /, its abscissa is o. 

Thus, the graph of jc = o is the axis of y; and the graph of 
y=o is the axis of jc. < 

(iv) The graph of = where a is constant, is a straight line 
parallel to the axis of y and at a distance a from the axis of y, 

(v) The graph of U — b, where b is constant, is a straight line 
parallel to the axis of x and at a distance b from the axis of x, 

y 

The student should illustrate (iv) and (v) by drawing graphs 
of .r=5, x=^-S and so on ; and also by drawing graphs of >'==3» 
yss -y and so on. 

Ex. 1. Draw the graph of y=x. 

When .*=0,^ = 0 ; thus the origin is one point on the graph. 


Also, when x— i, 2, 3, - i, -2,-3, 

2, 3, I) “ 2, — 3 » ••• 


Thus the graph passes through O, and represents a series of 
points each of which has its ordinate equal to its abscissa, and 
is clearly represented by the straight line POP' in Fig, 6. 

Ex. 2? Draw the graph of y^^yc. 

Tabulate the values of x and j/ as follows : — 
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Figr* 5- 


On joining the points thus found, the required graph will be a 
straight line of an unlimited length through O the origin, as shown 
in Fig. 5. 

Ex. 3 . IMot the graph of v — .r — 4. 

Tabulate the values of x and y as follows : — 


• -r= 3:211 0 -T ~2 

1 ■ ' ■ ■ 




Fig. 6. 
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Joining these points, we obtain the line MN, parallel to that in 
Ex. 1. as shown in Fig. 6. The distances ON, OM (usually called 
intercepts on the axes) obtained by separately putting ;r = o, 
7“0 in the equation of the graph. The value of y obtained by 
putting .r = o gives the intercept cut off from the straight line OY, 
while the value of x obtained by putting y^o gives the intercept 
cut off from the straight line OX. 

Note.—: rh(' student should notice that he could have saved the trouble 
■of plotting the positions of several points If he could find the positions of 
■only two particula! points (which it ;s generally easier to find) namely the 
points where the graph cuts the axes. Because as it is known that the graph 
of a linear ctjunfion is a straight line, only two points in it will suffice to 
delerinine the whole straighi line, since all that he will then have to do is 
to join those tw«> points and to produce the join indefinitelv both ways. 
(Art. 2Si). 

Ex. 4. Draw the graph of the expression 21+3. 


o 



Fig. 7 . 


Now plotting the points, we notice that they lie in a straight line* 
This straight line, produced indefinitely both ways, is the required 
graph, as shown in Fig. 7. 



AVhen 


j.ei y = 


.r= I -6 


y^. 


-9 , -3 
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Ex. 6. Draw the graphs represented by the equations ; — 

(i) 3 _y=> 4 x. (ii) 3 jy = 4 .v + 6 . (iii) 4j' + 3.r=8. 

Putting the equations in equivalent forms, we have 

0)y=^- (ii)i'=J + 2 - (iin . 

In (i) and (ii) find values of ^ corresponding to 

o, 1, 2, 3, 

and in (iii) find values of j' corresponding to 
.r= -2,-1, o, I, 2, 3. 

Thus, we have the following values of j' : — 

In (i) j^'=--4,-2j,-i^, o, U, 4. 

In (ii)^=~2,- i, 1 , 2, 3J, 4^’, 6. 

In (iii) .>'= 3i, 2% 2, Lf, i, 

In plotting the corresponding points it will be found convenient 
to take three divisions of the paper as our unit in (i)and (ii) rind foin- 
divisions as our unit in (iii). 

The graphs are given in Pig. 8 below. 



Fig. 8, 
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Exercise OV. 

1 . Trace the graphs corresponding to the followiiig equations : — 
\/(2)^-2A' + 4. (3)>'=2*’-4- (4)j'=‘-2X. 

(5) }'=x+6. (6)/-jr=5. (7)j'+x=o. (S)j'-- 2 x+ 3 - 

5 >= 9 >*'- (to)_y=2x + i. (II) 7x- 3 jf^o. (12) _y=- -2X-3. 

(13) ay-to+S- V ( 14 ) .*’-3J'=6. x>^5) 3^+4J'=o- 

^(16) 3j)r+4^=I2. (17) 3.r-2.j'-4. ^18) 4 X- 2 j' + 5 

j^g) 4 x+J'=9' n^2o) 2J'=6+x. <\2i) 6j'=3x-S- 

' 2 . Draw the graphs of =5 and 4^v + 3j/=7 and shew 

that they intersect at right angles. 

3 - Kind the area included by the graphs of 

_y=;r4-4, ~.v + 4,J'= --^^4, 

taking one- tenth of an inch as the unit of length. 
y 4 . What is the locus of a point in the following cases : — 

(i) when its at is always — 4? (ii) when its^ is always — 4? 
5. Draw the graphs of the following equations : — 

.v+^ = 5, 2x-jy-^io, 2.r4-3j/= -30, 3jj'-.r=i5. 

If the paper is ruled to tenths of an inch, find the area of the 
space enclosed by these lines. 


279. Equation of a Straight Line. Kvery et[uation of the 
first degree involving x and jy only represents a str'iii^hi line. Its 
most general form is ax -\-dj' + c — o, and is said to be a linear 
equation. 

280 . As the equation 4-^ V 4 *^ =0 can be reduced to either of 

the forms y = ax it follows that 

(i) for all numerical values of a the equation y=s(ix represents 
a straight line passing through the origin ; 

(ii) for all numerical values of a and the equation 4 -^ 

represents a straight line parallel to that given by y=^ax. As the 
latter passes through the origin, the former lies d units above it 
(the distance between the lines being measured along the axis of y) 
when d is positive, but below it when d is negative. 

Jn eifher case, a is called the gradient or slope of the line. 

281 . As a linear equation always represents a straight line., and 
as only one straight line can be drawn through two given points, we 
need only determine any two convenient points and the graph is 
the straight line joining them. Moreover, the student should care- 
fu 9 y notice the fact that a point does or does not lie on a graph 
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according as Us co-ordinaies do or do dot satisfy the equation of the 
graph. 

1. Shew that the points (-2, 10), ( (2,- 10) lie on 

straight line, and find its equatipn/ 

Let v—ax-\-b ^ be the required equation. As it passes through 
the first two given points, their co-ordinates satisfy the above equation. 


Substituting - 2, 10, we have 

10— -2a‘\-b Ji) 

Again, substituting ;r= - i, j~5, we have 

5= -a-^b (ii) 


Now, solving equations (i) and (ii), we get 

a=^ - 5 , b—o. 

Hence y^ - or =0, V" 

(s the equation of theTine passirig through the first two points. 

Since = 2,^*= — 10 satisfies this equation, the line also passes 
through (2, — Jo). 

282 . Since a straight line can be drawn when any two points 
on it are given, sometimes we can conveniently draw a linear graph 
from the equation of a line by marking its intercepts on the axes, 
which may readily be found by putting .r=o, y’=o^ successively in 
the equation. 

Ex. 2 . Draw the graph of 3y-jr=6. 

For the intercepts on the axes, we have 
when^==o, x= -6 (intercept on the ;r-axis), 

• and when ;r=o,^ = 2 (intercept on the^-axis). 

Hence, the graph can now be drawn by joining the points 
P(-6, o), Q (o, 2), as shown in Fig. 5. 

283. Measurement on Different Scales. We have hither- 
to measured abscissae and ordinates on the same scale, bu^'' 
points have often to be plotted whose co-ordinates differ pnsiderably 
in magnitude. In such cases the plotting of points on the 
same scale requires either a very small unit lenjijth or a very 
large diagram. To obviate these, it will be found convenient to 
measure the 4^ariables namely x and y on different scales, but before 
making our choice we should find out as far as possible the greatest 
■numbers that have to be represented. 
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Ex. 3 - Draw the graph of 1 3A' + 6. 

When X has the values “ 2, 3, 

the corresponding values of y are -7, 6, 19, 32, 45. 



Fig. 9. 

I'hus, we see that some of the ordinates are much laigei 
than the abscissa*, and rapidly increase as x increases. Here, 
equal horizontal and vertical units would give an inconvenient 
representation, 'fo obviate this difficulty, take 1 inch along OX ^is 
the ,r-unit but let i inch along OY count as 20 j'-units. 'I’he required 
graph is shown in Fig, 9 above, where the line has been drawn 
by joining the points (o, 6), (2, 32). 

284. Interpolation. If one co-ordinate of an intermediate 
point on a graph accurately drawn from its plotted points be given, 
we can determine (without calculation) its other co-ordinate by 
measurement ; but, in some cases, the results so obtained will onl> 
be approximate. 

.■ Ex. 1 . . F rom the graph of the fuacJtion i3:rd-6, find its value 
iSwhen .r — 1*4; also find for what value of .r the function becomes 
equal to 14. *' 

Fut y = isx + 6 y then the required graph is that given in Fig. 9. 

Now we see that at the point P and here ^=*24, nearly. 

Again, 14 at the point Q ; and ;ir=OR*60*6i approximately. 
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Exerciso CVI. 

l.r P'ind the equations of the straight lines through the following 
pairs of points : — 

(0 (5, 6), (-5,-3)- ( 2 ) (3, 4 ) (- 2 , 6), ( 3 ) (6, 7 \ (-3, 7)- 

( 4 ) (8.-I'5). (IO.-3)- (5) (-4, o), (- 2 , 3 ). v^) (- 5 ,- 4 ). (3'2, i’4) 
( 7 ) ( - 2 , 1 1 ), (6, - 5 ). (8) (6, - 4 ), ( - 7, - 3)- 

* 2 . Shew that the three points (3,-1), (-2, 4), <5, -3) are in a 
btraight line, and find the equation of the line. 

3. Find the equation of the graph which passes through the 
points (o, 4), ( - I, I), (‘3, 4 9), (2, 10), (*8, 6*4). 

4 . Find, without draw'ing the line, which, if any, of the points 

0 , 2 ), ( 4 , 3 ), (-2,-2), (8, 6), (5,-4), lie on the line given by the 
ecfuation 4 ^— 5 y«= 2 . 1 ^ 

26 — 2jir *1" 

5. Draw^ the graph of the function . ’ From the graph 

find the value of the function when x = P? ; also find for what value 
of X the function becomes equal t o 8 . 

6- Draw the graph of ^ From the graph find the value 

of the function when x^^y^ ; also find for what value of x the 
function becomes equal to 1*1. 

7. Find, without drawing the line, which of the given points 
(o, 2), (- 4,-4), (4, 3), (2, 5), (4, 8) lie on the straight line represented 
by the equation 3^ — 2ji'-h4 = o. 

8. Find the equation of the graph which passes through the 
points (o, -5), (*5, -4), (i, -3), (3, i), (3-2, 1-4), (3-6, 2-2). 

9. What arc the equations of the lines forming the sides of the 
triangle whose angles are at the points (i, 3), (2, - i}, (-3, 4) ? 

10 . l^y careful plotting and measurement find the length of the 
perpendicular drawn from 

(1) the point (4, 5) upon the straight line yr f 4j/*= 10. 

(2) the origin upon the straight line i. 

Ill, APPLICATION TO SIMULTANEOUS 
EQUATIONS. 

285 . If two simultaneous equations between x and y be given, 
draw the graph of each and the co-ordinates of the point at which 
these graphs meet, will give a pair of values which will satisfy both 
equations. 
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Ex. 1 . Solve graphically the equations 
(i) x + 2 ^^ 12 , (ii) 

In (i) when x -o,_y =^6 ; when .r==4,_y = 4 * 

Thus the graph is the line joining P (o, 6) and P' (4, 4). 



Fig. 10. 

In (ii) when -v= — i,^= — I ; when ;r = 2, _y = o. 

Thus the graph is the line joining Q ( -- i, - i) and Q' (2, o). 

Now, we see from the diagram that these lines intersect at the 
point R whose co-ordinates are 8, 2. Thus the solution of the given 
equations is ;rs= 8, = 2. 

Verification. In the first equation, when 

x^8, 8 + 2j = I2, /. 2;^ = 4, /. jy = 2, 

. .v=8,_y=2 satisfy the equation. 

In the second equation, when .r=8, 

8~3r=2, /. -3^= -6, .\_y = 2. \ 
x = 8 j ys= 2 satisfy this equation also. 

' Ex. 2 . Draw the graphs of 

(iii) 

"^nd shew that they represent three straighflines which pass through 
-one potnt. Find its co-ordinates. 

In (i) when .a:=o,^«o ; when 8, and the graph is the 

line joining O (o, o) and P (6, 8). 




SIMULTANEOUS KgUATlONS. 


In (ii) when .r= i, -6 ; when -r=2,_y= - i, and the graph is 
rlic line joining Q (i,-6) and Q' (2,-1). 



Figf. II. 

In (lii) when a =»-2, >' = 3 ;'\vhcn .r=: and the graph is 

"lu* line joining R 2) and R'^(-2, 3). 

\ow', from the diagiam, we sc^' that these three straight lines all 
-Mss through the point S whose co ordinates are 3, 4 ^ 

Exercise CVII. 

• 1 - Solve the followMng equations graphically, and venfy vour 
iChult by Algebra 

1) 3.t--2j' = 4, ,<2) 4>'“3^. (3) .v-2j/ + ii=o, 

5 .r+ 4 _j-=:] 4 . ‘ 4 .v- 3 j'=i 4 . y 2 x-^ + iS = o. 

4) 3'‘'-2j'=r2, (5) 4r+^=io, (6) 2.v+.)'=-i, 

5 A-- 7 j/= 20 . 3 .r- 4 _>-=i 7 . S.i-+ 6 yj 3 . 

■•<y) sx+6y=6o, (8) 3y^4x, (9) 3.v-3.v=2, 

2.r- }>= 7. j/+jr = 2l. 2W4-24S.25/. 

. 10 ) 2 ^+ 3 y- 45 , (n) 3.r-4_y=i2, ♦ V«2) 4-v-iJ%/-43’ 

5^+4_y=74. _ 5.r + 2>-=46. 32.--2/=n, 
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\ 03 ) -—=3 + 2 /. 

V — 'I 

(14) 


2.r -4r _ 23 
5 5'" 

.v+ 10 

-..^-=4V-3. 



4 / + 



12 . 


2 . Shew that the straight lines given by the equations * 

I 5 .r + 2 jy= 27 , 3 .r + 7 y= 45 » 'T-' + 3 ^=I 9 , 
meet in a pomt Find its co-ordinates. 

/' 3 . Kind the co-ordinates of the vertices of the triangle whobe 
sides are given by the equations . - 

X - 2^r -H 4 = o, X + y 4-1=0, 5.r - r = 7- 

4. Show by solution of equations that .thtf s'traight liiies whose 
eqiiations are • # 

7-^‘-3.y = 3i, 9-r-5:y=-4f, 3-^‘+J=ii 
all pass through one p©int. Verify by drawing the lines. 

♦ * ' * ^ 

X. 6 . ^raw the triangle whose sides are represented by llu' 
egtrtrflons : — ^ ' 

-^‘ + 7/"=iJ, 3-1 +7=‘i3 V 
and find the co-ordinates of the vertices. 

6 . What must be the value of a in ordef that the three line" 
represented by the equatVons , 

• 3.r 4-jl'-2=:o, rw4-2y-3 = o, 2r-r-3==o» 

may meet in a point ? 4 


IV, APPLICATIONS OP GRAPHS. 

♦ 

286 . We shall now give some illustrations of the way in whic h 
graphs may be used as a '‘ready reckoner.” 

Ex. 1 . If is worth 25 francs, construct a graph frcjn^ 
which^you can read off the value of any number of shillings up to 

in francs. Write down from the diagram the value of 35 shillinK^ 
in franc^and 35 francs in shillings. 

Meagre shillings along OX to a scale of i" to 20 shillings, and 
measure francs along OY to a scale of i" to 50 francs. 

If X sll!llings=^ francs, then ^= orj'=^.r. I’his repre- 

sents a straigjit line passing through the origin. 
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'Fake an abscissa ON = 60 units and an ordinate NP = 75 unit&t< 
loin OP. 'J'hen OP is the required jjraph. (Note that different units 
are used to nie(isure lengths along OX and OY). 
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Fig. 12. 

Since the abs('i5sa at the point Q represents 35 shillings, therefore 
.Is ordinate QR represents 35 shillings in francs. ‘ ^ 

Hence, from the diagram 55 shillings = 44 francs. # . . 

Also from the diagram, 35 francs = 28 shillings. ^ 

Ex. 2 . In a I’ahren^eit thermometer the freezing 'point sthnds 
.11 32^ and the boiling point at 212"; in a Centigrade, the freezing 
point at and the boiling at 100". Construct a gijiiph to con\%rt 
/'. ^iegrees into C. degrees, and vice versa. Read ®ff 100“ A', in C. 
degrees, and 40” 6'. in F. degrles. 

Let X degrees in the Fahreiiheit scale be the same temperature 
is y degrees in the Centigrade scale. # , > 


Then -^-=-' 1 --^ 


X — 32 * 

— 0 — 5* whence 91/= 50.' - j6o. 
180 


100 212 — 32 

When .r«32, >' = 0 ; when or = 50, 10 ; 

when ji'- = 68, ^ = 20 and so on. 


Since no point to the left of or beloiv the point (68, 20) is required, 
*t IS convenient to measure the co-ordinates a*long lines drawn 
dirough this point parallel to the co-ordinate axes. Hence the 
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following graph (as shown in f'ig. 13', passing through the points 
(68, 20), (122, 50). 



u»4V-. 

Note. — Tht? above device is often useful ; il might be referred t <f 
( of axes to parnllo! axo\ fhrojt^h the fbiHt ( 68 , 20 ). 

^ Ex. S. The expenses of a family when rice is at 20 seers foi a 
rupee are Es.^o aft month ; when rice is at 25 seers for a rupee the 
expenses are Rs.^Z a month (other expenses remaining the same) ; 
what will they be when rice is at 30 seers for a rupee ? (c.F.A. 1869) 

Also find how much rice can be had for a rupee when the expense^ 
are Rs.bo* * 

Let the expenses be Rs. y per month when rice sells at Re. 
per seer ; then the variable part may be denoted by Rs. ax^ and the 
constant part by Rs.b. Hence x2LX\dy satisfy the linear equation 
y^ax-^b^ where a and b are constants. Hence the graph is a 
straight line. 
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Fig. 14. 


J o determine a and b we have two pairs of corresponding values 
of X and_;', giving 

50 = + b and 48 = 

whence c? = 2oo, /;=®40, and therefore /==2oo.r + 4o. 

From this equation, when 50 ; and when jir=3\, j/ = 48. 

Also, when ,r = o, v = 4o. Hence, it will be convenient if we begin to 
measure the co-ordinates at the point (o, 40). 

Take 30 sides of a square along OX to represent o'l units 
and 10 sides of a square along OY to represent 10 units. TTius we 
find two points P and Q when and respectively. The line 

joining PQ and passing through the point (o, 40) is the required 
graph, (as shewn in Fig. 14). • 

By measurement, we find that when y=46ii ; and that 

when y = 6o, jr= y\j. Thus the required answers are /fj.46. io<3. 8/. 
and 10 seers per rupee. 

Ex. 4 . Given that i centinrietre= *39 inches, draw a graph to 
convert inches into centimetres. Read off the value of 3*6 in. in 
centimetres and the value of 8*6 cms. in inches, as accurately as 
you can. 
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Join OP ; then OP is the required graph, (as shown in Fig. 15.) 

Take each horizontal side of a square to represent o‘i inch 
and two vertical sides of a square to lepresent 0*1 cms. 

The abscissa of the point Q represents 3*6 inches, therefore its 
ordinate represents 3*6 inches in centimetres. 


Hence, from the diagram, 3*6 inches = 9'23 cms. 
Again, from the diagranr 8*6 cms. = 3-35 in. 


Ex. 5. 60 oranges sell for six shillings and eight pence. Make 

a graph to shew the cost of any number up to 60, and from it write 
down the cost of 27 oranges, and the number of whole oranges 
you would get for 2 s yt 


I. el 


X oranges c ost r pence, then 


X 

60 


80’ 



When .\^o, y — o ; when .1=60, — 80. 'I’his shews that the 

giaph passes through the origin and the point (60, 80). 



Along the abscissa take ON =60 units (30 sides of a sq.), 

and NP parallel to the ordinate = 80 units (20 sides of a .sq.) 

Join OP. Then OP is the required graph, (as shewn in Fig. 16). 
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Thus, when A* t* 27, 36 ; that is, 27 oranges cost 3.9. Again,. 

when^a=27, jrs*2o ; thus for 2s, yi, one can buy 20 oranges. 


V. STATISTICS AND EASY PROBLEMS. 

287. We have hitherto considered graphs to be straight lines 
drawn through a number of plotted points obtained by giving 
suitable values ,to jr and ^ which satisfy an)f linear ^^quati on.. The 
method is general and may also be applied when the relation 
between the variables is connected by an equation nthich is not 
linear. In such a case, the graph drawn through the plotted points 
will take the form of some curve. But in cases where no algebraical 
relation subsists between the quantities considered, and only a /zW/crf 
ninnbcr of corresponding values is given and therefore only a 
limited number of points can be plotted, we may indicate the form 
of the graph which is most probable., the curve passing through some 
of the plotted points and lying evenly as possible among the others 
on either side of the curve. , 

In case of statistical results, where no great accuracy of detail 

IS required, it is best to join successive points by straight lines. 

When the graph consists of a succession of straight lines each of 
which makes an angle with the two lines adjacent to it, the graph will 
then be represented by an irregular broken line to distinguish it from 
a continuous curve like a circle or a parabola. Problems on prices 
may also be represented graphically by broken lines. 

Ex. 1. 'fhe following table gives statistics of the population 
of England and Wales, where P is the number of millions at the 
beginning of each of the years specified. 

Year I 1801 I 181J ; 1821 I 1831 I 1841 ' 1851 1861 j 1871 1881 I i8qJ; 

I 8*9 I 10*2 j 12-0 I 13-9 I 15*9 I 17-9 20-0 227 26*0 I 29-0 


Draw a graph to exhibit the above. Estimate the population in 
1837, and^the year in which the population was 24 millions. 

Plot the values of P vertically to a scale of P' to to millions, 
and those of time horizontally to a scale of P' to 20 years ; also 
it will be convenient to begin measuring abscissm at 1801 and 
ordinates at 8. 


The graph is given in Fig. 17 on the next page. 









Ex. 2 . The avcrai^je annual premiums (£P) for whole life 
assurance of ;^^ioo for the age at entry (A years) is given as 
follows : — 

: A I 20 I 25 I 30 [ 35 ] 40 I 45 : so I 55 : 6 o 
2-2 I 2-5 { 2-8 I 3-2 ! 3-8 ; 4 6 I 5 5 : 6-9 

Kstimate ihe*premiuni for /^looo insurance at ages 28 and ^3 to 
the neaicbt £. 



Fig. 18. 
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Reckoning ages along the abscissiv to the scale of i" to lo years, 
and premiums along the ordinates to the scale of 1" to £2^ we plot 
the given points and thus obtain the required graph (as shewn in 
Fig. 18.) 

The premiums of ;^ioo at ages 28 and 43 at the points A and B 
respectivelv are ^2*4 and £ 3 'S‘ Thus the required premiums are 
^24 and £ 3 S- 

Ex. 3 . The price, £/\ of certain engines of l.*irake-horse powei 
H is given as follows : - 


[ H j 3 , 6,!- [ 10 j I4i j 
! V 105 j 160 ! 208 ! 255 ! 

What is the probable price of engines of 4 and of 12 hoise-power ? 

Measu're hor.^e-power along OX to a scale of to 5, and the 
pri('e along OY to a s('ale of i" to £100^ 

Plot the gi\en ])oints and join them siu'c essively by straight hne->. 
The leqtiired graph is shewn in Fig. jq 



Fig. 19. 


By measurement, we see that when .r = 4, 121 ; and .that when 

X— 12,^ = 229. Thus the prices are .4^21 and £22() respectively. 

Ex. 4 . The temperature taken every two hours beginning at 
Noon is bro'’, 667“, 67-5®, 58*5', 54'6°, 51-4“. 
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Draw a curve to shew the variation of tempeiature and estimate 
the temperature at 3 p. al 

Measure times along abscissa to the scale of i" to 4 hours, and 
temperatures by ordinates to the scale of i" to 10 degrees. 

Plot the given points and joining them, we obtain the graph 
represented by broken lines as shewn in P'ig. 20. 



Fig. 20. 

liy measurement, we find that the temperature at 3 r*. al is O7 r‘. 

Ex. 5. Corresponding values of .i* and are given in the 
following table : — 


i 

3 

6-5 

■■ 

14 

2 r I 

i ^ J 

4 

1 4-8 

j 67 

I 

8-5 


Draw the most probable graph, and find its equation. Find the 
value of X when y = 10, and the value of when 

Take i inch to represent 10 units along OX and also to units 
-along OY, 

Plotting carefully the given points, we see that a straight line 
can be drawn passing through only two of them and lying evenly 
among the others. The required graph is given in Fig. 21. 
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Assume v = + ^ for its equation. Find the valfles of a and 

0 by substituting the co-ordinates of the two points through which 
the line passes. 

Thus, putting ;r = 3,;/ = 4, we have 4 = + ; 

Again, putting jt-« 14, ^=7, we have 7=i4a + d. 

Solving these equations, we get ^ = Tr- 

Hence the equation of the graph is = + or ii/=»3.v + 35. 
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The co-ordinates of any number of points on the line can be 
obtained by trial. 

Thus, when v— 10, .1=25 ; and that^= 13, when ;r*s8 36. 

Ex. 6. A train travels at a uniform rate for an hour and a 
half, and covers 40 miles in that time. Draw the j(raph of its 
motion and write down the time it takes to travel 17 miles and how 
far it has travelled in 12 minutes, (iive the results to the nearest 
mile and ininut^ 

Measure distance along OX to the scale of i" to 20 miles, and 
times along OY to the scale of 1" to i hour, so that each side of 
a square represents 6 min. 

Along the abscissa measure OA = 40 miles and draw AB at right 
angles to the abscissa= r: hours. Since the train travels 40 miles in 
hours, therefore B is its terminus after hours. 

Join OB. Then OB is the graph of the train’s motion. 



Fig. 22. 

ti) To find the time it takes to travel 17 miles. 

Take ON = 17 miles and draw the corresponding ordinate NP.. 

Then drawing PD parallel to OX, we find the required time to be 
38 ipinutes nearly, for OD=:^S units. 
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(ii) To find the distance travelled in 12 minutes. 

Take OM along OY*si2 min., and draw MR parallel to OX 
meeting the graph at R. 

Then drawing the ordinate RQ at R, we find the required distance 
to be 5 miles nearly, for OQ = 2 t units. 

!Bx. 7 . A starts walking at the rate of 4 miles an hour, and 15 
minutes later B starts at the rate of 8 miles an hour. Find, graphi- 
cally, when and where B overtakes A. ^ 

Measure distances along OX to the scale of 1" to 4 miles, and 
times along OY to the scale of i" to one hour. 

Take a point D whose abscissa is 4 miles and ordinate i hour. 

Join OD. Then OD is the graph of A’s motion. 

Take a point E at 15 min. point in OY. Then this is B’s starting 
time. Now take a point F, whose abscissa is 8 miles and ordinate 
(reckoned from the level of E) 15 min. more than the time represent- 
ed by the ordinate of D. Join EF. Then EF is the graph of B’s 
motion. 



Fig. 23. 

• 

The point H where the graphs OD and EF meet, gives the place 
and time of meeting. Thus, we see that B overtakes A in half-an 
hour from A’s start, A having travelled 2 miles, for KK = ^ and 
OK- 2. 

• Ex. 8. A man starts at noon at the rate of 4 miles an hour to 
walk from A to B, a distance of 29 miles ; a second man bicycles 
from B to A, starting at 2 P. M., and riding at 10 miles an hour. 
Oraw a graph to show where and when they meet and determine 
also from it the times when they are 10 miles apart. 

On squared paper, take two points A and B on a vertical line 

M.A.-— I- 
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29 units apart. Take horizontally AP«25 units (5 units to an hour) 
and PQ vertically =20 units. 

Join AQ. Then since the first man walks 20 miles in 5 hours 
(25 units), AQ is the graph of his motion, i. (?., the ordinate of any 
point on AQ denotes the distance he has walked in the time denoted 
by the abscissa of the point. 

As regards the second man, take the point D in the horizontal 
line through B, 10 units (2 hours) from B, for he starts 2 hours after 
the first man. r 

Take horizontally DF — 1 2i units (2^ hours) and vertically FE — 
25 units (for the second man travels 25 miles in 2J hours). 

Join DE. Then DE is the graph of the second man’s motion, 
reading his times along BD and distances travelled vertically 
downwards. 



Fig. 24. 

Hence, if AQ and DE meet at O, AN denotes the time when 
they meet, and ON the distance travelled by the first man. 
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Thus, from the Fig. we see that they meet at 3-30 P. M. and 
that the first man has walked 14 miles, for AN = 3J’ and ONss:i4. 

(i) To find the time when they are first 10 miles apart. 

Take a point P' on AQ where it passes through a corner of a 
square, and draw P'Q' vertically upwards=io units. Draw Q'R 
parallel to AQ to meet DE at R, and from R draw RS parallel to 
P^Q' to meet AQ at S. Then RS s»P'Q'= 10 units. 

From the Fig. we see that the required time is ^-48 P. M., for 
AC (the abscissa of S) = 2 tt units. 

(ii) To find the time when they are 10 miles apart the second time. 

Dn OQ take OG = OS and from G draw GH parallel to RS to 
meet DE at H. Then GH = RS = 10 miles. 

From the Fig. we see that the required time is 4* 12 P. M., for 
AK (the abscissa of H)=45 units. 

Ex. 9 . A# walks at 4 miles an hour, but takes a rest of half 
.ill hour at the end of every 4 miles. B starting at the same time 
and walking at a uniform rate, without any rests, catches A up just 
.IS he IS staiting after his third rest. Find, graphically, B’s rate of 
iravelling. 



Fig* 25 * 

Reckon times along the abscissa to the scale of i" to 2 hours, 
vind distances along the ordinates to the scale i" to 10 miles. 
Referring to Fig. 25, we see that OP is A»s graph for the first hour, 
and PQ is his graph for the next half hour, as he stops for that 
^‘me. In the same way QR, RS, ST and TV are his successive 
.graphs. 
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Again, since B starting at O, catches A at V, therefore OV is 
his graph, and the ordinate of Vsai2and abscissa =s 4 

To find B’s travelling rate per hour. 

Take OKtai hour and draw KD at right angles to OK to meet 

OV at D. 

Hence, B’s rate of travelling per hour is denoted by the ordinate 
DK, which = 27 miles nearly. 

1 Ex. 10 . At what times between 4 and 5 o’clock are the two 
hands of a watch (i) together, (ii) 15 minute-spaces apart ? 

Take abscissa* to represent the time in minutes after 4 o’clock 
and ordinates to represent the number of minute-spaces past 
12 o’clock. Along abscissa:, take i" to represent 20 minutes and 
along ordinates, take 1" to represent 20 minute-spaces. 

The graph of the motion of the long hand is a straight line, foi 
it moves at the constant rate of i minute-space per minute. 



Fig, 26. 

This line goes through the origin. Draw OA passing through 
O and terminated at (50, 50). 
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At 4 o’clock, the short hand is 20 minute-spaces in advance of 
12 o’clock ; and as the abscissa of its position is zero, it is the point 
B(o, 20). Again, since the short-hand moves at the constant rate of 
T minute-space in 12 minutes, another convenient point may be 
denoted by C (48, 24). 

(i) Draw BC cutting OA in D. Then D is the position in which 
the two hands are together ; and as the abscissa of D is 21*8, the 
hands are together at 21*8 min. past 4 o’clock (nearly). 

(ii) To find the time when the hands are 15 minute-spaces apart. 

Along OY take OE = 1 5 units, and draw EF parallel to OA 
meeting BC in F. Draw FG parallel to OE meeting OA in G. Then 
FG — OE= 15. T he abscissa of G represents the time required, which 
= 5-5 min. past 4 (nearly). 

.f^ain, in DA take DH = DG and draw HK parallel to OY meet- 
ing BC in K. Then HK = FG = i5 units. The abscissa of the point 
K represents ^he time when the hands are again 15 minutes apart. 
Hence the required time = 38‘2 min. after 4 (nearly). 


Exeroise CVIII. 


1 . Gi\en that I kilogramme ==2-2 lbs., draw a graph which will 
enable you to read off any number of lbs. in kilogrammes (up to 
50 lbs.), and read off the values of 25 and 38 kilogrammes in ibs., 
and of 32' 5 and 38 lbs. in kilogrammes. 

2 . If 3-26 in. are equivalent to 8*28 cm., show how to find 
graphically the number of inches corresponding to a given number 
of centimetres. Obtain the number of inches in a metre, and 
the number of centimetres in a yard. P'ind the equation of the 
:4raph. 

3. If C is the circumference of a circle and D its diameter, 

Draw a graph and from it read off the circumferences of 
circles whose diameters are 4 in., 1 1 in , 20 in., and the radii of 
circles whose circumferences are 47 in. and 31*4 in. 

L The highest marks obtained in an examination are 132 and 
the marks are to be reduced so that the highest marks may & 100. 
Show how' to do this graphically and state what marks will be 
assigned to papers which obtained (i) 100, (ii) 70 marks, giving the 
marks to the nearest integer. 

6. The readings on a Centigrade thermometer in degrees and 
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the corresponding readings on a Fahrenheit thermometer in degrees 
are given in the following table : — 


■=1 

5 

to 

15 

20 ! 30 I 50 

80 

F 1 

41 

50 

1 

59 1 

68 86 j 122 

176} 


Illustrate graphicall)^ t:he connection between the two scales. 
Express 140'"/'". in Centigrade. 

6 . Construct a graph to exhibit the following : 

Premiums of Life-insurance at various ages (for ;£ioo). 

Age in years | 20 [ ?5 i 3^^* ] J5 j 4“ j 45 | 

Premium j’ 8i. | i6.s\ | £>},. 6^. | | Ch- 4-^'- | V'. | 

Estimate the premium to be paid at 27 and 37 years. 


7 . The temperature taken every two hours one day showed : 


Midnight. 41**0 
2 A. M., 40**8 
4 A. M., 40**7 
6 A. M., 39'-5 
8 A. M., 40* *8 
10 A. M., 44''*5 

Noon, 48* 


2 P. M., 51 *2 
4 P- M., 53^ 

6 p. M., 46 *5 
8 p. M., 4 ry *3 
10 i». M., 46°'7 
Midnight, 47" '4 


Draw a graph to show the variation of temperature throughout 
the day, and estimate the temperature at 3 P. M. 


8 . The price (in pence) of an ounce (Troy) of silver on Jan. f st 
in each of the following years was as follows : — 


1891 

1892 

1893 

1894 

189s 1 

1896 

1897 

1898 j 189c 

45 ' 

1 40 

1 1 

29 

30 1 

3' 1 

28 

1 1 

27 [ 27 


Draw a graph showing these changes in value. 


9. Given that i inch = 2*54 centimetres, construct a graph u> 
convert centimetres into inches. Read off the value of 5*6 cms. in 
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inches, and the value of 4*9 inches in centimetres, as accurately as 
you can. 


10 . On an examination paper of maximum 69 the marks gained 
by io^:andidates were : — 


Candidates | 

I i 

1 ^ 

3 

4 

1 1 

i 5 

1 ^ ! 

7 

8 

I 9 

Marks | 

60 1 

54 

46 

35 

[ 32 

1 29 

27 

1 26 

> ' — 

25 12 


Draw a graph to raise the maximum to 100, and read off (to the 
nearest integer) the raised marks of the candidates. 

11 . The number of thousands (A^) of people who emigrated 
Ireland between 1876 and 1885 is given in the table : — 


Year| 1876 ! 1877 

1878 

1 1879 

1880 

1 1881 ! 1882 ' 

1 1 

1 1883 j 1884 

1885 

>•' } 37*5 1 38’5 j 

4I'I 1 

47‘o| 

95*5 1 

78-41 89-1 1 

108-71 75‘8 

62*0 


Illustrate the above graphically. 

12 . A man spends J^s.yso in 64 days. Draw a graph to give 
his e.xpenditure in any number of days. Write down his expenditure 
in 17, 35 and 49 days, to the nearest rupees. 


13 . The mean temperature on the first day of each month, on an 
a\’erage of 50 )'ears, had the following values : — 


Jan. I, 37" ; 
Keb. I, 38° ; 
Mar. 40“ ; 
April I, 45" ; 


May I, 50" ; 
June I, 57 '" ; 
July I, 62" ; 
Aug. I, 62’' ; 


Sept. I, 59° ; 
Oct. I, 54° ; 
Nov. I, 46° ; 
Dec. I, 4I^ 


I )raw a graph to represent these variations, 

14 . The first 100 copies of a pamphlet cost 2ys, to print, but 
every 100 in excess of the first costs only 3J. ; make a gYaph to show 
the cost of any number up to 800, and read off the cost of 370 copies. 
Write down the number of copies you would get for £2, 2s. 6ti. 

15 . The top boy in a form gets 88 marks, and the last boy 33- 
I’hese have to be scaled so that the top boy gets loo and the last boy 
o. Draw a graph which will effect this, and read off (to the nearest 
integer) the scaled marks of the boys who get 65, 54, 49. Kind the 
equation between x the actual marks gained, andj the corresponding 
scaled marks. 
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16. 1 want a ready means of finding approximately o*866 of any 
number up to I o. Justify the following construction. Join the origin 
to a point P whose co-ordinates are lo and 8*66 (i inch being taken 
as unit) : then the ordinate of any point on OP is o’866 of the 
corresponding abscissa. Read off from the diagram, 

0-866 of 3, 0*866 of 6*5, 0*866 of 4*8 and <^f 5- 

O'OOO 

17 . If the cost of maintaining a family be ^j.50 a month, when 

rice is 12 seers 9 rupee, and AV.48 when rice is 14 seers a rupee (the 
other expenses remaining the same) ; what will be the cost when rice 
is 16 seers a rupee ? ^ 

' 18 . For a dinner at which there are 60 guests a restaurant 
keeper charges loj. 6^. per bead, but if there are 100 guests the 
charge is 8 j. 6 d, per head. What will be the probable charge per 
head for 75 guests ? 

19 . In a Reaumur thermometer the freezing point stands at o’* 
and the boiling point at 80“ ; in a Fahrenheit, the freezing point at 
32”, and the boiling point at 212^ Construct a graph to convert A*. 
degrees into /". degrees and vue versa. Read off 60” R, in /c 
degrees, and 43°/^ in Reaumur degrees. 

20. For a certain book it costs a publisher 100 to prepare 
the type and 2J. to print each copy. Find an exprcbsion for the 
total cost in pounds of x copies. Also make a diagram on the scale 
of I inch to 1000 copies, and i inch to ;Cioo to show the total cost 
of any number of copies up lo 5000. Read off the cost of 2500 
copies, and the number of copies costing ^525. 

21. Two men start to meet each other at 9 P. M., from places 
31 miles apart ; if one of them walks miles an hour and the Qther 

miles an hour, when will they meet, and how far will each have 
travelled ? 

22 . A and B walk respectively 5:}^ and 3J miles an hour. They 
are 25 miles apart and walk to meet one another but B starts 2 hours 
before A. How far will A have to w'alk ? 

^23. In a 100 yds. race, A can beat B by 20 yds., and B can 
beat C by 10 yds. How many yards start can A give C that there 
may be a dead heat ? 

24. A man bicycles from A to B at 10 miles an hour, and returns 
from B to A at 15 miles an hour. If he takes 5 hours to go there 
and back, find the distance from A to B. Find also his average 
speed her hour. 

25 . A train leaves A for B at 9- 1 5 a.m. and travels at the rate 
of 30 miles per hour. At 9-35 A. M., a second train starts, and 
travels at the rate of 35 miles an hour. If both trains arrive' at B 
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at the same time, find the distance from A to B, and the time each 
train takes. 

2 %. A starts at 8 A. M. to walk from P to Q, a distance of 
30 miles. At noon he meets B, who started from Q to P at 7-30 a.m. 
If A reaches Q at 6 P. M., when will B reach P ? 

27. A starts walking at the rate of 100 yds. in 30 secs, and 
B starts from the same spot 6 secs, later at the rate of 100 yds. 
m 12 secs. Draw a graph to find when and where B catches A up. 

28 . At what times between 3 and 4 o’clock are the two hands 
of a watch (i) together, (ii) 10 minute-spaces apart ? 

29 . A monkey, climbing up a greased pole, ascends 2 ft. and 
-.lips down I foot in alternate seconds, until he reaches the top of the 
pole. If the pole be 6 feet high, how long will it take him to reach 
the top? 

30 . A does a journey of 42 miles in 5J hours, and B starting 
an hour later does the reverse journey in 4 hours. Find, graphically, 
as accurately as you can, Jiow far their meeting place is from A’s 
starting poiiU. In how many minutes after B’s start were they first 
20 miles apart ? 

31 . A starts from Calcutta for Mankar, a distance of 91 miles, 
at 6 A. M., walking 3I miles an hour ; B starts from Mankar 12 hours 
later and reaches Calcutta at the same time as A. What was B’s 
speed per hour ? 

32 . A travelling at 4 miles an hour, walks 4 miles, then rests 
for half-an hour, then walks 8 miles further, and then walks straight 
back at the same rate. He meets B, who walks uniformly and 
without resting, a mile and a half from home. Find B’s rate of 
travelling, if he started at the same time as A. 

33 . At what times between 5 and 6 o’clock are the two hands 
of a clock (i) together, (ii; at right angles, (iii) directly opposite to 
each other ? 

34 . In what proportion must tea at 4 fi. per seer be mixed 
with tea at Rs.2 per seer, so that the mixture maybe sold at AV.i. 12m 
per seer ? 

A starts from Calcutta to walk to Burdwan’ a distance of 
68 miles, at 3 miles an hour ; two hours later B starts from Burdwan 
for Calcutta at 5 miles an hour. When will A and B meet? When 
will they be 20 miles apart ? 

36 . A starts from a place X, for a place Y, a distance of 80 miles 
at 6 A. M., walking 34 miles an hour ; B starts 4 hours later and 
reaches Y at the same time as A. What was B’s speed per hour ? 

37 . A travels at 5 miles an hour, but takes a rest of half-an 
hour at the end of each hour. B starting 2 hours after A and 
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travelling uniformly, without resting, overtakes A lyj miles from 
home. Find, graphically, B’s rate of travelling per hour. 

' 38 . In a loo yds. race A beats B by 9 yards, and in 100 yds. 
C beats B by 8 yards. If A*s time for the hundred yards is io| secs., 
what are B’s and C’s times ? 

39 . How much tea at per lb. must I mix with 12 lbs. at 

4/. per If), to make a mixture worth Rs. 2 . 2a. 8/. per tb? 

40 . 'rhe salary of a clerk is increased each year by a fixed sum. 
After 6 years’ service his salary is raised to 128, and after 15 years 
to /’j.200. Draw a graph from which his salary may be read oft 
for any year, and determine from it (i) his initial salary, (ii) the 
salary he should receive for his 21st year. 


CHAPTER XI. 

INDICKS AND SKKDS. 

I. THEORY OP INDICES. 

288 . It was noticed in Art. 73, that powers of the same quantity 
were multiplied by adding their indices ; in Art. 105 that one power 
of a quantity is divided by another power of the same quantity 
by subtracting the index of the latter from that of the former ; and 
in Art. 167 that any power of a power of a quantity is obtained by 
multiplying together the indices of the two powers. We shall novv 
prove the above rules to be generally true, which were there only 
shewn to be true in particular instances. 

289 . 'fhe following are the three fundamental laws for positive 
indices. 

When m and n arc positive integers, then 


X re'* = I. 

II. 

HI- 


'I’he ^irst is called the Index Law, as being the basis of the 
other two laws, for they may be deduced from the first. 

I. If rn and n be any positive integers, to pro^e that 

Since a”* - « x tz x <2 x &c to w factors, \ 

and = Xrt Xrt x&c. . . . to n factors ; J 
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X a” = X X a to w factors xaXaxa io n factors, 

^axaxa io (m-^n) factors, 

= by Art. 20. 

Similarly, if^ is also a positive integer, we have 

rt™ X tf" X a^ = a”**** X and so on. 

Hence, generally, 

a"» X a« X aP X = <*»»+)»+ p+ 

where m, /, are all positive integers. 

' II. If VI and n be any positive integers and m > then 
a** — a*"’". 

t:' «. ax ax ax to vi factors 

axaxax to v factors 

_ axaxa to ( vt — n\ fa ct ors xaxa xa to n fact ors 

^ axaxa to « factors 

^ax ax ax to (vt — n) factors 

by Art. 20. 

‘ III. If vz and n be any positive integers, to prove that 
(«"•)« 

For, {a^y^ *= a^ x x X to w factors 

^{axax a to vi factors) 

x{axa xa to /// factors) x to n brackets 

^ axaxa x\, to mn factors 

= «"»’*, by Art. 20. 

290 . To prove that II. and III. are deducible from I. 

(1) Since a** x when p and n are any positive integers^ 

/, = by Def, of Division. 

Let p^n’=^viy so that p = vz^-n. 

/. from the above, we obtain 

rt"* which is II. 

(2) Again, since, from IV. we have 

a^xa^xn^x =:a»»+p+fl+ 

Let vz~p^q= and let their niiinher be n. 

/, a'^x zz”* X X to w factors 

■ to « lenn^-. 

which is III. 
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391 . Hence («»**)’* = *= ("’O’**- 

For . .to n factors ^ terms 

and {a^Y^^cVUl^a'^ to m factors lo /// terms ; 

/. since a”*'*5sa«"‘, we have («”»)"=«”*“«(«**)"* : 

that is, ihe nth poufer of the mth power of a^the mth power of the 
nth power of a, and either of them is found by multiplying the two 
indices. 

292 . H encte also ** '"a** = 

Tor, let •*/«”* then ^i«* = ; by Art. 290. 

hence rt=.r“, and /, and = .r”*. 


But also, by our first supposition, ; 

hence, we have = ; 

that is, wth root of the mth power of the mth power of ihe nth 
root of a. 

293 . These results refer as yet only to positive integral indices, 
which in Art. 20 were first used to express briefly the repetition of the 
same factor in any product. 

But now, suppose we write dowm a quantity, with a positive 

V 

fraction for an index, such as and agree that such a symbol shall 
be treated by the same Index Law as if the index were an integer 
what would such a symbol, so treated, denote ? 


Since it follows from the Index Law^ in the case of positive 

/ Pvfl v% 

integers y\S\7iX we should have here also W/ ^aP \ 

p 

and hence it appears, that would denote such a quantity as, 
7 i/hen raised to the c{th po 7 aer, becomes equal to a^. But that 
quantity, whose yth power is the qth root of of* (Art. 31) ; and, 

V ‘ ' 

therefore, or =(?/’«)»* by Art. 292. 

Hence, when a fractional index is employed with any quantity, 
the ftumerator denotes a power, and the denominator a root to be 
taken of it. 


rhus, rt^ = 2nd root oi ist power oi d a., == fi^s= Va, &c. 

a 

^ cube root oi square oi 
or sz square oi cube root oi 


So = Vrt® or {fSaf ; 


a® = &c., or == *fd^ = Y = &c. 
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294. Again, if we write down a quantity with a netrattve index, 
as (where may now be inte^al or /racUona/), and agree that 
this symbol shall be treated by the same Index Law as if the index 
were positive^ — what would such a symbol, so treated, denote ? 

By this Law, we should have ; 

but we have also — — *=* _=<*»» : 

so that, to multiply by is the same as to divide by : 


and, therefore, i Xrt"*’= or 

’ ’ aP 

Hence, any quantity with a ne/rative index denotes the reci- 
procal of the same with the s^ime positive index. 



Hence, also any power in the numerator of a quantity may be 
removed into the denominator^ and vice versi^^ by merely ckan^int^ 
the sign of its index. 


Thus, 


c ~ b-'^c 



295 . Lastly, if we write down a quantity with zero for an index, 
as d\ and agree that this symbol shall be treated as if the index were 
an actual number, — what then would it denote ? 

Since, by the Index Law ^ ; 

dividing both sides by a”—!. 

Hence, it follows that is only equivalent to whatever be the 
value of a. 

» 

296. In actual practice, such a quantity as a^ would only occur 
in certain cases, where we wish to keep in mind from what a certain 
number may have arisen. 

Thus, (rt® + + &c.) a* =a « + 2 4* 3 ^* + 4 a" * + &c., 

where the 2 has lost all sign of its having been originally a coefficient 
of some power of a ; if, however, we write the quotient + + 

+4fl’*+&c., we preserve an indication of this, and have, as it were, 
a connecting link between the positive and negative powers of a. 
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297. The quantity is still called a to the power of ^ , 


and 


similarly in the case of ; but the word power has here lost 

its original meaning, and denotes merely a quantity with an index, 
whatever that index may be, subject, in all cases, to the Index Law. 


298. ro prove that 

Let m and n have any value whatever. 

( I ) l^et / be a positive integer. 

X xop brackets 

*= (fl"* X X to factors) x x x to / factors) 

by Art. 289 ill. 

{2) Let p lie a positive fraction. 

r 

Let ^ = ^1 where r and s are positive integers, so that r=^ps. 

r * 

= by (i) 

-E for r^ps, 

« f (rt’"^^»*P)« by (i) 

.{3) Let p be any negative quantity. 

Let -r, where r is a positive integer 01 fraction. 

by (0 and (2) 
writing for —r. 

Hence = for all values of m, 7 i and/. 

299. ’I'o prove that 

(a”'“"0’” = (^^)"S d p = m’*’^ 

= by Art. 289 III. 

But, wj/sssw by Index Law 

Here, note carefully the distinction between a”"** and (a”)"*\ 
The last=.«"'‘“-^’=o”"-’“. 
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Exercise CIX. 

Express, with fractional indices, 

+ ( ifxy. 

V{aH^) + a{ l^bf + ^ {aH% 

Express, with negative indices, so as to remove all powers, 
(i) into the numerators, and (ii) into the denominators, 


5. 

7. 

9. 


+ L‘i+ .5 + 




b 


a 8^ 

t 

3^V' 

Express* with the sign of Evolution^ 

X 


a’ 5rt 4^ ^b‘^ 

®‘ c? ' 


.4.4^’+2A, _.L. 
aH ^ a ^abc 


ab 3 . 5-^ 

”• 2Vc^ 3 V'a'^ 4 Sf[dW)^ afa^' 


1. 2 3 1 3 

(1“ + 7.0^ + + 4^ 


_ 1 .1 i> a » IK 

-ft rt' a^b^ 2a^ c* irc^ b^ c^' 

10. —+-4+ ,-+ .- + — 3-- 

'* 'Tr^ 4a^ 


"3" 


y* 2c^ zh^ 

Express, with positive indices, and with the sign of Evolution^ 


11. 

a~^c-\-ab''^i +a' 

12. 

13. 

a-^b- 

® 2a 

I 


+ . 1 1 + -.T + 


14. 


a 3 1 

b'^ b’^ 

' a ' A - 2 ' 







300. It follows, then, that, luhatever be the indices, 

X a" = «"•+'*, rt «” = ^2"* ■ ", (a"*)« 

so that (i) to nultiply any powers of the same quantity, we must add 
the indices, (ii) to divide any one power of a quantity by another 
power of the same quantity, we must subtract the index of the divisor 
from that of the dividend, and (iii' to obtain any power of a power 
of a quantity, we must multiply together the two indices. 


Thus, a® X a 
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Ex. 2. «’^‘^f®H-«-»;‘^t»«rt»+8x^‘^'^5x(r**® = «M”£:*”'®. 
Ex. 3. { ah^\*={a^b'h*-a'<i-\ 


Exercise CX. 


F'ind the value of 


1. i6'^. 2. 27'i 3. I6^. 4. 32“l 5. 62s\ 

6 . ’(27-5-vH 1 . Uzx'^r^)*-. 8. (1024- '2. 34 .l l 


Simplify the following 


10. 


11. Sfa^^a-K 12 . ^a^ s/a^/a-*. 


ia { 14. {;r‘V.(.jy'-2)'^.(.v-i/)'*r. 
16. ' 16. ■^{Ty 

'I'WI+Suv'Sim^Sh .j-<i+6y«— & vC - 8w 

M- -^1.-^- ■ (C-E. 1874). 20. - . (c. E. 1870). 

21. {(Ar“+^-«X :»:“-''+«)*»}«, (m. M. 1889). 

22. (a + 3)»” X X (a® + 


( v«\ 0+A / r“ \ ^ 

\F*; * (s 5 =i; • *=• *902). 
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• V*i>) v-f) 


(B. M. i 8 qi). 


( rJrt\ »»+» Jr^*\ «+/ / W \ 

■^) "(?) ^ 


on (;tr^+2iM)2 X X 

■ (^/.r V)® • 

. • {V(^») ■ \ 


32 . 


5~"X25 


2)( 2 


, q, 2»X4“+' 
"• -8»-2- • 


34 . If m = n^y n^a'' and shew that jt'r^ir = i . (u. m. 1890). 


35 


( r\” ^-1 

; anj^if x = 2^v, prove that x** 2, . 

II. A.LaEBBA.iCAi:. OPErA’IONS INV’oJjVINO 
PB ACTIONAL AND^EGATIVE INDICES. ' 

301 . The ordinary meth^dds of operation employed in Multipli- 
cation, Di vision, #&c., of positive integral indices are applicable to 
expressions invo 1 vin||^ fr^ional and negative indices. We now give 
some illustrative Kjk^'ples. 

Ex. 1. M liltiply + a^d'^ + + b^ by . 

+ a^b^ +a^b^ +ab + a^b ’ -h ^ ^ 



+a®^^ ’\‘G^b -h ab’^ -H o^b ^ . 

- — c^b^ — ij^b - ab^ - Ci^b^ — 
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Here in the first line 

^ and so on. 

£x. 2. 1 )i v^ide — 4a + 6a^x — 2a^x~^ by x ^ 

i '1 

-- 4cix^ + 2a '^ . . 

x^ — 4a.v^ + 2^ ^ \ .r " — ^2*^:1^ — 4t'ZA'‘^ + 6^2 ^jir — 2cr^x^f^,x' - a^A ‘^. 

x^ - 4ax‘^ + 2a^x 

a''X- + 4a‘X — 2 ^ 2 “;i‘ ^ 

1 , *1 j 

— <2 " .r- ^ ^ — 2a~x 

,► « » Vi 

Ex. 3. Find the square rootj^oF 4^"^ — 12.1 +25 — 24.1* ’ + ifi.r 

11 » * • li * _ 'i ;< _ •■! 

4-r ^ - 1 2 .;^ 4 * 25- 24,'i*' * + 1 6;r ‘ 2.r ’ -3 + 4'^’ ‘ • 

.1 ^ * 

■/“* - ■ ■ 

4 «-^-^l)-I 2 t -’+25 

•• J 

♦ \ 2r^ 9 

4.r * — 6 + 4-^^) 24X ■* + I 6 a'" ' 

% '* ■'* 

' 16 - 24.r •* 1 6.r 


£, 3^ -,7’ I 

Ex. 4 . Simplify — (c. f. a. 1861) 

— a'^ %, * 

« 

. Va*+ 9raV/-i- 

5. ifa*+ Vaff^- Va^b- W * 


(1) Let a’ and «■_)/. 


•rk.„ th. Exp.-^-:-^- 


= < 2 **+ I +«"**, for xy^a^= i. 
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1 . 

2 . 

3 . 

4 . 
6 . 
6 . 

7 - 

8 . 

9 . 

10. 

11 . 

12 . 


(2) Let ^a^xand 
Then the Exp. = 


.r* +;iy - x'^y 


+;/- - xy) 


x^ + .ry* — x^y -y^ ™ x{x^ 4 *y ) 

__ x Hx'^ -^-y^ — xy) _ x%r^ — xy 4-j'“) 

lx -y) {x^ ) ““lx- yj{x + - -V' + 

x^ __ _y_a^ 

Sfa^^Y/y^- 


Ex. 5 . Divide -y-" by ’ +y"''. (c. K. 1879^ 
Since r-’' -y-’‘ = (at^” * ‘ )2 - ( jS’"* ' A.rt. 289. 

= Art. 124. 

/. the quotient ‘ 


' Exercis# CXI. 

Multiply 

• 1 11 

+JJ' by .r- -j)/-. (c. E. 1861). ^ 

4» 11 1 !} i I 

a* by -< 5 -. 

\ 

xy + v'* by (c. E. 1863). 

1 j 1 ij Ji i a 1 * 

7.r*^ - 3^’* + by 6;r'* - 2y* +7.r-'y'. (c. K. 1858). 

1 i i ;i i -I 1 ’ 

r^jr* +3<2^r“ +4^:-* by a~3^J!‘'^.r‘^ + 4.r‘^. (c. K. 1890). 

11 , 11 

jr + 2^- + 35:*^ by ;r - ly'- + 35"‘. 

a-+ 2a^^^* + 4a“^-^ + 8 ^r^ 4 -i 6 rt-^'^ + 32<^^ by a - -2^-\ (i 5 . M. 1859). 
x+y+s- -/{xy)^ s\yz)- J{zx) by -/;r+ ,Jy^ Jz. (C. E.1864). 

x^ +x^y^ +y^ by x^—y^. (C. E. 1866). 

;»r*^+-r'^ + i by 

by a'^ +a^ — a ^ —a L 
x^ + + x^y"^ -^x^y ' +7 ^ 
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Divide 

13. i6.r— by 2;r'‘ -j*. iL by 

15. ii"® — 6432 by + 16. by .r^-2.v^ + i. 

17. x^ x^y"^ +y by x^ — x^y^ y‘^ , (c. K. i860). 

18. {x^ — a^){x^ -\-a^) by + (c. E. 1859). 

19. x^ + a^x^ + a^ by x^ +n^x^-ha^. (c. k. a. 1861). 

' ♦ 4 * ^ i j ' 

20. X + 6a ^x'^ 4- 6a^x ^ ^ " by ;r ^ ® . (C. K. 1 89 1 ). 

21. 8a^+/^ ^ + by -- 

^2. ;r'^j»/'“+j;“V“ + 2 by ^ i. (M. F. a. 1894). 

Find the square of 

23. + A (C. E. 1862). ^21 ^^^-.2c^^ + 3-2r^iV«“^. 

Find the cube of ^ 

25. a^d‘^+a'^d. 26. 27. 4- 

Find the fourth a.nd fifth powers of 


28 . 

31 . 

32 . 

33 . 

34 . 

35 . 

36 . 

37 . 

38 . 


2 ^ 3 {i.a^-aK 

Find the square roots oT 

- 4 ^ ^ (ii- ^' 1 - I S 86 ). 

•l* i 

x^ — 2 a ^x’’* •\‘ 2 a^x^*+a ^'x~"'*' — za^x'^ ■{■a'\ fc. K. 1880). 

1 + 44;^ - “- vV +-r». (p. E. 1 888 .) 

2 

' 2 4- 2<2^ ' ’ 4“34-2rt'^^4-«”''^^‘'*. 

rt^-r3^i4-V-«^ — 2ia^4-45 — 63 a ^+ 90 « ^ — io8ir^4-8ifz''^. 
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I. . 1 5 

39 . 3-^’’(3-^ + 4 ) + 2 -r-i( 24 r® + i)- 2 V2.r «(3.*: + 2). (M. F, A. 1895). 

40. +x — 2,r — ^ + 4 ). 

(m. f. a. 1896). 

Find the cube root of 


41. 

42. 


43. 


-IJ 1-1 

n '^x- - 2 ^’^x 4-6a ' - 7 +6^*^,r' - - ^ax'^ + a 

F'ind the fourth roots of 

x\y ^ — 4 x^y ^ + 6xy — 4 ;r 4‘X'’^y'\ 

^ J •! */ 

1 6x'^ — 96.v’^^ + 2 1 6.r V- — 2 1 6.r-^^ + 8 




Find the H. C. F. of 

4 1. Ar** + — x^—i and ‘ + 2 e^x* — 2 e^ + - 2if* - i . 

45. \x- + V X J(v+i)- X - I and x- -\x-i. 

Find the L. C. M. of 

46 . yix^ - yi^x^ x^ 4 -ax\ ^(3a.r) and Jx^ Ja. (C. E. 1873). 

47. Multiply << ' V-'* by ^’*4*2:'*. (c. K. 1879). 

48 . Divide f by + (c. K. 1901). 

49 . Simplify {v''(^*"+ ^a*M)+ y/{P+ 


50. 


-li S / \ 

Shew that ^ ^(x+yXx'+y'^'Xx^+y^) (-r-’* *+y^** '). 

X y f 


III. ELEMENTARY SURDS. 

302. It was stated in Art. 177, that, when any root of a quantity 
cannot be exactly obtained, it is e.xpressed by the use of the sij^n of 
i s olation, and called an Irrational or Surd quantity^ 

Thus, ^,/2, ^Kiab) and + are Surds, 

303. The order of a surd is denoted by the root- symbol or 

surd-index. ^ 

Thus, and ^tre surds of the third and nth orders respec- 
li\ely. 

304. Surds of the second order are called Quadratic surds 
ind of the third order are called Cubic surds. 
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rhus v2, ^[a-Vb)‘AX^ Quadratic surds^ and ITci, ^5 are called 
Cubic surds. 

305. Since every fractional index indicates by its denominator 
a root to be extracted, all quantities havinj,^ such indices are expressed 
as surds. 


I. Reduction of Surds. 


306. In tlie case of a numerical surd, expressed with a frac- 
tional index, should the numerator be any other than imity^ we may 
take at once the required power, and so have unity only for the 
numerator, and a simple root to be extracted. 

'I'hus, 2^ = (2‘'*)^ = 4’^ or 3^4; = or 


307. Quantities are often expressed in the form of surds, 
which are not really so, /. c., when wo can.^ if we please, extiact the 
roots indicated. 

rhus, ^7, ■{■ab-{‘b-y actually surds, wliose roots we 

cannot obtain; but ¥27, {4d‘^ 4ab b^)- are apparently so, 

and arc respectively equivalent to a., 3, 2 a4-b. 

308. Conversely, any rational quantity may be expressed 
in the form of a surd, by raising it to the power indicated by the 
denominator of the surd-index. 

Th us, 2 = 4^=^ ^8 ==&(:. ; a~ = ( 'l/rj ^ ; 

a + b — (a’-^ -t- 2ab + b^)'^ . 


309. In like manner, a mixed surd, i. e., a product partly 
rational and partly surd, may be expressed as an entire surd, by 
raising the rational factor to the pow'er indicated by*the denominator 
of the surd-index, and placing beneath the sign of Evolution the 
product of this power and the surd-factor. 

Thus, 2-/3= ^/4X %^3= v/’i2 ; 3.2® = 3 ^4= y(27)x ^^4= <f(io8). 
2..^/^= ,,/(4a»^) ; = «r(32«^0. 

310. C'onversely, a surd may often be reduced to a fnixed form 
by separating the q'uantily beneath ihe sign of Evolution into factors, 
of one of which the root required may be obtained, and set outside 
the sign. 

Thus, J(2o)= v'(4X5) = 2V5 ; 3^(24)= y( 8 x 3 ) = 2 V 3 ; 

y(|?rtW)= Y(2rt(r'’). 
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311 . A surd is reduced to its simplest form, when the quantity 
l)eneath the root, or surd-factor, is made as small as possible, but 
so as still to remain infej^ral. 

Hence, if the surd-factor be k fruLtion^ its numerator and deno- 
minator should both be multiplied by such a number, as will allow 
us to take the latter from under the root. 


= y( 7 <;)- 


3 : 5 .") 
5 * ) 


These latter foims allow of our calculating more easily the 
imnieriral values of the surd quantities. 'Phus, to find that of V 
we should have had to extract both v^2 and and then to divide 
the one by the other, a tedious process, since each would be ex- 
jnesscd by decimals that do not terminate; whereas, in j x/^, we 
have only to find and divide this by the integer 3. 


Ex. (iiven 73305 


find the value of . 

n/3 


^3 


1 .^? . « 5 ,,^5x17 3305... ^ 8-66025... 

n/3 X V 3 3 ^ 3 3 


2*88675... 


313 . Siuds which are not of the same order can be transformed 
into equivalent surds which are of the same order. 

Ex. 1 . Express V(i i) and 1/(13) as surds of the same order. 
Here, the L. C. M. of the root figures 4 and 6 is 12. 

1 herefoie, y( 1 1 ) = 1 1 ' = 1 1 * ^ = ‘‘-/(i i') = ^;/'(i33r), 
and •/ ( 1 3) = 1 3"' = 1 3^ ^ (13’)= ''i' ( 1 69). 


313. To compare surds with one another in magnitude, 
express them 3 ,^entire surds, and then reduce their indices, if neces- 
sary, to a common denominator, simplifying as in Art. 306 : their 
relative values will be now apparent. 

Ex. 2. Which is the greater 3 J 2 or 2 ^3 ? 

Now 3 v'2= ‘ind 2 ^3= ^24 = 24^'. • 

Also i8'^ = i8'’="/i8'’ = ‘jr5832, and 24 '^ = 24 ''’ =“f 24 - = Y 576 . 

I'he former is therefore the greater, since 5832 is greater than 576. 

314 . Similar sards are those which have, or may be made to 
have, the sa 7 nc surd-factors. 

'Fhus, 3 J(i and Ja, 2a and 3^ ^.r, are pairs of similat' surds ; 
and x/^> x/(5o) and ^(18) are also similar^ because they may be 
'vritten 2 ^2^ 5 ^2 and 3 J2. 
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Exercise CXII. 

Express the following with indices, whose numerator is unity. 
1. 4 ^. 2. gl 3. 3'-^- 4. 5. (s)'^. 6. (l)'-i 

Express as surds of the second and third orders. 

7. 5. 8. 2.\. 9. la. 10. 11. Ua-¥d). 

Express wjth indices I and — 

12. 3'-. 13. (3?.)'^ U. 15. ad-^r'. 


Reduce to entire surds : — 


16. 

Sn/S- 

17. '.Jl 

18. 

19. K/in- 

20 . i(v)'y 

21 . 


22 . 3 ^ 2 . 

23. 8 . 2 ‘». 

21 . 4-2^’. 

25. 3 . 3 ' y 

26. 


27. ?,(•;)• 1 

28. Zs/a. 

29. 7 aJ{ 2 x). 

30. aiadYK 

31. 



3S. 

31. 

"J-- 

35. ^ax L j 

36. 

2a .f 3^ 37 2rt,/'9 


V 


3-'- 

3^ V 2« 

3 \ 4^^-' 

38. 

?</(' 


1873)- 39. 


)■ 

10 

■rye 

X^l 

11 . ''T "" ... . 12 . 



Reduce I 

to their simplest forms 



IT 

n/45- 

11 . v/l 25 . 

15. 3 s /432- 

16. yi 3 S- 

47. 3 ‘y 43 -. 

18. 

Vii. 

19. 2 STij. 

50. 3’/'i. 

51. 4 y^‘. 

52. 8 ‘. 

53. 

32«. 

51. 72 -\ 

55. (iis)'-'. 

56. ( 20 ’)'”. 

57 . (3oyr-'.^ 

58. 

LU'¥- 

59. 5 

60. 1 V9l 

61. 

62. 


Express 

as fractions with the surd pari integral : 


63. 


64. 

65. .Jl 

66. ^v- 

67. 


Express 

as surds of the 

same order 



68. 

JS and 

^Tn. 

69. y 7 and 

V9. 70. 

V 4 and V 5 . 


Which is the greater? 




71. 

6^^3 or 

4'/7. 

72. ; 

3 ^3 or 2 ^Tio. 


73. 

iJS or 

yn. 

71. .; 

\ J 2 or i V 27 . 
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Which is the greatest ? 

75. 2 5, 4 ^2 or 3 ^5. 76 . -/S, 2 or or 3(4^)’^* 

1 

77. Shew that ^^12, 3J7S^ WH 7 , ii JrV* Vt^ (* 44 ) ^ ?tre 

similar surds. 

78 . Given x/5 = 2*236068 .. , find the value of . 

79. Given 2*449489 find the value of , 

80 . ( iiven v^7 = 2*64575i... . , find the value of V?. 

II. Addition and Subtraction of Surds. 

315 . I'o add or subtract surds, reduce them, when similar, 
10 the same surd factor, and add or subtract their rational factors. 

Ex. 1 . s'8+ v5o- v^i8= ^/(4X2)4- V(25 X2)- s/(9X2) 

' = 2^/'2 4•5 x / 2-3 \/'2 = (2 + 5 ~ 3)\'2 = 4 V '‘ 2 . 

Ex. 2 . 4 - d 2 sM^) 

+ y(5Wx/^) 

:=4ci^d ¥d4-26f'd ^b = {4fiH 4■2a^- l<i^b) fUb 

^d^b ^b. 

Dissimilar surds can only be connected by their signs. 

Ex. 3. ,,/324- i 2 fi 6 -Y 64 = V^fi6x2)4- ^(8x2)-V(i6x4l 

- 4 x '2 + 2 5 r 2 - 2.,'2 = ( 4 - 2 ) v /2 + 2 ^2 

= 2 ,^'24-2 ^2. 

■* 

III. Multiplication and Division of Surds, 

316 . 'Fo multiply surds, reduce them by Art. 31? to the same 
surd- index, and multiply separately the rational and surd-factors, 
retaining the same surd-index for the product of the latter. 

Ex. 1 . v^8x 3^/2 = 3^/ 16=3x4= 1 2. 

Ex. 2 . 2 ^/3 X3 Jio X 4>/’6=24 >/‘i8o=24 ^,/(36 X 5) 

= 24x6,,/5=!44V^5. 

Ex. 3 . 2 V3X3 5^2 = 2^Y27X3V4=6Vio8. 

317 . Compound surd quantities are multiplied according 
to the method of rational quantities. 
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Bx. 1. (2+ ^/ 3 )' 3 -- v/ 3)-6 + 3x'3-2>^2» ^/ 6 . 

Ex. 2 . (2+ x/ 3 )( 2 ~ ^/3) = 4-3=i. 

Ex. 3 . (2± ^/ 3 )' = 4±4v'3 + 3 = 7±4 v'3- 

Ex. 4 . (l + >/’2)♦=I4•4-s^2^-I2 + 8^/'2 + 4=I7+I2v/2. 

318 . Division of surds is performed, when the divisor is a 
simple (luantity, by a process similar to that for Multiplication. 

Ex. 1 . = = 


Ex. 2 . (8V2-i2^3 + 3v^6-4)-2N/6=4'/?,-6Vr‘+.2- 


^/6 


-= 4 - 6 ^/ d + .i ~ W 3 - 3 J 2 + ] - U'f>- 

Ex. 3 . (2^/3-6y2)- ^6 = 2^';;-6 V./t,-. = 2s/1-6V5\ 

= <^,^2-^864. 


1 . 

3 . 

5 . 


Exercise CXIII 

Simplify 

>/i 28-2 v^ 5 o 4 - x/ 72 - v/i 8 . 2 . 

WJ2 + 4v/27-2 v'to- 4- 

, 8 v/24 


^40-i ^320 4 * §^135. 
^72-3 ^7 + 6 ^214. 


'■</{i?)"n/ (”;>?) - v(r5)' 


M ulliply 

7. 3 */ 8 by 2 '6. 8. 3 \/ 1 5 by 4 >/‘2o. 9. 2 ^4 by 3 ^54. 

10. 3x^3 + 2N/2by ^/3-;^/2. 11. 2.^15- by + 

12. ^/2 4 -^A 3 + by ^'6- V2. 13. >^3+^/2 by j,^+ . 

Find the continued product of 

14 . 3 x^8, 2 ^6 and 3^54. 15 2 ;s,/24, sY 18 and 4Y24. 

16 . 4 + 2 J2, I - ^/3, 4-2 v/ 2 , V'2+ V3, I 4 - ^/3 and J2- 3, 

17. A - I 4- -/2, .r- I - ^/2, .r + 2+ and .r + 2- <>,/3. 

Divide 

18 . b^/7by5-/3 19 . 3>/5by7x'i2. 20- 5^6by3‘/io. 

21. 2 «y3 + 3x/2 + n/3o by 3 v'6. 22 . 2 «,/3 4-3 ^2 + ^30 by 3^'2. 

23. .1- + 2 xy + 4r + 4^ + 1 6 by .r +j/ - 2 +^) +4. 

24. Prove that ( is./5+ n/ 3+ V2+ if + C-Zs- ^3 - 

+ (x' 5 + -^ 3 - ^^2~l)«^-(^/'5- ^/3+ ^/2 -i)-*^ = 44 - 
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319. But, if the divisor be compound, the division is not 
easily performed. The form, however, in which compound surds 
visually occur, is that of a binomial quadratic surd^ i. c,, a binomial, 
one or both of whose terms are surds, in which the square root is 
lobe taken, such as 3 + 2 ^/5, 2>/‘3-3>/5, or, generally, Ja± Jb, 
where one or both terms may be irrational • and it will be easy, 
in such a case, to convert the operation of division into one of 
nuiltiplication, by putting the dividend and divisor in the form of a 
fraciion, and multiplying both numerator and denominator by that 
(juaniity, which Is obtained by changing the sign between the two 
terms of the denominator. By this means the denominator will be 
made rational : thus, if it be originally of the form JfZzk Jb, it will 
become a rational quantity, when both numerator and deno- 

minator are multiplied by y/a+ Jh 'Phis process is called ration- 
alizing the denominator of a fraction. 


Ex. 1. 


Ex. 2. 


2+ ^' + 3^/3-2^/■3-3 

3+v'3 (3+ v'3)(3 - n'3) 9-3 

_ 3+ n/3 
6 ■ 

I __ 2 -/ 2 q ->/'3 __ 2 N / 2 - h ^/3 

2V2-\/3~ (2^'2- x'3K2v'3+';/3i 

^2^/3+ v /3 

5 


If, however, \\c* had required the value of-- to three 

- N .' 2 — x '3 
2 / 2 + yf ^ 

places of devirnals, \ve take the form - _ ^ , 


the answer = 


2 X 1-41421 




D 

2-82842... -f 1 *73205... _ 4 - 56 o 47 >-» 
’5 5 ' 


•91209... 


320 . When two quadratic surds differ only in the sign between 
their two terms, they are said to be conjugate. 

Thus, 2>/3 4-3 v'2 and are conjui^nie. 

In general Ja i Jb and are tonjugate. 


321 . If there be three terms in the denominator it will be 
necessary, in general, to perform two such multiplications as above. 
We always multiply in such a case by a quantity which differs from 
the denominator in the sign of one of its terms. 
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Ex. Find the value of — ; — 

2+ J2- x/3 

If we multiply numerator and denominator by 2+ 
rtie expression-= ,^^ -- VA T i — 


■(2+ J2- >/3)(2+ v'2 4- n/3) (2+ v/2)2-3 

.3 “ 1x^2 _ _ 3-4 n/2 4^/2 - 3 

9-32 23" * 


'(3+4 x' 2X3-4 x/ 2)" 


Exercise CXIV. 

Divide 

1- 2+4^/; by 2v^7-i. 2. 3 + 2 v/5 by 2^/5~r. 

3. 5 - 2 ^6 by 6 - 2 JC\ 


Rationalize the denominators of : — 


I 

5 - 

s/5-r 

6. 

3_ n 

x/5+'/2’ 3-2 \/ 2 ’ 

2\'2+ x'3‘ 

-/3+ k/3 

2^3+ J 2 

q 3 +V /5 

^■ 3 - n.'5‘ 

10. 

’?-'.'3 + 3V7 .. 4s/7+3n/2 
7’V7-5v^ 3 ‘ ■ 5 s/2 +2^7 


12 . 


Find the value correct to four places of decimals of : — 

4 .. .3 2 + 4n/7 5. 4>/^7 4 -3v/2 . _ 7^_ 

3-2V2* * 2v'7 + r ' 5\/2-2^/7’ ' 5\^3“2v'2* 


Find the value of : — 


16 . 


19 . 


/ lo+Q jsy- 5 1 2(1 + ^/3) 

\9 + 2;v/5/' ' >^15+ ^/6 V60- ^'24 ‘ i-^/2+ >f3‘ 

/ x/3\‘'^ / ^5-x/3 V 20 r - x'2+ v/3^ I - >^ 2 - ^/3 

yjs-^sf Vv5+x/3/' l+x/2+v^3 I+n^2->/'3* 


+.V) - ^/(^2 - .t') ‘ ' - y/(a^ - ji'-) rt + J(a^ - .v*'*) ‘ 


23 . 

24 . 


.v+ - 1 ) .t;;- 0 

,r- .r+ v(;ir2-i)’ 


(b. m. 1863). 


i)-h V(.r "- i) + l) 


OK c>f{a h) -ac 
dc- c s/{nb j‘ 


26 . 


4(1 + 4(1 - 2(1 +x) * 



HARDER FORMULAE. 


28 S 


27. Prove that (C- *• ‘877)- 

\'o + ^7 




^/3 


.^/2+,^/3-r‘ 

2 2 “t“ A' — 

29. Find the value of V. “ + - 2 , when .r= i + V 3 . 

X--3V + 2 2.i- + 5.r + 3 

30. Find the value of “ 7! --x " 7~"7 / ~ — » ^vhen r = 


CHAPTER XII. 

IIAKDKR KORMUL.F AND TRANSFORMATIONS. 

I. HARDER FORMULAE. 

322. There are other results in Multiplication which are not 
^^uite so important as the PormulsB (^^eneral results expressed in 
symbols) given in Arts. 102 and 170 , 172 , i73, hut v\lii(:h are deserving 
of notice, VVe give them here in order that tlie student may be able 
to refer to them when they are required ; they can be easily verified 
by actual multiplication. 

1. (a hf 4- (a ^ hf = 2a- + 2b\ 

2 . {a + bf--{a-bY=^iab. 

3. (a + 6)' + (a - bf — 2w' + 6(ibK 

4. (a + 6)"-(a-fo)^==6a26 + 2/A 

5. (b - c) + (c - a) + (a - b) = 0. 

6 . a{b-e) + b{c--a) + c{ii--b)^Q, 

7. {b - cY + (c - aY + (a - bY = 2(a‘-* + b^ + - hr - ra - ah). 

8. (a + /> + c){a- +b^ - be - ca - ab)^ + b^ + - lube. 

9. (6c + ca + abY — 6*c- + a*6* + 2iibe{a + 6 + c)- 
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10. (rr 4- /> + c){be + r.a + ab) " 

+ c)[e + fi){€i + &) + iibc ( I ) 

bv{b + r) + ca{e + a) + ab{a + b) + 3a be, . ..(2) - 

= a- {b + e) + + a) + c\a + b) + Zabc (3) 

= a[h- + 4- b{(^ 4- d^) 4- t*(a- 4- 6*) 4- 3af»r...(4) ^ 

11. (*4-r0(<*4-a)(a4*ft) 

= a{b'^ 4- c^) 4* b{e^ 4- a-) 4- c{ d~ 4- 4- 2a&c ( i ) 

= a\b 4- r) 4- b-i€* 4* a) 4- c\a 4- b) 4- 2abi* (2) - 

*/>f,*(ft4-c)4-m(/?4-a)4-aft(a4-6) ■\- 2 abc (3? 

= (a 4- 4- e){be 4- ra 4- (ib) - abr (4), 

12. - {b - c){r - a)[a - b) = d\h - c) + b\e - a) 4 - e\a - b) (i)’| 

= br{b - r) 4“ ra{r - a) 4* <ib[a -b) (3) r 

= - |a(/>- - c-^) 4“ b{c^ - d) 4- c(a^ - b^))...{^y) ] 

Ex 1. .Simplify {a’^b’^c)*^-^{b-\rc -aY ■¥{c-\‘a-b)"’\r{a-\-b - 
'('he Kxp, = {{b 4- 4- 4- {{b ■\-c)^a\'^ -^{a-ib- ^r)}- ^\aAr{b-~L )>- 
= 2(^4-^:)^4-2rt'■*4-2^^2 4-2(^-^V-^ (k. i) 

* 4ft“ 4* 2{(^ 4- r)- 4- (^ - 0^} = 4^^^ + 4^**^ 4- 

-4(^® 4-/^2+ ^3), 

^‘Ex. 2. Simplify 

/ {a - b){ V - a){x -b)-^{b- f )(jr - b)(x - r) 4- (c ~ (i){x - c){x - a). 

The E\p. = {fi — b){x^ {a 4- b)x 4- ab\ 4- (^ — c){x^ — (^ 4- c\x 4- be) 4- 
{c — 4- a)x 4- ea) 

= x^a b) + {b- c)A-c—a)\ — x{{aAr b)(a - b) A- (b A- c)(b - e) 4- 
( c — a)(e 4- /i) J 4- ab(a ~-b) + bc{b — c)ArCa{c-~ li) 

= X o A-x{{d - 4- - c~) 4- {c^ - 4- ab{a - ^) 4- 

* bc{b - r) 4- ea(c — a) 

=» ab{a -b) + bc[b - r) 4- ca{c — 
as — - f:)(r - <i)a — b). 

Ex. 3 . Simplify 

* (a + b + c){a + b+a)+(a + cA-d){bA-C’¥d)’^(aA'b + r+d)\ 
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Let di + /;4-r + rt^=.r, then 

The K\p =(x-^f^)(x---c) + (x — d)(x -a) -,1" 

= - (t: + d)x + cd + .r* - (a + d)x + n/i - .r- 

■= .r- - (tf + ^ ^ + d)x + 

= for <^7. + /' + ^ + //= X. 

Ex. i. M ultiply A - + (3'? + 4 ^)x + 1 2 fi^ by -v- - ( 3« + 4<?>).v + 1 

We have a‘'^ + ( 3<2 4*4<^’)a: 4- i2<2/^ = (,r+3/'0(>»^4-4/^). 
and x^ - (3<^ 4- 4^)^: 4- 1 2 ad=(x - yi){x - 4/)). 

/. Product = (.V 4 - 3(i)ix - 3fz)(.v +4^)('^' “ 4^’) 

= (.r- - c)d^){x*^ — 1 6lf-) 

- “ ( 9 ^^^ + I 6 />-)a'- 4- j 44r^-/>“^ 

Ex. 5. Find the value of 

(.r 4- 2y 4- :r)(.r2 ^ ^yi _ 2jfs - :7a - 2.v)'). 

The Exp. = {(A'4-2)';4-.:r}[{(Ar4-2y.---5'ui 4-3r)4*.'r-} - 6.9'] 

= fr 4- 2 yj^ 4- - ^ - 6xj'(x 4- 2/ 4- ^r) 

= .1 4- 8)'^ 4- 6 vj'{x 4- 2 _r) 4- - (->ry(x 4- 2y) - Cxryc 
= .r < 4- 8j''' 4- “ 6.r 


Exercise CXV. 

Simplify 

A. (a 4- 4" 4" 4- (r 4" 4- + 1')'- 

, 2. (rz4-^4-r)^4"(<'^ 4-<^ — t)^ — (r4-c« — — (^4-c' — «)“. 

d. (ii 4*1^ 4" c'-hdj' 4" b 4r C d)^ -^r^ci •\~b~- C ^ d)^ 4~{<x~ b — £■ 4* dy. 

1 {a - b){x 4- a){x ■\-b) + {b- c){x 4- ^) ( .v 4- f) 4- ( r - a){x + c){x 4- a). 

5. (d^ + b^4-r-)-4-ia + b-hcyb4-c-a)ia + c-b){a-hb'-r). 

6. («- 4- b‘^ 4 - -{a + b4-L){b + c- a)(a + c-b){a + b ~c). 

7. ((t-\-b4-cy -{b + c-af -{c+a-byr-{a4-b-cY'. , 

8. (3rt 4- 2<> 4- -{3^1 + 2b- scY - 3od(3« -F - 2 5^:- J. 

9. {b + c)(c + a){a + b)-(a + b+c)(bc+ca ■hab)4-2abc. 

10. ( 1 6 - 1 '*^ - 20x"^ 4* SxY 4- ( I - ;r‘0{ 1 6 ( I - - 20 ^ i - .r-) 4- 5 }-. 

(C. E. i88cj). 

11 (a + b+cy4-(a + b-’cy + (a — b+cy+(c+a — by. 

12. (a + b4-cy-(b-hcy^(c4'ay^(a+by+a^ -hb^ + t'- 

13. (a + b+cY - d^ - b^ - - 3{b+c](c+a){a + b)s 
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14. ia’td‘i-2c)((i^2d + c){2a + d^c)-{lf‘bc)(c+ti)(a + d). 

15. (rt4-<^+r)(A'+_y + 5') + (rt + ^-£:)(^+y-^) + (<^ + 6-a)(^ + ^'-A*) 

4* (i: + - ^)( 2 ' 4- -r - y). 

16 . {a-‘d-\-2){a^ + lf^ + 4-bad-2a-{-2d). 

17. (x-2y- 3)(z^ +y 4*9 -(^y-h 3^ + 2xj/). 

18. (fi-.^X^ + c-a) + (£-^t)(c + a-/f) + (a-S)(a+3-c). 

19. (/? - ^)( I 4- a^)( I + ra) + (c~a)(i+ ^£-)( i +^a) + (a-d)(i +caXi +6:d) 

20. ( 1 - «•*)( I 1 “ iT-) -!-(«- - aiX(^ — Ci&). 

21. {x-yf-^\X’¥yf + 3 {x-~yy\x-^y)-\r 3 {^-yX^-^yf‘ (C. K. 1876}. 

TRANSFORMATIONS. 

323. The following Transformations (changes of form) of 
<ilgebraical expressions are deserving of attention. They can easily 
he \erified by actual multiplication. 

1. ( 1 ) a 2 ^ j/i = (a 4. />)2 — 2a h or — (a - />)“ + 2ah. 

(li) {a-\-bf^{a-bf •{‘iah, 

(iii) 

Ex. 1. Find the value of x^^^y^ when .i'+/=8 and xy—\^, 

^y^ = (a' 4 yf - 2 xy = 8- “ 2 X 1 5 = 64 - 30 = 34. 

Ex, 2. Find the value of [a — bry when ti + b — i) and ai) = 20 . 
{a-bf^{a-\-bX — J^ab = ^f — ^y. 20=81 -So.= i. 

Ex. 3. Find the value of <:«- + //-, when <'«-/; =5 and ab^ r4. 
d^^b- = {a-bf-\- 2 ab = f -\-2 x 14= 25 + 28=- 53. 

Ex. 4. Express {a - bf + ^{ci - rX^ - 0 as a square. 

The Exp. = (a - bf 4 4 {(ib - {a 4 bX 4 C') 

= {{a - 4 ^ib) - 4 (ri 4 <^)6 4 4 ^' 

= (^3 4 ^)‘-* - 4(« 4* 4 =. 4 ^) - 2 t:i*^ = (^ 4 - 2 cf. 

2 (i ) ( a 4 5)(fe - 5) *= of - 

5. Express {x-^ja Xx+^a) as the difference of two squares. 
Here, .r 4 7 a = (at 4 8a) - a and ar 4 4 8a) 4 a. 

H ence the Exp. = [{x 4 8a) - a){{x 4 8a) 4 a} = {x 4 8a)‘^ - a\ 
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Bx. 6. Express (;r2 + 4:t:'+3)(j:2 i} as the difference of two 
squares. 'C 

Let a—x^ + 4 .r + ;^ and then 

^ = ^{(.v2 + 4j; + 3) 4- (x- -6x'-i)) = ^x' -x+ I , 

and + +3)-Cr‘^-6;t' - 1)}= 5;i:jh2 ; 


H ence the Exp. = {x^ - .r + 1 )- - (5^' + 2)‘^J^^jSJLib«tBt»Hon. 


Exeroise CXVI. 

1. Kind the value of + having given 

(i) ci + If = 12 , ('0 13, ^2/^ = 30. (lii) r«-^ = 5, rt/» = 36. 

2. Find the value of (-v+j)-, having given 

(i) .r-.v = 9, .ri/= 15. (ii) ,r 5» '^'r = 4- (>") x-v = S, rj'=i2. 

3. Find the value of (.2 — having given 

(i) u + /f=^7, ad~c). (ii) ab^i2, (iii) (t + d=i^y trb^yz. 

4. Find the value of tr-\-Py having given 

(i) « — /;= 14, «<^~25, (ii) a b= lOy af}—d7‘ (iii) a — f//;“23 

,'''^L\press the following as squares^— 

5. (^i:-8^)‘‘^ + 4(2a-3^)(a4'5^). 6. (3a + 2b)--4{a + 3b){2a- b). 

liLxpress the following as the difference of two squares :- 

7. ^ix 4- i)(.rj4^Xjv + 3) (>^'+^ )> ' 8. (;r*-' + 7>^ + 9)(-^- + 3-^' + 5). 

9. (6,^'^^x + ^{2y^+x-s)- V ('^ + 3«X^+5^*)(T + 7«)(.r + 9^/). 

-X (c. K. 1887). 


3. (i) a'^ + f^^ = {ft + hy -Sdhia-^f^)- 
(ii) = (a - by + 3ub(a - b). 

Bx. 1. Find the value of when ,t 4-;' = 5 and .rv=9. 

x^ 4.y^ = (x -hjO^ - +4O = 5 '- 3 X 9 X 5 = i = 5 -'J 35 =-Jo. 

Ex. 2. Find the value of when x—y^'^ and xy = ^. 

.r'i-y = (.r->')-' + 3:rX^-^)=3*’' + 3X5 X3:-27 + 45 = 72. 


M. A.- -19 
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3. If a + ^ = 10 , find the value of \ . 

a a* 

+ 1 ) 

4. (i) a‘^ + 6^ + c2*(« + f> + c)2~2(ftc+ca+a&). 

(i i) a® + 64 <!’ = (a + & + c)’ - 3(6 + c)(c + «)(» + 6). 

Ex. 1. Find the value of + when a + ^+r= to and 

^£ + ca + ad^27. 

a^ + ^^ + r^ = (a+^ + c)'^ - 2 ijbc-\rCa + a/J) = lo^ - 2 x 27 = 46. 

, Ex. 2. Find the value of + when ^+6 = 7 , 6 + 4=5 

and 4 + ^=6. , 

Here, 4 + /^ + 6’=.H(^^ + ^‘) F(^ + <*) + (^^ + <!^)} = a (7 + 5 +6) = i^ 

H ence + ^^ + 6® = (4 + ^ + cf ~ 3 (^ + ^)(6: + a)[a + b) 

; =9^-3x7x5x6=729-630=99. 



■5) 


= 10^-3 X 10=970. 


Exercise CXVII. 

1 . Find the value of 4^ + <^^ when 

(i) a-\’b^Ty (^') 4+^= 12, a^s= 1 5. (lii) 4 + /;* 10, 4^= 13 

2. Find the value of when 

(i) 4-^= 5, 6i^ = 9. (ii) 4-^=7, 4^ = 4. (iii) 4-^= 12, *4/>' = 75 

3. If A' - * =7, find the value of \ . 

X 

4. lf4 + -=6, find the value of 4'’+ \. 

4 4^ 

5. Find the value of 4'-^ + ^^ + ^^ having given 

(i) 4 + ^ + f: = 7, /^r+V^T+ 4^ = 20. (ii) 4+/;+^*»i5, ^^■+r4 + 4<^= 125. 

* 6. Find the value of 4^ + ^^ + ^:®, having given 

(i) ^+^««3, 6*+4 = 5, 4+^=6. (ii) ^+^=io, 6:+4=i5, 4 + ^=i 7 

7. Find the value of 4- + ^“ + 6r^ + 2^^: + 2ir4 + 24^, 

when 4=.r+^, b^z^-x and c— - {y-¥z). 

8. Find the value of {b-\-c-ay + {c-\-a-bf + {a + b-cf + 24abc, 

(B. M. 1S59)- 



• CHAPTER XIII. 

HARDER FACTORS AND IDENTITIES. 

I. HARDER FACTORS. 


324. We have in Art. 1 24 restricted to the cionsideration of 
iartois, which are free from terms involving square or other roots, 
which cannot be exactly obtained. Here we propose to extend the 
ibrriuUa, to resolve into factors such expressions for which no factors 
could be found with the restrictions. I'he following Examples will 
illustrate the subject in question. 

Ex. 1. a-b^[ Jaf - ( Jbf = ( + >fb){ s/a - Jb), 

Ex. 2. = (x/5)‘'*==5- 

Ex. 3. ‘ == {x^ + V- + j - 2a\\/^ = (.r® + d^f - ( 

= (.r ‘^ + tr + 2ax)(x^ + < 1 ^ ~ ^^2a t ). 


325. Any expression containing the second power of .r is 
ailed a quadratic exprossion m jc, I he general form of a 
,iiiidratic expression is + 


326. To resolve 4- fMi + c into factors, by expressing it as 

ihe diherence of two squares. 

We lia ve + hJO + c* = a - + yv + ^ 

^a{x'-^px-k-g)^ if and = ^ 


= dx- +Av + 

= .2{Cr + V;)--.!(A'-45^)I Art. 123. 


“■{ 

f ft+ I' , 

=n'^+ - 2« lr+ 


■/(;<>• -4y) j 
h- J{h--iac)\ 


] 
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Ex. 1. Resolve A^+7;tr- 44 into factors. 

+ 7 ^ - 44 + 7 .^^ +(D" - (2)“ ~ 44 =^*+ 7 -'»’ +(D“ “ “f' 

V f = (.r + -‘ + V’ )(^ + 1 - y ) 

= (.r+ii)(.r-4). 

Sir 

Ex. 2. Resolve 6 a-^ + 1 7;r +12 into factors. 

6.r- + 1 7 jr + 1 2 = + J,f .r + 2 )r=' 6 {x^+ V;r + ( 1 i )^ “ ( 1 2 F + 2>, 

= + (}•;=*-, J ,} = 61 (.r + ’ .i r - ( fi 
=6ir + }- + ,iJ{.t- + {i 
= 6(.r + + ;1 ) = (2.r + 3 )(3Jir + 4). 

-i ‘ ,r ' ■ 

Ex 3. Resolve 2 i.r- +,17- loy^nto factors. 

2 1 x“ +XJ' — i oy^ = 21 (.r- + Ji-n' — I \y'^) 

= 2 1 {.r- + xr + ( flyf - ( - i V y} 

- 2 1 {.r^ + ry^ - ,V(M 

= 2i{(;r + ,Vy^-(j;ir)2} 

= 2 1 {.r + ;j/ + T :j J'} {.r + J' - •• :j J') 

= 2 1 (.r + 5 J'K^' - r>y = ( 7 ^^ + 5 y( 3 ’^' - V'J- 


Exercise CXVIII. 

Resolve into factors, by the method of Art. 326, express! nj’ as the 
difference of two squares 


1. Ar“-i2A' + 32. 

4. .jr- + lOA -+-21. 

7. 2 I.r‘^- T3J; “84. 

10. 7^*^ + 32 ^ 1 - IS- 
IS. 2X^ t 3.t> - 5 j‘. 

16. 24 a‘^ + 37 «^' - 7 2 X-. 
18. + 4-^ V* -3^’ 


A^^‘■^ + 3 .^'-' 40 . 

6. ,r“-i2;r + 27. 

8. 25,r^-7.a'-86. 
11. 3o,r2 + 23,r- 143. 
14. .r^ — c)(fx — I qoa-^. 


3. x" - I 03 ;r 4- 102 
6. 6 x‘^-{-x- 22 . 

9. lojr®- 13^ -9. 


12. 6 sx^-^ 32 x- 3 S 
15. 8.T^ + 6 ;rj'- 27 y-. 
17 . 2 (;r H- y)'^ - g{x + y){a + d) + 4 {a + If)^. 

19. 6 x*—xy-y. 20. x'y-xy--\‘2y2. 


Resolve into factors :- - 

21. 22. x^-2a-. 23. a^-trb"4-b\ 24. .r«-3^/‘ 


i7. To prove that 

' a*-f ft® + c® - Zahc-{n +6 + c)(a“ +6® + - he - ca - ah) 

= Ka + '> + - tO® + (c - a)® + (a - />)*}. 
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Since a^-\-d^ = {a + df‘ - yid[a+lf), we have 

a^ + d^ + (^- ^abc^ {ti yit{(i + ^) - ^abc 

— {a-\rb^rc){[a + bf-[a-\-b)c^c^\-- 2 >^b[a^-b^rc). Art. T32 
= {a + b + c){{a + by^ — {a b)t' ■\- 
= (rt + ^ + r)l + 2iih + b‘^ - ac - be + - 2^^b) 

•= (^^ 4- ^ + c){ct^ + 4* 6** - ^6' - Cii - 

= JCrt! + 34- c){2a‘‘ 4“ 2b‘^ 4- 2c^ - 2bc - 2ca - 2ab) 
~-=\{a-\rb-\-c){{b-cf-\-{c-iiY^{ii-bf\. Art! 322 (7) 


Ex. 1. I "actorlze^^^-t; 4: yxiLe. 

The Exp. ^a- + b'^-\-[- cY - iab{ - c) 

= {^ + /; + f - +32 4 ( - .*y-J ^ 

— (^z 4 ^ 4 4 4 /^6' 4 67Z - ab). 

Ex. 2. Factorize ~j/" — 3 ,t;y - i . 

I'he Ky^p. =.v" 4( -.r)^ +( - r)” - 3 r.( -y).( - i ) 

= { i' 4* ( - j) 4 ( - 1 )H + ( -j '? + ( ~ I Y - A -y) 

= (x ->/ - I )(.r^ 4 xy -^-y^ 4 x -y 4 i ). 

Ex. 3. Factorize < 2 ^ 4 4 V - 1 . ' ' "4 ^ 

The Exp. = rt<' 4 4 4 ( - r )'’ - 3.rt‘‘^.rt.( - i ) 

- {d^ 4 « 4 ( - 'i Ma^Y 4 4 ( - I )2 - a^.a - a^. ( - l) - 

= ( d^ + (i — \ 4 «“ 4 I - A 4 (i" 4 f^) 

= (a- + a- i )(«'* - a” 4 2d ^ 4 4 i ). 


Exercise CXIX. 


Factorize 

1 . d' -b'^ + e'^ + ^abe. 

3. ,v''-y^4 3-i74i. 

5 . .1''’ - 8 y 4 27 4 1 8xys^. 

7. -P‘hS+ (-)ab. 

9. dArZb^^2ic^~\Zabc. 

11. x^ + 8y - 275:® 4 1 8xys. 

13. 4 27 - 5^(2 5<52 - 9 rt). 

15. (a - bY - (^ - c)® 4 - fif 4 z{b 


2 . tc b’^ c^r~ "^iibc. 

4 . ,i'^ 4 ^''-S^+ *• 

6 . 8cY - 27 ^"* - I - i 8 a^. 
8. 8a^ 4 - r 4 (yab. 

10 . 2 .r^ 4 y - 3 A' 2 j/. 

12 . i 4 jr^- 4 y 49 Lr®j/. 

14. a^432a^-*64. 
c){c - rt)(^z - b). 
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3S8- To prove that 

^ (a 4- ft + + €ii + oft) - ahc=^{h + c){c + a){a + ft). 

Putting X for a-^rb + c^ we have 

(■« + ^ + c){bc + + ab) - abe^x{bc '^rca + ab) - abc 

“ jr* - x\a + ^ + ^r) + x{bc + ca + ab) - abc^ for a-’ - a* = o 
= (a - a){x - b){x - c), Art. 98. 

= (/^ + ^ + ^- a)(a+b + c- b){a + b + C‘-‘C),( 'wnim^ a-\rb-{‘r 
^{b + e){c + a){a + b). \ for a. 


329. If the expression + + which may 

be written in any one of the equivalent forms 

a^h + c) + h^{c+a) + r\a-hb) (i)'^ 


be(b + r) + ca{e + «) + o b(a + ft) . 
a(ft* + <* 2 ) + ft(<‘® + o") + + ft'O . . 

be denoted by P, then 

1. P + 2abe=(b + r){c + a){a + ft). 

2. P+3aftc = (a + ft4-c)(ftr-l-rff + «ft). 


'( 2 ) [ 

..(3)3 


^ 1. Taking the first value of P, we have 
a\b + r) + b\c ^a)-\-cHa + b)-\’ 2 abc 

—a\b-\rc)-^a{b^-^c^-\-2bc)'k-b'^i''Vbc^ f multiplying and 
= a\b + ^) + a{b + cf + bc{b 4 - r) ^ re-arrangmg 

= (^ 4- c)\a^ 4- a{b 4- ^:) 4- be) 

=* (^ 4- c){a 4- b){a + c) = {b + (f){c 4- a){a 4- b). 
y;2. Taking the second value of P, we have 
bc{b + c) + ca{c 4- «) 4- ab{a 4- h) 4- '^abc 

= 4- ^r) 4* ca{c 4- a) 4- ab{a 4- ^) 4- abc + abc 4- abc 

= bc{b 4- ^r) 4- abc 4- ca{c + a) 4- abc 4- ab{a 4- ^) 4- abc 
= beij) '\-C'\'d)’¥ ca(c + 4* ^) 4“ ab(a •i-b-^c) 

= (a + b + c){bc 4- ca 4- ab). 


(a) Since (a + b + c){bc + ca + ab)^F + ^abc 
and (b + c)(C’j-a)(a-hb) =F’i-2abc 
by subtraction, 

(<i 4" ^ 4" c)(bc 4" ca 4" ab) -(b-h c)(c 4" a)(a 4* b) 

^(F + s^bc) — (F + 2abc)saabc. 
by transposition, we have 

(a 4- ft 4- c)(br + ca + ab) - oftc =* (ft 4- c)(r 4- «)(« 4- ft), 
which is the Formula of Art. 328 .. 



HARDER FACTORS. 


295 


^ 330. To prove that 

(a + 6 + c)® - a* -- 5 ® — c® = 3 (fe + r;)(c + a){fi + b). 

Since (« + ^+^:)®=fl® + ^®+^+3^?V+c) + 3^®(c+a) + 3^®(« + ^) 

+6/2/5^:, Art. 172 

= a® + + ^ + 3(P + 2 abc) 

= a® 4“ + 3(<5 + + a)(a + b), 

/. by transposition, we have , 

(a+b+ 1)® - a® - <5® - c® = 3(d + i:)( i: + a)(a + ^0- 

331. To pro7'e that 

' A 26 V +2f!'V.* + 2a’‘63 - a« - 6« - «« 

\ = (a + /> -h v){a 4- ft - 6*)(a 4* - ft)(ft 4* c - €i\ 

I -eft side — — (a'^4-<^*4-^‘* — 2a^^® — 2a‘'^^r® + 2^-^:*) 

Art. 128 

--{2/;t4"(a‘-^-^‘^~<;®)>{23<:-(a®-//®-OK Art. 124 
= {a® - (/J® 4- 1 ® - 2bc)\\{b^ 4- 4- 2^ ^) - a^ 

= (a2~(^~.)2H(^4-^)®~a®> Art. 123 
-f«4-(^“r)}{a-(^-^r)H(<J4-r)+a>{(^+^)-a}, Art. 124 
= (a 4- ^ - 6')(a - 4- 1*)(^ 4- 4“ a){^ 4- ^ a) 

= (a 4* 4- ^)(« 4- ^ ” c){a 4- 4* ^ - a). 

V 

Exercise CXX. 

Kesolve into factors :— t 

' 1 ^ 1 . {i-x—y){xy — x-y)-xy, -2. (a^4-a"^4-a’®)(a^4-a4-a"®) - i. 

3 . (a 4- ^ 4- 4 : — d){(ib 4- ac - aa'4- be — bd) — a/^(i: - J). 

4. a2(^ 4* tf’) 4- 4- a) 4- ^^(a 4- 4- 

5. + ^^) + 4- a) 4- a<!^(a 4- 4- 2a<i^c. 

6. b\a -c) + c\a -b) — a^{b 4- c) 4- ^abc. 

\ 7. a{b^+c’^)-b{c^-\-d^)-c{d^+b^)'i-2abc. 

8 . d\b 4 - y) + b\y+a) + (.)c\a + b)+ 6abc. 

9. a{b^ 4- c^) 4- b{c‘ 4* a^ ; 4- eijo^ 4* t>^) 4- 3a<5r. 

10. .r( ^ 4- sf 4-J'(2r 4- xf 4- ^(a- 4 - yf ~ 

11. aijb - £:)® 4- b(c - a)- 4- i:(a - 4- 

- 12. aifi 4- c)® 4- b{c 4- a)® 4- c{a 4- b)^ - ja^c. 

13. a(^® 4. £-2) 4. ^3) ^ c{a^ 4 ^2) 4 ^ ^3 ^ , 
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14 . bc[b + c) + ca(r + a) + ab{a + ~ 2adc. 

16 . ^a-[‘^+rY-{b + cf-{c+ af - (^ + d)\ 

16 . - (^2 - 1:«)“ + d^f + ^ - (^3 - ^2)2. 

332 . If the expression d“b — ad^ + b^c-bc^-{-(ra-cd^^ which may 
be written in any one of the equivalent forms 

a\h - <0 -4- h^{v - «.) -^e^a-h) (O'! 

bc{h - r) + ra{c a) + ab{a -b) (2) | 

{n[b'^ - <?*') + b{c^ - a®) + 6-(a- - b^) \ (3) j 

be denoted by Q, then we have 

Q = - (/> - c){c - a){a - b). 

Taking the first form of Q, we hav^e 
fr\b -c)+ b'^{c - a) + c-{a - b) 

= d\b -c)- ab'^-\‘ai + U^c — bc^, / multi [)lying 
=aKb-c)-a{b--c-)-\-/>c[b-c) re-irranging 
~(b ■ c'){d^ - a{b 4- 0 + be) 

- c)(a - b){a ~ c) 

= (b-c){a-b)x ^{c—a)= - {b - c){c - a){a - b). 

, *■ JEx. 1 . Factori/e a\b - e) + b^{c - a) + c\a - b). (c. E. 1 898). 
The Exp. = a\b - c) - + ac^ + 

= d{b-c) -a{b^--f^) + bc{b^^c^) 

= (b-c-){d-n{b'^ + bc+c^)+bc(b-hc)\, Arts. 124 & 132 . 

— {b~c){{ii'-nb'-^) — {ibc + b‘^c — ac^ + bc'‘^\ f multiplying and 
= (b-r){a{cr-b^)-bc{a-b)-c'^ia- b)\ ^ le-arranging. 

— {b--c){a — b){a(( 7 'i~b} — bc — c‘^i, Art. 124. 

= (b c){a - b){{d^ - r^) ab — be} / multiplying and 
= (b - c){a — b){{a^ — c^)+b{a — c)) ^ le-arranging. 

=.il,-e){a-b)(a-e){a + e + b) 

=* - ( rf + + f?)(6 - e){c - a){a - b). 

Ex. 2 . Factorize a\b'^ - r*) + 3 \c^ - . ^-2)^ 

In the Formula for Q, writing b’^^ for < 5 , c respectively, 
vve have 

the Exp. = - {b^ - c^^){^r - a^)(a^ - 

s= - - r)(^r - 42 )(a - + c){c + a )(rt + ^). 
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ijX. 3. Resolve the following into factors ; — 

Here, (d - c){x^ + a-r + ) = (^ - + {d- c)ax + a^id- c), 

(c - a)(x‘^ -^-bxA- f>^) - - a)x^ + (^ - a) 3 x + d\c - a)^ 

(a - d){x^ + cx + c‘^) = (a - b)x- -^{a-b )cx + i^{a - b). 
Adding vertically the columns containing .r® and .r, 

I St column = ;t-{(^- t)-f (6 + -o. 

2nd column = .r{^«(/$ — + + -^)l = o. 

Hence, the given expression 4- + — 3) 

= -{b-c){c-a){a-b). Art. 332. 


Exercise OXXI. 

Resolve into factors : — 

1. bc{b —c) + ca{c — a)’^ab{a — b). (p. K. 1893). 

2. <i{b‘^ - + b{c^ - ). 

3 . bc{d^ - c^) + ca{c^ - a^) + (ib{d^ - b-). 

4 . a{b'^ - c^) + b{( ^ - (x‘) + c{a^ - b'^\ 

5. - <:) + c^d^c - /i) + d^b\a - ^). 

6. d^c\b'^ - -) + 

7 . a\b^- - c") + ) + c\d^ - b% (m m . 1 899 ). 

8 bc{b^ - d) 4 - ) + ab{d’ - j. 

9. /rdib — <; ) + rVe^(t; - «) 4- — b). 

10. a*(b’^L')’^b*{c-a)-\-c*^n-b), 

11. a*{b'i - c^) + b*{c^ - d^) 4- r^{d^ - b'^). 

12. 4- b‘\r* - a*) 4- cHa* - b*). 

13. a(b'^ — c^) + b{c^ — n '' ) 4 - c{<i^ — b^). 

14 a\b — c)-¥ b\c - «) 4 - c\a ~ b). 

15. a{b ^cf ^b{c- ay ^ cia - by\ 

16. a\b - cf 4- b\c - )'^ 4 - c2(« - bf. 

17. [b — cy’^[f-ay-^{a—bY\ (p. E. 1893 ). 

18. {d^ 4 - 1 )(^ - O H- 4 - 1 )(^ - a) 4- 4 - 1 ){a - b). 

19. {a+iy(d-c) + ib+i)\c-a)+(c^i y{a -b). 

20 . {a 4- 1 )\b ^c)+{b + i f{c -a)+{c+i f{a -b). 

21 . {a^-^a+i)(b-’C) + {d^ + b-hi){c-a) + {c^+c-\‘i)ia-b), 

22 . {x^ - - r) 4 - (x^ - - ^) 4 - - ab){a - 
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(c-i)(^ + r4-i)(«-^). 

24. bdjb - i:)(.r - d)^ + ca{c - cC){x — d)* H- a^(a - 3)(-r - ^r)*. 

35 . {b - -hie- a)(c + + (^ - b)(a + ^)s. 


333. Any expression containing integral powers of x arranged 
in order of the powers of a?, has x±l for a factor, when the sum of 
the ccefficients hi the odd places, is equal to that of the coefficients 
in the even places irrespective of the signs, izJke^ when the factor is 
fiC+l, and unlike, when the factor isir— 1 . Also, if the sum of all 
the coefficients be equal to zero, the expression is divisible by aj — l. 

Note. If both aj + l and x -1 measure the given expression, 
the sum of the coefficients in each case will be zero. 

Ex. 1 . Resolve 2 r* +x^ — gx^ - 1 3.r - 5 into factors. 

” nd ? I fs" * = - '« 2 ) ‘ 

The Exp. = + 1 } - x^{x + 1 ) ~ Sxix + 1 ) - 5(a- + 1 ) 

~ + 1 ){ 2 x^ - x^ - 8;r - 5). 

Again, by a similar process 2^’^ - - 8.r - 5 may be resolved into 
(t + i)(2;r2- 3;i:- 5), and 2^**- 3.1'- 5 into (;r+ i)(2;r- 5). 

Hence, the given expression = (or + i)"(2.r- 5). 

Ex. 2 . Resolve 3^’’ - 8.r^ + 7.1' ~ 2 into factors. 

Here 3 + 7= 10 
and -8-2 = - 10 
or 3-84-7-2 = 0 

The Exp. = 3 x\x - i ) - 5.r(jr - i ) -I- 2(.r - i ) = (jr - i )(p:^ - ^x 4 - 2). 

Again, by a similar process 3.r® — 5;r 4- 2 = (.r — i )(3 a: — 2). 

Hence, the given expression == (.r— i)“( 3:1: — 2). 

Ex. 3 . Resolve 2 7.r^ 4* 4- 7^ -6 into factors. 

and^-7 + 7”^=o } factors. 

The^ Exp. = 2:r''^(r‘^ - i ) - - i ) + - i ) = (jt* - i X2x^ - yx 4 - 6) . 

Again, 2;^^ - 7^- 4-6 = (2-r -3)(jr- 2). 

Hence, the given expression = 2)(2jr~ 3) 

={;r 4 -i)(.r- i)(jr-2)(2.r-3). 

334. To resolve a homogeneous expression of two dimensions 
into factors, proceed as in the following Example. 


1 “ Hence x- i is a factor. 
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Bx. Resolve 2a* — 6^* + ar + 1 ^bc — 1 5^:* into factors. 


If <:s=o, the expression reduces to 

which =(2a + 3^)(a- 2^) (i) 

If ^=0, the expression reduces to 

2a*+ar-' 15^*, which =(2a - 5c)(a + 3r) (2) 

If a=so, the expression reduces to 

-6/^*+ - 15^*, which « (3^ ~ 5c)( - 2/^ 4 * 3 ^:) (3) 


Mow, coniparinj^ (i) and (2) and testings the result by (3), 
we have the given Exp.s=(2a + 33- 5r)(a - 2^ + 3<:). 

335. To resolve a reciprocal or recurring expression into 
iactors, proceed as in the following Examples. 

Def. When an algebraical expression has the coefficients of its 
terms equidistant from the beginning and end the same, it is called 
a reciprotsal or recurring expression. 

Bx. 1 . Resolve 2.r^ - 5;r’’ 4-6^* - 5a' + 2 into factors. 

The given Exp. =;r*^2.r*- 5.^ + 6- 

6} 

= - 2) - a)'+6>, if x+ '^=J' 

=x\2y- ~ s.('+ 2)=x-{ 2V - I )[y - 2) 

= 2r^^2.r + " — 

= (2.r* + 2 “.r)(.r" + 1 - 2.r) 

= ( 2 a* - .r 4- 2 )(.r* - 2 . 1 ' 4- 1 ) = (2,r* - a'^4- 2 )(x - i )*. 

Ex. 2. Resolve .r* - 4;ir* - 1 3.r^ 4- 1 3.r- 4- 4.r - 1 into factors. 

Here, i -4- 134- 134-4- i =0 ; /. .v- 1 is a factor. 

The given Exp. = a'*(jr - i)-3r^(-r- i) - i) 

!) + (.*:- 1) 

= (;r - I )(.r* - 3.r3 - 1 6 x^ - J-r 4- 1 )• 

Now, to resolve - 3-r^ — i 6 x^ - 3^ 4- 1 into factors. 
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The Exp. = ;r-^.r^-3.r- i6-^+ 

=^((y‘- 2 )- 3 v- I 6 ), if .r + ' =--. 1 / 

,x 

=x‘^( y‘^-5y- i 8 )=j.yj/- 6 )(j' + 3 ) 

= .r‘‘^.v + |;- 6 ^ (•' ■•■ 'r'*' 3)’ '■es.tonng^' 

= (.r® + 1 - 6x)(.r- + 1 + 3,t-) = - 6 x + l )(.r“ + j.r + i ). 

H ence the given Exp. = (.r - i - 6 .v + i )(y'*' -f 3.1* + i ). 

Exorcise CXXII. 

Resolve into factors ; 

' 1. .1-** - 9.1'^ + 3^1*2 ^ ^y ^. 24. 2. -V* - 7 A • - 2 5.r2 + 67.1 36^ 

3 . 3.1'’ + 2.r^ - 2 8.1* " + 4 2 a:‘- - 2 3 r + 4. 4 . - 1 q.v" -f 1 5.V + 8 . 

5 - 4.1** - 23.v'^ + 3oa'2 _ y ^ _ 4^ 0 2x‘^ 4 - 5 - 2.1'- - 1 1 .r - 6. 

7. - 8.r^ 4- 6x^ 4 - 7x - 6. 8. .r ^ - f ” 4 - ( <^ - 1 ) 4- aA - h. 

9. 6^2 4- 7 ^ 2 ^ 4 - 2/^2 4. I , 4. 7/;^ 4. 

10 . 2 a^ 4 - ()ab 4 - ^ac + + ()bc 4 - 2 c^. 

11 . 2 «® 4 - ()ac — 1 oab 4 - 46 ’'^ 4 - 2bc - 1 2 ^-. 

12 . a^-'^ab’\-2b--2bi-Y^. 13 . 2>r-^(il)-^l)^-ac-4bc-c^. 

14 . - I oab - 1 5^c 4- 2 1 //- 4 - ^ac. 15 . 4«'^ ~ <\(ib - 3^* 4 - 1 2bc — 96'*-^. 

16 . 4 - .1'’ - 1 0.1'*^ 4- .v 4- 1 . 17 . x^ - 5-r ■■ - i ox^ - i o.r 4 - 4 

18 - X* - 4:r'^ - 6x' -4X+1. 19 . x^* - 5-1 '* - 5 a:* 4- 1 • 

20 . -i''* 4- 3x^ - Sat'* 4- 3Ar- 4- 1 • 21 . - 5a ‘‘ - 1 2.r* - ^x^ 4- 1 . 

22 . x^ 4- 3X^ 4- 2.1'*' - 2 a:'^ - 3Ar - i . 23 . 1 2.1' - ^x^ - 26.1' 4- 5-i' 4 - 1 2 . 

24 . .r^ — ax* 4- a'x'^ — 4- a*x — a^. 

336 . ‘ Sometimes by suitable arrangement and grouping of 
terms, algebraical expressions may be resolved into factors, as shewn 
in the following Examples. 

Ex. 1 . Resolve -i'' 4 - 4 Ar ®- 5 into factors. 

The Exp. = (a:^ - .r- ) 4 - Sat® - 5 = x^{x - 1 ) 4- 5 (a: 4* 1 X-t: - i ) 

= (a - i){-^“4-5(Ar4-l}HCi^-0(^‘’^4-5Ar4-5). 
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£i2C. 2 . Resolve + + + into factors. 

The Exp. = (.r^ + 27) + (Sx'^ + 24X) = (.1* + 3”) + 8x(x + 3) 

= (x + 3){x^ -3^+9) + + 3) 

= + 3 ){(*^“ - 3 ^ + 9) + S;r } = {x + + Sx + 9)- 

£jX. 3 . Resolve 8ji:^ + 4;r — 3 into factors. 

The Exp. = (8 a'^ - 1 ) + ( 4 ^‘ - 2) = { 2 x - 1 )(4.r- + 2;i: + 1 ) + 2(2,t - i ) 

= (2.V - I )U4^‘-^ + 2.r + 1) + 2I = (2.r - I )(V" + 2,v + 3). 

Ex. 4 . Resolve .r^ — bx^ + yx^ + 6x — 8 into hictors. 

The Exp. = (x* - 6 x^ + - 2 X^ + 6a- - 8 

= (.r‘-^ - 3^)2 - 2(.r- - 3.r; - 8 
= or — 2iz — 8, putting a for x- — 3-1* 

== {a - 4)(rt + 2) = {X- -3x- 4 X^'" 3-^' + 2) 

= ('i* + 1 ){x - 4 )U* - I )(-!'■ ~ 2 

Ex. 5 . Resolve 2 a^ + 5.V- — 4.r — 3 into factors. 

The Exp. = .v(2A-‘-^ + 5,1- + 2) - 3(2Ar + 1 ) = x(2x + 1 )sX + 2) - 3(2,1 + i ) 
-(2,r + i){v(.v + 2)~3l = (2.r+i)(Ar2 + 2,r-3) 

-■( 2 A- 4 - I)(A'- l)(:«^ + 3 )- 

Ex. 6. Resolve {x + i )(a + 3)(a- + 5 )(a' + 7) + i 5 into factors. 

Here, {x + 1 )(-i + 7) = + 8.t + 7 and (.r + 3 )(a' + 5) ==.v‘- + 8,v + 1 5. 

Hence the Exp. = (.v*^ + 8,i' + 7)(,r-4-8A'-+ 15)+ 15 

= {a + 7 )(a + 1 5) + 15, putting a for x- + 8a- 
= <»- +22^Z+105 + l5 = «'- 4 - 22 rt + 120 

= (a + io)(a+i2) 

= (.1 + 8.r + I o){x- H- Sx +12;. 

Ex. 7. Resolve + + — 9 ^^ into factors. * 

'The Exp. = {(rf + — 8^’} 4 -(a^ - P) = - {2bf) + - f^) 

=^{a + b — 2b){{a + by + 2^(a 4- d) + 4^*'*} 

+ {wb)ia^ + ab + b‘^) 

= (rt — b'){(r'-^ + 4ab + yb^) + (a — + ^^b + b") 

= {a — b)(ar-\- 4 ab 4 ’ 7 b'^ +ir^ 4 ‘ab + b‘^) 

= (a — b){2a^ + 5^^ + 8^^). 



302 


MATRICULATION ALGEBRA. 


Bx. 8. Resolve - a — 1 5 into factors. ^ 

The Exp. » -27)- (a^ - 9) - (a - 3) = («» - 3^) - (a^ - f) - (<z - 3) 
« (a - 3){a^ + 3a + 9) - {a + 3)(^z - 3) - (« - 3) 

= (« " + 3^ + 9) - (« + 3 1 - r } 

= (<*-3)(^z‘^ + 2tf+5). 

Bx. 9. Resolve {a^ — d-)*^ — + into factors. 

'Fhe Exp.*= {(tf- + d'^)^ - - 2C'{(r -f + c'^ 

. — {(«^ + + b^) + 1*"* I - 

= {(^8- + b'^) - iT- - {2aby^ 

— {d^ + - 6“ + 2ab){d- + - c- - 2ab) 

^.{[a + bf-c^){{a-bfr-c^) 

— {a + b-^c){a-\-b - c)ia - b -\r c){a - b - c). 

Ex. 10. Resolve 2(a + (^ + <;)" + (/^ +r)(i: + «;)(« + ^^) 4 * in;o factors. 

Assume -r = £z4-3 + r, theii/; + 6'==i -rz, c-^^a^x - b^ a-^-b^^x - l. 

Hence, the Exp. = 2x" + {x - (i)ix - b){x - r) + 2abc 

— 2 X^ 4- - («z + ^ 4 - c)x- 4 * {ab 4- ac + bc)x -abc^ 2a bi 
= 2{a 4“ c)x‘^ 4“ x^ — (tz 4- ^ 4- c)x'' 4- {(fb 4- ac 4- bc)x 4- abt 

{for 2;r‘’ .= 2 x'^.x = 2 x\a + b + c)} 

= x'^ 4 " (« 4 - 4- (')x 2 4 - {(lb + ac 4- bc)x + abc 
= {x + a){x + b){x + c) 

’■={2a’^b-\-c){a-\-2b + c)(a + b-^2c). 



Exorcise 

Resohe into factors : — 

CXXIII. 

1 . 

,r"~3,r~4. 2 . x ~x 

=*- 4 . 3. x^- 3 x + 2 . 

4 . 

r'^- 19^4-30. 5 . .t'" 4- 2.r- - 3. 6. x^-7x-6. 

7 . 

.r^- 7 ,r-- 8 ojr 4 - 576 . 

8. .r 8.r - 1 2.r 4 - 1 44. 

9 . 

x'^ — izax^ — 5f2*‘*;i' — 1 2^". 

10 . 2x^ 4 - gx^ 4 - 4^ - 1 5 • 

11. 

3.1'^- 17^;- 4 - 19.^ 4 - 11- 

12 . 4x" 4 - 8x'^ 4 - 3x 4 - 20. 

13 . 

X* - 1 ox'^ 4 - 3 SX'^‘ - 5o,r 4-24. 

14 . jr* - 4 - .r — 1 32. 

16 . 

.V* - 6x^ 4 - 6x^ 4 * gx - 4. 

16 . .1* 4 - 1 2-r'' 4 - 4^“ - I g2x - 320. 

17 . 

.r*- i6x^ + 3Sx^ + 232X + 1 80. 

18 . .r*~9.r2 4 - 3 ai:-' 25 . 

19. 

{X + 1 )(;t: + 3){x - 4 )(a- - 6) + 24. 

20. (a' + 2 )(a; 4 ' 3 )(^+ 4 )(^ + 5 )-' 
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21. jr(2.r+i)(jr“-2)(2.ar-3)-48. 22. 4jr* - 20jr^ + 24:1:” + 6:ir - 9. 

23 . .r* + (<* + ^ - 2c)x + (2fl - ^ - 1)(2^ - a - c). 

24 . a«- 9 ^( 2 « + 3 ^*)- 8 . 25 . 

36 . (M. M. 1899). 

27 . - «“) + ^ , <:- + (M. M. 1865). 

28 . a\d'^-£^) + 4a6c^d^^ + c\ 

29 . dcx^-{ac'-d'‘)x^-2a/!fx-k-d^, 30 . x^+x^+i. 

Miscellaneous Factors. (Harder). 

Resolve into factors ; — 

1. (;r- + - 1 )® — a^x^. 

2 . {2a + 2b-abf -{b-~4a){a^-4b), (iM. M. 1877). 

3 . ^ar-^i'jab^-Sac^'^bc-fe-Ah'^ -^c^. 

4 . (i +J')^^'~2(l + (m. M. 1893). 

5 . u- l)(.r-2)-2(^F- l)(.t'-2) + (j'- l)( F-“2). (M. M. 1896). 

6. {a- +b^f-{a^-b'f + (M. M. 1898). 

7 . a\a’\-i)-\-b''{b^\)-ab{ii-bf. (m, M. 1898). 

8 + (flt - 1 ) rj' - ay^ + (a - 1 ).r 4* {a^‘ + 1 ) J' - n* 

9. {a^ — b“){a-\-b)’{-{b'^ — c^){b+c)’\-{c^ — d^){c-^a). (M, M. 1899). 

10 . {a^-b'^f^{c^-^(f-Y--{a^b)\c--df-{a--b)Kc+df^ (M. M. 1876). 

11 . {b-^cf-2{b''^^c^)(i‘^‘{b-cfd. (M. M. 1899). 

12 . X- - ;r 4 - 1 . (C. E. J 885 ). 

13 . (P. E. 1889). 

14 . X^'-2X^-2^V-^()0. (H. M. 1887). 

15 . x^ + 7 x'^-S''^^'~ 35‘ 1889). 

16 . (;i;“ 4 * 4 ^)^- 2 (.r- 4 - 4 -r)- 15. ( 3 i. M. 1889). 

17. 8.r'‘ - 5;r 4- 3. (fJ. M. 1894). 

18 . aib’-c)'^^ b{c- a}'^ +c(a"-6y^'{-Sabc. (li. M. 1890). 

19 . {2b-ay + {2a-by -{a+by. (u. M. i960). 

20. {a-\-b+cy-d’‘b'^--c\ 21. x*-S^'‘+9‘^^^-7x + 2. (k. m. 1901). 

22 . .r*-5;r®4-.r^4-2i.r- 18. (r>. M. 1902). 

23. db + b‘^C'\-c^a — {ad^-\-6c^-i-ca^). (m. m. 1892). 

24 . ^d; 4 -/^ 4 -^)*- 3 (-a 4 -^ 4 -i^) 4 - 2 . 25 . (« 4 - 3 )^+(^ + 2)^ - i- 
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II. HARDER IDENTITIES. 

337. We sliall in this Section consider some important Iden- 
tities of a somewhat harder type than those considered in Section 
III. of Chap. IV., and establish their truth with the help of the 
preceding Formulae. The following are illustrative Examples. 

Ex. 1. Prove that a{b’{^c)^ + b(c+df-{-c{a-\‘b)“-{b-\-‘L){a-b)'K 
a){b - a){b - c) - (a + b)(c - a)(c - = 1 2abc. 

We have, x(b + cY + < 6 ( 6 * + a)- + r{a + b)- 

= a{b'-^ + 2 bc + c^) + b{i + ^ca-^^d^) + c{d' + 2 ab + b^) 

== + c^) + b{c^^a^) + r(a2 + 6abc 

= V + 6abc. (Art. 329 ). 

Again, {b c){a - b){a - c)=^{b-\-c){it^-~ib + c)(i-\-b(:) 

— dHb + 0 “ + cY + bc(b + c). 

Similarly, {c+a)(b-a){b-c)=^b"{c^d)’- b{c-{-aY-Vca{t a\ 
and (a + b)(c - a){c = i \a + b) - c{a + b)'^ 4 ab[a + b). 

/, their sum (adding vertical columns) 

= P-(P + 6 (' 7 ^(') + P = P-" 6 <^/^r. (Art. 329 ). 

Hence, the Kxp =(P + 6^?^6-)-(P-6('^<5^:)= I 2 ^^ 6 *. 

Ex. 2. Prove that d'‘ & + 24 ^^^^: 

— ia’\‘b-\-cY'-l\a{h- cf + bij: - dr + c(a - ^)“}. 

Since - cf + b{c - af + c\a - bf 

— djr — 2bc + c^) + b[c^ — 2ca 4 d) 4 c[cr — zab 4 
= djY 4 c^) 4 b{c^ 4* 4- c{c^ 4* b^) — (^abi 
^lP-6abc. (Art. 329 ). 

and (« 4 4 cf — d 4 4 4 yi\b 4 ^:) 4 2>^Kc 4 «?) 4 36 '^(fl 4 4 (idbc 

= tf"4^^4r’4 3 P 46 «/^c. (Art. 329 ). 

/, Second side = /z^ 4 ^'’ 4 r ‘^4 3 P 46 a^r- 3 (P- 6 a^ ) 

= d + d + c^ + 24 abc. 

Ex., 3. Prove that (b + cf{2a+b’{’C) + ic+af{2b + c+d)+{a + bf 
x( 2 c + a-\-b) + 2(b 4 c){c 4 a){a 4 — {2a 4^4 c){2b 4 4 - 4 «)(2^ 4 a 4 b). 

Putting X for b^-c^j^ for l'+ a and for a + b, 

The first side reduces to 

x\jy+z) 4 r*(.:7 4;r) 4^^(:r 4j') 4 2 xyz 
^lP + 2xyz^{y4-2r)(^ + x){x4-y). Art. 329 . 

^{ 2 a + b + c){ 2 b + c + a){ 2 c + a + b), 
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Ex. 4. Prove that (/i + ^ + c)- - 27 adc « ^ { (^ + <; + 7^) (/> - 1*)® 4* 
:+a + 7^)(^ - «)“ + (rt + ^ + 7^){^ “ ^)®)- 

Second side*- .}[{(^4-^ + -«)4-6ii}(d-^)^ + |(i:+a + ^>+6^}(<:-ay^} 

4' {(^ 4- ^ 4- c) + - dy] 

» i-(<as 4- ^ 4- c){(d - r)'*^ 4- (t - a)*-* 4- (a — 4* 

“ r)2 4- - ay^ 4- ^r(a - 

= 4- 4“ — Sadc 4- 3(P - 6rt^c). 

Arts. 327 and 329. 

=s (o' 4- />•" 4- r’’ 4* 3P 4- - 27adf 

=‘(a + d + cy — 27 adc. Art. 172. 

Ex. 6. Prove that (2«4-^4-t:)^(^-^r)4-(234-^:4-tf)®(t'~/i)4“ 

(2c + a + b)\a - - a){a - ^). 

Putting X for a’\-h-^c\ the expression reduces to 

{x 4- af[b - ^r) 4- (-v 4- bf{c ^a) + (.r 4- c)\a - b) 

= (.V? 4- 2< U‘ 4- 4- (.f*-* 4- 2bx 4- b‘^){c - a) 4- (x^ 4- 2i'x 4* c'^){(i - b ) 

=x^{b - r) 4- (^r - rt) 4- (a - ^)} 4* 2 x{a{b - 1 ) 4- b{c - «) 4- - /^)} 

4- a\b - r) 4- - «) + r\a - 

— (i^{b - 1) 4- ~ a) + c\a - b\ for 1 st and 2nd group = o 

Art. 322 (5 Ci: 6) 

= - (^ - c){c - a)(a “ Art. 332. 

338- We shall now consider certain important general Condi- 
tional Identities, and shew how to employ them in establishing 
'he truth of other Identities. Each of these results should be 
arefully committed to memory. 

339. In connection with conditional Identities, the following 
pportant results should be carefully noticed. 

If f/'4-^4“r=o, we may obtain by transposition of terms : 

{X)b’\-c=-a 'I tf=-(^4-6*) 1 

(ii) c + a^—b . and ^=-(<:4-rt) 

{n\) a + b^—c j t-*~(^i4'^) 

.*340. If rt4-f>4-c=0, prove that 
1. 4- ft- 4- = - 2(ftc 4- <ia 4- aft). 

.Since (a + b + cy^=:a^+fi^ + c^ + 2 bc’r 2 ca^ 2 ab. Art. 93. 

/. o'*^=srt®4"^*4-<:®4-2^^:4-2ra4-2ii^. 

H ence, by transposition, we obtain 
\a^ 4- + =, ^ 2 {bc -^ca+ ab). 
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2. + + by four different methods. 

(i) Sinc^ a + ^== -f, 

Cubing, + 3ad{a 4 - 3 ) + = - r’’. Ar t. r oo 
Transposing, a^ + d'^ + c^— -^adia-^d) 

= -3aby. -c—^abc. 

^ (ii) Since + P + 3abc==(a + b + c){a^^b^-hc^--bc-ca-ab\ 
y c Art. 327 

o >c(a^+b^ + - be - ca - ad) = o, 

/, by transposition, a^ + b^-\-c^—3abc. 

(iii) vSince a\b + c) + b^(c:-{-a) + c%a + b) + 3abc 

={a^b + c){br + ca + ab). Art 329 
/, a^{ -a) + b\ -b) + c\ - c) + 3abc ^^oxibc-^-ca-^rab) 
or —c? — b^-c^ + 3abc=o. 

Hence, by transposition, ii^ + l^-\-c^ — 3abc, 

(iv) Since (a 4-^4- = + + + + + Art 172 

/, o^^a^ + b^-¥c^-¥3{--a){-b){-c) 

= 4- 4- — 3(1 be. 

Hence, by transposition, a^ + b'^ + (^ = 3abc. 

3. 4 * />'* 4 - = 2{h'^e^ 4- 4 - aVp-) by two different methods 

(i) Since 2i>^c^+2c^a^’^2a^b- —a* — b^ — e^ 

— (a + b + e)(a + b- c)(a + e- b){b 4- ^ Art. 33 1 
= ox{a-^b-c)(a + e-b){b-\-e-a) — o, 

/, by transposition, a* + b*-hc* = 2{b'^c^-^c^a^ 

, “(ii) Since a + b= — c, Squaring a- + 2ab + b'^ = c^, 

U Transposing, a^ + b^-c^= - 2ab. 

H Squaring, 4- b^ *4- — 2ah'^ — 2b^c'^ = 

^ Transposing, a* + b‘^-\-c^=2{b'^c^ + c*^a^ + (i'^b'^). 

A a* 4- ft® 4- = - Sabc{bc 4- ca 4- ah) = ^abc{a^ 4- b^ 4- c®). 

Since a 4 -^= Raising both sides to the 5th power, 
a® 4- 5<2*^ 4- 4* loa^b^ 4- Sab* 4- - c\ 
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Transposing, a® + - ^ah{a^ + 2 a^b + 

= — ^ab{a + b){a^ + ab + b^) 

= ^abc(a^ ■^ab + b^\ for a + b^^- c. 

= ^abc\{a + bY - ab\ 

— 5 ab^{(a + b)x -c-ab) 

— - ^abc(bc 4- ca + ab) 

— kabc(a^-irH^-\>c^). Art. 340! 1 . 

■ 

6. 4- 6^ + = labc^hc 4- ca 4- abf. 

Since a + b— —Cy Raising both sides to the 7th power, 

d! 4- 7aH 4- 2ia^b^ 4- + 35^^^* + 2 1 d^b^ 4- yab^ 4- = -■ c^. 

T ransposing, d^ + 4- 6'^ * - 7ab{a^ 4- 2>^^b 4- ^db'^ 4- 4- ^nb ‘ + b^) 

= - 7ab{a 4- b)(d + ab-\‘ d)'^ 
^yabc{d-\‘ab-k-b'~)^^ ior a-\'b=^-c 
• ^iabc{bc-\rca-^ab'f. (as above). 

Ex. 1 , If (^?4 -^:^-<;=!=o,. shew. that- 

{be + ca 4- ab'^^ — 4- 4- a^b'^ — j {d^ + + c- f. 

We have, {bc-^ca-\-ab^^-=^b^c^-\‘C^a^-\-a^b'^-V2ahc{a'\-b’^c), Art. 93 
' = fre^ 4- + d^b^^ for « 4- ^ 4- o. 

■ >^i(a^+b^ + c^)\ Art. 340, 1 . 

Ex. 2. If a + b+r-hd=Oj prove that 

4- d 4- c'^ 4- cP — 2kbcd + eda 4- dab 4- abc\ 

We have, a^^-b— -{c-\-d). Cubing both sides, 
d 4- Z<^b{a + ^) 4- = - {c® 4- 2>cd^c 4- rtT) + d^}. 

Transposing, d-\-b^ + c^-\-d^^ -■‘^ab(a-^b)--2cd{c + d) 

= - 3 ^^ X -(c + a)- ^cdx - ^a-^b) 
^'^{abc-\-abd^-acd-¥bcd). 

‘ Ex. 3. I-Vove that {b - cf 4* (<: - af 4- (a - bf =i 3 (b- c){c - a){(i - h). 
(c. E. 1866 & H. M. 1895). «• ■ -'■■ 

Let b-e=Xj c-a—y and a-b=z. 

then x-\-y-\- 2 —b-c-^c-a‘\-a — b = o. 

/. x^+y'^+d = '^xyz. Art. 340. 2. 

Restoring values, we obtain 

{b - c\^ 4* (^r - aY + (« - bY= ^{b - c){c - a){a - b). 
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Ex. 4. Prove that 

{(d - cy + (^r - ay + (« - byy = 2 {{d - cy + {c - af + (a - b)% 

(ii.M. r866). 

Let c-a^y and <2-3 = 5r, 

then X’\-y’\‘Z=^b — C’>rC — a'\‘a — b^o, 

N ow, ^ +7* -h S'* = 2y^2^ + 2z^x~ + 2x^y^. Art. 340, 3. 

Add x^^y^^s^ to both sides, 

2 (x* +_>'* + s*) ** -r* +y^ sr* + 4- 2s-2.r2 4- 

= {x^ +y^ 4- s'^y^ Art. r 2 8 

Restoring^ values, we obtain 

2{{b’-cy+{c^ ay +(a-byi= {{b ~ 4- {c - ay 4- (a - byy. 

.Ex. 5- If x = b + c-aj y=^c + a^bf x^a + b — r^ prove that 
^ A 2 4- s"*' - sxyjy ^ 4 ( 0 ^ 4-b^ + c^’- 3 abc). 

From the given relations, we have 

x+y + ::^ — (b + r-a) + (c + a-b) + ia + b-c)=:a4-b + t- 
y - ff=(c' + b) — {a^- b - c) = 2(c - b), 

^ X ^(^a + b — c) {b 4 - c u) = 2 {a - c) 
and x—y = {b4-c ^a)--{c 4 ra — b)=^2{b — (i). 

Now, x"^ 4 -y^ • 4 ':^ - 3 xy^=^b{x 4 -y + ’>^){{y - ^ r 4 -[:: -.V)- 4-(-v ->')■}? 

Art. 327. 

^{a 4- b 4- c){4{<^ ~~ b)'^4‘4{a -- C)'" 4-4(^ ” af) 

— 4(a 4-^4- cya'^ 4- 4-c^ —be- ca - <tb) 

= 4(a‘‘ 4- 4- — 3 abc). 

y Ex. 6 . if 2 s = a 4 “b 4 -Ct prove that 

{s — aY' 4- ( J - b)'^4’ (s — cy 4- Sabc - s' . 

W^e have .l= 3s -•2s— 3s- {a 4- b 4-^:) 

^ “(j-fl)4-(j-^)4-vJ-^) 

Cubing both sides of the above equality, we get 

= (i - ay 4- (s - by 4- (J - cy 4- 3(^ - ^ -a- b), 

^ Art. 1 7-' 

= (.f-‘a)'^4-(j“^^^4-(j-^)*'4-3<*^4:, for 2J=a4-^4-c. 
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Bat. 7 . Prove that (d-c){i-^ad)(i’hac)’¥ic-a){i4-dc)(i-\-dii) 

+ (n - I + ca){ i +cd)^{b- c){c — a)(a — d). 

* I St Exp. on the left = (3 — c){ 1 + ^(^ + f 

= (^5 - dT) + a{d* - c^) -H a^^c(d - 1 ). 

Similarly, 2nd Exp. = (c-a)+d(c‘^-a^)+ad\{c^). 

3rd Exp. = (tf - 3) + c(d-^ - 3*) + di3d:‘^( Jpfc). 

Hence the Exp. on the left (adding the columns tertically) 
^{d-c+c — a+a^d) +d?( 3 ® — c^) + 3 *' + c{d^ — 3 ^) 

+ adc{a{d -£) + d{c — a) + d:(di - 3)} 

= fl(3® 3(d:‘^ -«■*)+ 3^), Art. 322 (5 lSc 6) 
•^{^-,C)[c-a){a-d). Art. 332. 

Ex. Sy 1 *rove that a%^ - cY 4- b\c - af + c\a - 3)' 

s= {6c + dTdz + a6){b — — di)(rt — 3). 

I St tixp. on the left = a^b'^ - ^bc{b - - r**} 

^a\b'^-cy-3d^c{b--c). 

Similarly, 2nd Exp. = b\c'^ ~ dr) - '^abH{c - a). \ 

3rd Exp. « c\a^ - 3’’) - z<^bc\a - 3;. 

Hence the Exp. on the left (adding the columns vertically) 

= crip — 6 '^) 4 - b\c' — cl") 4 - c\a^ ~ h^) 

' — 2 ^abc\a{b - dr) 4'3(dr— «) -f c(di ~ 3^1 
c^)-Vb\(^-- a^)->rc\a^ --6% .Art. 322(6) 

= d**(3^ - dr") - 3V-(3 — c) - dz‘’(3‘-^ — d:®), (re-arranging) 

= (^ - + c)\ 

=* (3 - 6'}{di‘^(3 + dT;- - 3-dr‘^ — ^ ^ 

« (3 — d:)(3dr 4- ca 4- ab){a{ b+c) — bc-a^) 

= (3 - d:)(3d:4’ d:<? 4* d*3; x — {a* 4- 3c - a(3 4* cJJ 
« (3 — dr)(3c 4- Cdd d/3) x — (di — 3)(d« — c) 

= (3d: 4- fdd 4- ab)( b - d:)(dr - €L){a - 3). 

Exercise CXXIV. 

P'.stablish the following Identities : — 

1. a{b 4- d:)(3« -h d*® - di^) 4- 3(d: 4-d0(c2 4-«* - 3^) 4 - c(dd 4- 3)(a‘-^ 4- 3‘^ - d:-) 

= 2di3c(«4-34-d:). 

2. 4(.r -j/)® - (;ir - 4 ^)( 2 ^ +>-)*“ 27;ry . 
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3 - (x -y){x -y - z){x + ^y - zz) ->ty{y - s){ 3A' - 2 y- 2z) 

^x(x -z(x- 2 z). (P. E. 1891). 

4 . (x - rt)’* + ( j - ^)“ + (a^ ){x^ - I ) 

= {ax +dy - if -h {ay - bxf, 

5 . ( I - d^){ I - b^){ \ - (f)- {a bc){b + ca){c + ab) 

=#l + abc){ i - - 2abc\ 

6. {(i - x){a — 2 x){a - 3^') + gx{a — x){a - 2x) + 1 Sx\a - x) + 6 x^ 

= a{a + x){a + 2x). 

7. r^ + 6 (y + z)x^-i- I 2 {y+zfx + ^{y + zy 

= 4 ( 3 ;r + 2j/ + 6:r)y-i-(A:+6y + 2r)(;«' + 2xr/^. (M. M. 1881). 

8. a{a — 2 / 5 )® — b{b — laf — {a — b)(a -hbf. 

9 . a{a + 2 bf - b{b + laf = {a + b){a - b)\ 

10 . -{(i - bf{a + 2 / 5 ) 2 ( 2 /j + bf == 2 7 «^ + b)\ • 

fM. M. 1888). 

11 . a{b^c- a)'^ + b{c + a - + c{a + ^ - r)- + 

{b + c — a){c + 4* ^ = ^abc. 

12. + b{c - a)- + ^ f + gabc -{a + b + c){bc + ca + ab), 

18 . x{y\’ zf + y{z + xY + z{x +7)*^ - /[xyz = {y-hz){z-h x){x +y). 

14 . ^a + b + c)^-{b + c)^-{c+a)^^ {a + b)"^ 

-3{2a + b + c){a + 2b+c){a + b’}- 2 c). (M. M. 1881). 

15 . a® + ^* + — ^ab — be — 2ac +a(a + b - (b - e)'-^ {a — b){ 2 a 

16 . d\b - e) + b\c -a) + c-{a -b) + {b- e){c - a){n - b) = o. 

17. f^{b - ^) + b\c - tf) + (f{a -b) + {a + b + c){b - e){e - a){a -b)=o. 

18 . {b - e){b + cY +{c- a){c + af + {a- b){a + bf = - {b -c){c- a){a - b) 

19 . {b-c){b + cf ■^■{c-aYx + af + {a- b){a-)rbf 

= - 2 {a + d + c){b - c){c - a){a - b), 

20. {c -K2rt + + c-2a)^{a + 2b’k- 3c)^{c + /* - 2 ^) + 

{b + 2 c-{‘ 3 a)\a + b -2c) + {b + c- 2a){c + a - 2b)(a + ^ - 2^:) = o. 

21. {b - c){x - ^)(.r -c) + {c- a){x - i:)(.r -/*) + (£?- b){x - ii)(jr - b) 

^-{b-e){e-a){a-b). 

22. - i:)(;r -b){x-e) + b[c - - c){x - ci) + c{a - ^)(.r - a){x - b) 

— - x{b - i:)(^ - a){a - b). 
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23. - <r)( * + I + + b{c “ ^i)( I + I + ba) 

+ c{a - ^)( I + ca){ I + £r3) = - abc{b — c)(c - a){a - b\ 

24. ~ + -<*)(«■- ^)* 

26. - 2/l)3 + (£■+«- 2 ^)^ + (^« + ^ - 2 ^)^ 

— l(b-\-c-2a){C’\’a-'2b){a^-b-2c). ^ 

27. (.5 - ^)(^ + £: - 2 af + (^ - a)(^ + a - 2 ^)^ + (a - ^)(rt + 2cf = o. 

28. (x - «)3(^ - cf + (x- bf{c - + {x- c)\a - 

= 3(^' - «)(^ - ^)(.^ - 1‘)(^ ~ 0(^ “ ■" b). 

29. *1“ ^ = (4^ +4^4' “■ cY 

+ (46' + 4a + b)(c - a)'^ + {4a + 4b + c)(a - bf. 

30. (y ~ 2 r)^ + ( 2 : - x)* + -.y)^ 

. = 2{{y ~ - xY + (£* - .ry-(.v -h {X -yY(y - 

= 2 {x‘^ +j/^ + j?’-* ~^ 2 : - zx — xyY- 

31. If a4rk4rC—o^ prove that 

. i r) l>^ - ca^c^ -ab = - bc^ + ^“ + 

[2) b'^ + bc + c^^c^ + ca+a^^a^+nb + b^^iia^ + b'^ + c^y 
(3} ^(b^ + — (i^) = j + b‘ — = - 2abc. 

( 4 ) (be + m =* i(rt® + + c^)*. 

( 5 ) a(a + b)(a + 0 = -{■c) = c{c 4- a)(e + b). 

( 6 ) be(b +e)+ ca(c +a)+ ab(a -h ^) + •^abc = o. 

{ 7) + b(c - a)‘^ + c(a - bf + e)abc = o. 

^ ' ( 8 ) (a^4‘b^4-c^Y=2(a^^b‘^4‘(^)^4{bc4-ca4'abf, 

( 9 ) + 

( I o) 2 5 («‘^ + + c’^)((V +b'^4‘e^)=2i (a^ 4- b^ + 

(i i) (b-\‘C-df-\-(c4-a- bf4r(a4-b-cf 

= Z(b4‘C-a)(c4'a- b)(a4-b-c)^ - 24 abc, 

( 12 ) a(b~-cf 4 ‘b(c-df 4 ‘c(a-b'f^o, (m.m. 1878 ). 

32. If ^i+^+£:+fl?=*o, prove that 

(1) (a 4 ‘b)(a 4 ^c)(a 4 ‘d)^(b 4 -c)(b 4 -d)(b^a) 

=^(c4r d)(c +■ b)(e 4-d) = (d4- d)(d 4 b)(d + c). 

( 2 ) a^4rb^ + e^-4d^ + 3 (b + e)(e + «)(« + ^) = o. 
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33. If asBX^ -y^’, b =j '® - sx and xy, prove that 

(y-~ah— s{ax •\rhy-k' cs). 

31. Show that the expression a“ 4-^® + 6*'^- is not altered 
by adding the same quantity to to b and to or b\ 
subtracting the same quantity from each. 

35. Prove that the expression b*^c-^(^a-\ra^b -br -- cd^ is 

exactly divisible by the difference of any two of the 
quantities* n, b^ r. 

36. If x=^d^ - bc^ y= b^ ca and z^c^ — nb^ shew that 

aX'\‘by-^cz — {a'irb’\‘cYx-Vy-\‘z), 

37. If .r = ^ + r, and c =«4-3, prove that 

.r’* d-j/* + 2^ — ^xyz = 2(rt * + — ^abc). 

-..38. I f = 5 — vjar, b ==y^ — zx 2 LndL=z^ — xy, prove that 
^8 4 . + ^3 _ _ ( ^-8 4 . ^3 4 . ^ - 3xyz)^. 

39. If x=^ 2 a + b-^c,y= 2 b-^r^a and z= 2 c+n‘^b, shew that 

x^ +y ^ + - Sxyz =s 4- b^ 4- - ^abc). 

40. If 2 j*^i 4-^4-<;, prove that :— 

( 1 ) s{s - r) + (.V - a)(s - ^) =® ab. 

( 2 ) 2 (j - ^)(.y - ^■) 4 - 2 (.r - c)(s - < 2 ) + 2 (.v - a){s -b) = 2S'^ - d^ - b'^ - 

(3) {(-f -d) + {s - b))'‘ « (.? - af 4- (r - by 4- 3(.^ - a){s - b)c. 

. ' (4) 4- 2i:V 4- 2rr?^* - - r*= 1 6s{s - a){s - b){s - c). 

(C. E. 1867J. 

41. If 2 S=d*-\'b'^ + c^ and 2 j=^4-^4-c', prove that 

(5 - a^){S - b^) 4- (S - b^^){S - c^) + (.S’ - c%S - a^) 

*« 4 j(^ - a){s - b){s - c'). 

./«. Us=n + d + <r, prove that 

(s - 3a)’ + (j - 31})’ + (i- - 3f )' - 3(j - 3a)(f - 3i)(j - 34:) = o. 

43. If 3J=®«4-^4*^, prove that 

= 2(.9 - by{s - cy 4- 2{s - f) V - + 2 (j - a)\s - by. 

44. Prove that (x^ + 2 y 2 y 4- (y* 4- 2»8r.^)'* 4- 4- 2 xyy 

- 3ix^ + 2ys)( y 4- 22 x){ 2 ^ + 2xy) = {x^ 4-y + 3^ - s^yzy. 

45. Prove that 2{(^4-<:-2i?)^4-(t*4-rt-2^)*4-(«4-^-2^:)*I 

= {{b 4- 6- - 2 ay +(c+a- zbf 4- (« 4- ^ - 2c)®p. (C.E. 1896}. 
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46. Prove that 2Siid-cy-^(c-~ay+(a^dy\{i3-c)^ + (C'^af+(a--dY\ 

= 2i{{b — cY’\‘{c-a)^-\-{a-~ 3^, 

47. Prove that {3 - c)^ + {c - aY' 4- (<* - 3Y 

=s 5(<5 - c)(c - a)(a - 4-^* + - 3c -^ca- a3). 

48. Prove that {3 + 2 c-’ + (r 4 2 a - i3f 4 (tz + 2 ^ - 3 ^:)’’ 

= 3(<^ 4 2^ - 2a)(c 4 2« - ^3){a 4 23 - ^c). 

49 . If X =a.r 4^^^ 4^s^, Y = 3x 4 cy+a7 and Z — cx 4 ajY+3s^ prove that 

(r) X 24 Y 24 Za^YZ->ZX-XY 

= (tf * 4 4 c^ --be- cn — ab){x^ 4>'* 4 -yz - zx — xy). 

( 2 ) X^4Y«4Z3^3XYZ 

. = (c^ 4 4.^*'^ - yibc\x^ 4y* 4 - ^xyz). 

50. If a + 3 + c^Py be -^ca + ab-^ a.nd abc — r^ find the values of 

(i) (3+c)(c-\-ti)(a + 3). ( 2 ) a^{b + c) + 3^{c+a)+(^((i + 3).. 

(3) <*’'4^*4^'’. (4) Pr^c^a^+a^b^. 


CHAPTER XIV, 

HARDER FRACTIONS. 

I. BBDUCTION OP FRACTIONS. 

341. Po simplify a fraction by resolving its terms into factors. 

■c»^ 1 c* Vf. a^-c^b-ab'^^’b^^ 

. 1 mp 1 > ^ ^ 4a***^2 4 ^ab^ 4 3* ' 

N iimr. = a\a - ^) - 3'‘{a - ^) = (a - 3){a^ - P) 

= (a — 3){a - 3)(a^ 4 ab 4 ^‘•^) = (a — b)\ar 4 ab ^*P). 

Denr. =- {a^+a^b'^ 41^*) 4 3 ab{a^+ab 4 b^ ) 

= {a^ +ab + P){a^ — ab 4 b^) 4 ^ab{a^ 4 4 P) 

— (a® +ab + b^){{d^ ’^ab’^ b^) 4 ^ab} 

= (a2 4 4 b^Ya‘* 4 2 ab 4 3^) = {a^ 4 ab 4 P ){a 4 3)'^. 

.. l'raction=(;-A) 
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£x. 2. 


Minpiily 


Numr. --= {ah + i + <(^* •” ^) + 2}{(^ — ^) - 2ah] 

= + i)‘^ + (<7 - ^)- - 2 (a - - I ) - 4ad 

= {(«(5 + 1 y-* - 4 < 2 ^} + (rts - - 2(a - d){ah - i ) 

=:(a^“ iy^ + {a-d)^-2{a-d){ah- i)=:{{ah- i)-{a-h)\" 
Denr. = - i) + {a — h)){{ah — i)-{a-d >. 

• Frai'tion = — i + ’ ) 7 t 0 _ (»_+ J )(^ - \] 

{a6-j) + {a-h) h{a - i) 4- {a - i) {a - i){h + i)' 


Ex. 3. 


Simplify 

P ^ ( y+my - ^) + (^ 




T-el^4-^ = ^ 'I then b-r^{z + x)-{x+y)=^s 

z-\-x^h ^ c-a={x+y)-iy + s:) = x~z, 

and x+y = L' ) and a-h — {y + ''y)-{^ + x)^y-A. 
N ow, N umr. = — a^{h — <:) — h\c — ^?) — c\a — h) 


^ - {n\d ~-c) + P{c -a) + c^{a - ^)} 


=i{a + d + c){h — c){c-a){a-h). Art. 332, Ex. i. 


and Denr. = — a\h — c) - h\r - a) — c\a - b) 
— - {a^{h - r) •+• d-(c — a) + i:\a - h) 


= {h-c){c'-a){a-h). Art. 332. 


/, Fraction ^a + b + c= 2 {x +j/ + "). 


Exercise CXXV. 


1 . 

3. 


Simplify the following expressions :- 

{a + d){(a + 6)- - F“} „ jx+yY -x"^ - y” 

4hV - (a- - h" - ' ’ (.r + yY - -J'" 

I ^‘2x _ __ I 


4. 


(;r*-:r^+y)=> + (y''+4:)/ + y’)=' . 

• 


xy + 2x^ ~ 3y‘‘^ + 4 jrg — z^ 

2X^ ~ 9^:^ - 5 xy + 4Z^ - Syz - I2y- ‘ * 


5 . 


(M. M. 1883). 
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6 . 




. (M. M. 1880). 


7 ^ Z-Z-?J(Z + £}.l± + ;r)” + (.v - jF)(.r + yf 

{y^rs)[y-sf-^{s'+x)[z-X)^ + (A* + y ) (a -yf ' 

(M. M. 1892 & B. M. 1888). 


« {^ + c - 2 af + {c -^-a - 2df + {a+b - 2 cf 

(d + c — 2a)lc+a — 2S)(a + d — 2c) 


Q + c) (c + a){a + b) 

a ^>\- b ^ + c ^ ■\-'^ ab { a ’{- h ) * ‘ aHx — l ^ x ^ 

11 zA:1[^^A?Lz [(?: +/.! zsi 

{a-^b^i)\a-^b-c){a-h\c){b-i'C-a) 

2(^2 - I ){b- -i)ab + + b-){ 1 + uH^) 

2(.^2 + 1 )(^2 :^i)ab- (^2 ^ ^2) ( j + ^2^2) ' 

IQ (* ~ )( 1 - ^* ^ )( I ~ “ (eg + ^6 )(^ + iri){c + ab) 

1 —a^ - b'^ — ~ 2 ^ 4 ^^ 


U. 

16 . 

16 . 

17 

18 . 

19 . 


3 A 2 - ( 4 a + 2 ^)a + + 2 ab 

X‘^ - { 2 a +^jA 2 + (d^ + 2ab)x - d'b ' 


(H. M. 1896). 


{i±£zlL^L-l^A^^ . (M. M 1897). 

( c + a - 26i ^-( a + d - 2cr ^ 


+ f ' - 3«3^: 

(rt - bf + (b- cf + {c- af 

S{a + ^ + c)" - {b + cT - (c + ar - {a + bf 
3(2^^ + ^ + cj{a + 2b + c){a + ^ + 2r) 

{a + b •s/cY + {a-b yJcY - {yb Jac)- 
[a + ^ + {a-b Jef 


(A. K. 1902). 

(M. M. 1881). 
. (P. E. 1896). ’ 


bc(b - d){b- + f) +ca[c-a){c^ + ab{a-b){d^ +b^ ) 

bh\b -c) + c^d\c - a) ■^d^b\a -^ b) 


a"\b-£){c- d) + W" ” d) 

b^\a - d){c - d) +>‘(rt - b){b- c) ’ 


20 . 


when w = o, i or 2. 
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II. ADDITION AND SUBTRACTION OF FRACTIONS 
342. The following are illustrative Kxamples. 

1. .Simplify 

+ + (M.m. 1877). 

.stfraction=i(j+i)(^* + .=»-.*)=i(^+^;-'J+^“^ 

2nd fraction = j/ *+ ^Vc 2 +a 2 -/i 2 ^ = i/ (-+“* a -^*Y 

\c a f i: r a a/ 

3rdfraction = i(i + j)(«==+#^-r^) = i(« + f-f+f + ^-^). 

suin = rt + /^+r. 
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The ExDr, -"^ I 

4* 2a{x - a) + (^ — a)^ 

_ {a + {x 

(x — ay^ (-r — rt)" ' 


-m r i-r 3^-12 . 5^~3 ^-13 

Ex. 5. S.mphfy 3 " 6 • 

j- _ 3 X—J 2 5£“.3 5 “13 

e Hxp. - _ 3) + ,)(.v _ 3) )(x-6) 


M _ 3 \ 3 , , 2 \_/_2 _ 1 \ 

\x-2 X-3I \x~3 x+i) \x+i x-6f 

6 I 6 x — ^6 + x -‘ 2 _ 7jr — 38 

.r - 2 .r - 6 {x — 2){.r - 6) {x ~ 2){x - 6) ' 


343. 'I'here is a certain peculiarity in the arrangement of the 
inee letters a, c, known as Cyclic Order. In this order, if we 
arrange them round the circumference of a circle, thus (as shewn in 
‘!>e diagram) they are said lobe taken in Cyclic Order^ if starting 
i: any letter and moving in the direction of the arrows, we take 
hem in the order in which we meet them. 


6 


rhus, starting from a, we come next to b, and thus a--b or a-^-b 
are m Cyclic Order. After b we come to c, and thus ^ — c or ^ + c arc 
>n Cyclic Order. After c we come back to a, and thus r~a or c-\-a 
are in Cyclic Order. 

The following are important Examples. 

Ex. 1. Simplify 
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Considering the first denominator, we see that one factor a-, 
is not in Cyclic Order. But a — - {€-a\ so that {a ~ b){a - c) = 

— and thus 

be _ be 

{a - b){ti - c) ^ (a- b){c - a) * 


Similarly, we have 

ea ca ab __ 

{b - e){J) {h^ c)(a - b) l 7 -aWc~- b) ^ 

Now, L. C. M. of the denrs. — {b — e)(e — a){a — b). 


Thus, the whole expression 

—bc{b — e) — ea(e — a) — ab(a — h) 

“ ~Q>-e){c-a){a-b) 

{b - e){e - a){a -b) _ 


^Art. 322 : 12) 


ab 

{e-a){b-e) 


Ex. 2 . Simplify 

} . I . 

{a - b){a - e)(.v - a) (b - e){b - a)(x -b) (e- a)(c - b){x - r) 

The expression in ('yclic Order 

__ I r I 

{a ~ b)(e - ay x -a) (b- e](a - “byx - b) {c - a)[b - c){x - r) 

The L. C. D. is Txovj — {b — c){e - nya - b){x — a){x - b){x - c). 

/. Fraction = 

-(b- 6')(^' - b ){x -c)-{c- a ){x - c)'x - a) - {a - ^)(.v - a){x - b) 
{b-eye- a){a - b){x - a){x - bj{x - r) 

Niimr.= -(b-c){x^ -(b^r)x+be\ 

- {e — a){x^ — {e+ a)x + ea] 

- {a - b){x^ - (« + b)x + ab\ 

= - - e)x^ + 'b^ - c*^)x - be{b - c) 

-(e — a)x^ 4- — a^)x — ea(e — a) 

- - b)x‘^ 4 - (a^ - b^)x - ab(a - b) J 

, = - {(^ - 4- rr - rO + (« - 4- {(^* -^2)4- (e^ - a^) 4- « ^2)f ,, 

- - ^) 4- ca{e - 4- ab{a - ^)> 

^^{bc{b-e)-Vea{e-d)^’ab{a-b)\ Art. 322 (5 & 6). 
{b’~eye-aya-b\ Art. 332. 


{x-ayx-byx'-c)' 


/, Fraction 
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34ft- The following results, if carefully committed to memory, 
will be of great service in simplifying Harder Examples in Fractions. 

^ (^cjcr-ar 

and , i ; 

then, (i) A:+P+Z==0. (ii) fiX^bT-^eZ^O. 

(iii) a^X+h'^r + fi^Z=^l. (iv) beX^caV +abZ^V 

( v) €i^X 4- b^ y + c®Z — a + b + fi. 

( vi) a*X -h b* l'+ c*Z =* a® + b^ + c- + br + ra + ftb. 

(a- bXfi-c)('Jc±a)~ ^ * (b- d}(b - 4- ft ) 

. . =K, and .. V.y ^ = 

(rt-a)(r-b)(.jc±c) * (uc±a)(x±ft)f.K±r) 

then, (i) l^ + 0 + /i = .V. (ii) aP + bQ + eM'^Sif. 

(iii) a'‘^7*-hbH) + e^P=-Sjc^. 

I'hese results can be easily verified. 


3ft6. The following Examples illustrate the use of the above 
formulae. 


Ex. 1. Simplify 

-1 r p d^ + q l)-\-r Pc'-i-fjc+r 
{a - b){a - c) {b - c){b -a) {c — n){c- b)' 

The expression = 


J . . , I 

^\{a - b){a-cy (b — c){b — a) {c-aY^c- b)} 




( - + -- + £ \ 

\(rt- f;)(a- 6') {b — cYb — tiy (c-rtHt:-^) I 


'^^{{a-b)(a-c 


{c-ciXc~b)} 


-c) ' {b-c){b-a) 

=px i+^xo + rxo=;i>+o4-o=/. 

Ex. 2. .Simplify 

-hga + r pb^ + qb + r pc^^-gc-^-r 

{a — b){a — c)(x + a) (b — c)(F- a){x b) (/:-a){c— b}{x + c)' 
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The expression — 
^{xa-S){a-c)(x 


. + + £!.. 1 

#)(a-r)(.r+rt)^ (6-c)(3-a){x+6r (c-aKc-3)(,x+r)i 

# . . 
.— + L +_ £ 1 

d){a - c){x +ay {d-- c){d - a)(x + dy {c- a)(c - d) (,r + c) J 


J I . „ . I __ 1 

\{a--d){a-(')[x+ay (5 - c){3-a)(x-^3)^ {c-a){c-3){x-^r)i 

. A. . . ^ 

{x-^ra)[x-\-3){x-\-c) {x^’a){x‘\‘3)(x+c) {x a){x 3){x c) 

px'^-^qx’ ^-r 

(x+a){x'+3){x+Ly 


Exercise CXXVI 

Simplify the following : — 

- 3’\’Cf, V ^ + r\ . .1 \ 

L - i) + (« H- ^ f ). 

2 * 4 . * 

.r‘-*+.r+i r+i x^\' 

2 'Yl"f +1+ 2;r(;r - 1)'^ 2 - i )- 

+ 1 ^ jr* + .r* + i ,irH ,r* + 1 

, 3+c~2a [b-c]- b + c-2a 

h — a {a-b){a-c) c-a ' 


€. /-+.. 3 -+ ^ (P.K.. 888 ). 

^- 6 ' r~^ (^ — trXt — 

^ {a + bf a-^2 b+x . (a + ^)^ , 1 / , o-. « 

(.r-aj(.r + <'z + ^} 2 (a'-^^) ^ x--^bx-a^-a3^^' \ 

+ + + j2^a^js 

(m. m. 1882)' 

^ _ y — . 1896;. 

vAr- vT+ y/ti x-{- a ^ ^ 
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“■ 


<2 — -•?- - - + 

(x + ay* (a+cz)’‘'- (.r + rf)'*"*' 


a{a-^x)‘ 

(B. M. 1876). 


{ac + dd)^ - (ad + dcf (ac + dd)^ + (ad + 


v^' 

-b){c- 

I 

d) 

(a-^b)(c 4 * d) 

I 1 

I 4 - 4 'fl - 

r^^o-r 

■+ i+.t 

r-P 4 .^-r- 9 + l+x^-' 


i:-^a 

-— i+ 

( ^ 4 - c)(c 4 " a){a 4 * b^ 



a‘-h^ 

1 

1 


IZJ? 4. 

a-^b 

+ 

(b^c)(c-a)(a-b) 

b+c 

c-^a 

a-{-b 

(b + c)(c+aj(a'‘hb) 


. (M. M. 1874). 


jw ^'® + 3^+5.r4 - 15 x*+x^ + ^^+x-2 

x^’ + 2 x'^ + 5;*: + 10 .r* 4 - 2.r ^ 4 - 3,1**^ 4 - 4.r — 4 ' 


(M. M. 1878). 


18 . c - \ + - 2~" + ? r • 1898). 

;r' - ;ir- 4 --t — I 2 X^^x i 4 -Jr‘' + 2 ,r 4- 1 ^ ' 


;io . j. £, 15 _ . . ? . _ ®T?.. 

(A. E. 1893) 


.v--U'-i-i)2 rV-iy-^-i , ^ , 

rx. v> “' 2+ ”57 — r~\^^ — + (M. M. 1871). 

(;r^ 4- 1 )“ - -v^a' 4- 1 1 v / / 

21. ^ t£(^ ’ + - a=') + ■*■ + fl-' - i") + " - f 3 ). 

2 ^^: 2^:12 ^ 2ab * 


Simplify the following : — 

22 — " — 4 . 4. 

(a - - ^) - <*) Kc- «)(r- • 

when /«*=o, 1, 2, 3 and 4. when W'5«3. (c. E. 1865-87). 

- iT) **’ - ^)(^ - <») c(c - - b) ‘ *'* * ^^5"72). 

- ^)( 4 r - - a)(-r - 


M.A.— ai 
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25 . , - — + r + y j (a. E. 1892). 

{q~r){r/^) (r-pyj^-q) (p-q)[g-r) ' 

28 . 4. 4. . _ 

(at - - «) (4r - «)(ar - ^) (x-p){x- m) 

27 - •?- -y?_ I- (C E i 860 

{x ~y){x -zy{j>+z)(y-x)^(T-x)0:+J')' ’ 

ftp + a + I , ^* + 3+1 , C^4-C+I f o . 

^ {a- b)(a - 0 (A - - «) (i; - «)(?"- ^) ' 

- ^+/ /-^ (■^- M- 1887)- 

(rt--3)(<»-^) (3“^)(3-i«) (c-a)(^-^) ^ 

OA (x-ffi(.x-c) (x-£)(x -a) (x-a)(x-b) , ■ 


a^-W^c)^ ^ , 

{a-b){jz — c) (b - c){b - a)^ {c - a){c - b) ' ’ 

4. AL , ~ 

( 3 - 0 (^-^ 7 ) {c-a){c-'b)' 

*+^.2^2 ,-24.^3^23* ,^^2 + ^ 2 _ 2^2 ^ 

^|||jjjj|y^(> _7)(i _ a) ^(c- aKc-J)^^' 


- c){c - a) 


3 a + 26 + 2 c + 

(<i - ^)(4 vmppx?^ 

I - gxW^lr- ^)i. 

j' («-iX"-f) (.b ~ c){6 - a)^c - a){c - b) 


()i. M. 1901). 




a {.-9(,-i) (:-:)(■'-» 


(b. m. 1897 ). 


. (^1^1900). 


JBa ■ r (x-c)(x-a) . . (;i:-«)(;r-/ 5 ) 

^ • (« - - 5 )(a - iT) + " • (i - cKd - a) • (V -T)( 7 - i>T ■ 

z a + ^ , 3 +^ ^ 
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(a - 6Xa ~c){x+a)'*'{d- aXi - c)(x +6)'*'(c- «)(f - + J) ’ 
when I, o and 2 . _ 

jFt 

.0 , 

when o and 2 . 






r^+r+i 


{a-d){a-‘C)(x + ay (d-a^^-cXx-^d) \c^a)(c^){x -he) ’ 


b-^-Cr CL 


-e ra y r4-^ — ^ 

- a){a -b) rt)(a - b)(b -c) (a 


(b + c){c 


a^b — c 
+b){b~-c){c-a) 


..j {a-ptfl-g) {b-p^b-q) (c-p^c-q') 


III. SIMPLIFICATION OP FRACTIONS. 
346. The following are illustrative Examples. 


BX. 1. Simplify 


b^ a® 


I I 1 


mtiitr:) 


a»^» 


m'. a‘b‘ 

l|PI^ 

^ _ («* - +b^)(a> -ab+ b^)' a‘b> 

~ ^b’ ^ (a‘-b^){a*k 

_a^+ab + b' 

ab ^ 

b'^+a^-^ab 

, a® + + ab ab ^rab-k- b*^ 

2ndjra(won= '^-b'^ ~(^{a-bj ' 


:. The Exp. ^ 


ab(a^b) " < 1 ^ 



3^4 
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]Bx. 2. Simplify 


fi-x c-x 


I i___ _ 

* X -a x-b x-c 

Denr.= (- - \ + ( ^ “ ^ ) 

\x x--at \x x-bf \x x-c) 

= I - -A 1 - '/ “ + \ 

x(x - a) x{x - x{x ~ .r - ,r b-x c-x) 

The Exp.= (—+ , -—+—)+ U~ + J +-— ) 
\a-x b-x c-xf b-x c-x) 


Exercise CXXVZI. 

Simplify the following : - 

— gS- • (M- >S97)- 


(P. K. 1894). 


(-+= 1 


- 1 

-f " 

X y 

- 4-1 

Ky J 


1 y J 

1 ^'^h~nb 

a-b 'X 

'' l-ab\ 

1 . (a-b)b , 

aia - #) ( ■ 

L I +ad 


1-ab ) 


1 +x 4x Sjt I -X 

l -X^ 1 -X^ I’^X , - , 

(C. E. 1870). 


i^x^ 4^” I-" 

1-V‘^i+jr* i+jr* 


V --i-+ -*- + ~ 

^ x — n X'-b x-^c 

a ; b . ^ 




-^+ .Z.+ _f.. 

g ^-.y j'-z x-x 

^+^4.^+£. ■ 
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2! 





b\/a 


\b 



a 

a 

rtH-^ < 

a-b 

a + b 


b 


a + b ( 

a — b 

£i + b 

a — b 


— . (c. K. 1874). 

ab 


a’^rb^rC ^ a^-c^-b a’^rb^ c 
a-\'b'~c b^c — a a -^h — c 
a-\-h -c ^ b + c-a ' b-vc- a' 
a-^c — b a^b-^-c a-\-c—b 


(m. m. 1875 ).“ 


10 . 


11 . 


12 . 


13. 


a — bx 
x- 2 {a-^c) 

X 


1 + 


a — bz 
c + bx 


T + 


a-\-c-x 


x - 2 {a-\’C) ‘ 

I + ^ — 

^ a + c- X 


(m. m. 1871 ). 



l+^2| 

1 -] 




\ c at 

' \a bf 


)+6{ 

\c af 



(C. F. A. 1880 ). 


I -r r* 


( 4 ;tr’- 3 ;r)- 


(c. E. 1878 ). 


{ 


4 _3_.. 


14. i. 




-H-i-) 

I ~{fC^i) +(l+^V- 2 Jf*- 2 . (C. E. 1895 ). 


. 1 J(x+l)- -s/{ x-l ) 

.r+ '/(.r-*- i)- I ■ ^ / .r- i \ a*- v^(.r*-i) 


ly 

7(: 


s/{X^) 

l±i\ 

X-l) 


\x+lf 

(P, E. 1899 ). 


+ I 
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IV. EVALUATION OP PHAOTIONS. 


347. The following are illustrative Examples. 

JBk. 1. Kind the value of — when . 

, x-‘2a x~'2b ci’^b 

(C, E. 1865, 13 . M. 1^83 & P. E. 1899). 

The Exp.-(j^-i) + (j±3.|-i)+2 

= 4f_j. 4^ \ aix- 2 b)+b{x- 2 a) '\ 

x^2a'^x-2b'^ (x- 2 a)(x- 2 b) 


, f (a + b)x-/^ab 'I . 


[for (a + b)x - 4 ab = o]. 


Ex. 2. Evaluate ^ ^hen ;r=A+^. 

x^ — ab -_r,.v > 


The Exp. -4« ^ 


(B. M. 1890). 


a^--b^ Aa — b)^ _ (a - ^)(ry^ + <*^ + b^) (a - ^)* 


b — a 

= (a ^ b) — (a - b) = o. 


a'^ + ab+b'^ 


£z. 

3. Find the value of ( f 

V* a-;r , ab 

1 when x= : 



f o-x ' 

a+b 

Here 

2x — a_/ 2 ab \ / 

* 2;i:-^”' \a + ^ ^ \<2 + ^ 


b{a-b) 

a-hb 


_ a(a-b) a4rb 

a 




“d* 


Alid 

a — x / ab \ /, \ 

V \ ^aTb) 

«_fL . 

a+b a+b 



^ a® ^ + 




Hence the Exp.= ( -6^ _ 
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Exercise CXXVIll. 


F'ind the value of 

^ .r - « .r - ^ 

1. — r , when 

b ’ a-b 

2. - + -r: + -4~ — To » when .r = —7. 

2b 2b-\-x a-Vo 


3 . 




— \ andj^es^^,. (c. E. 18^4). 


*• (r+i)*‘^fe)'’ ^" n/ («+0- 

^ lx^a\^ x- 2 a‘{-b , a^rb 

^ U-^/ x-^a- 2 y 2 

ft ^ * 1 whena + ^ + r=3; 

bc-\‘ ca-Vab^iit ; 

- j I I 

+ + "**(<* 4 -^)^ * , and abc^S^ 

o ^ * I u 2^^ 

8 . 4 ^ - , when x = —-7. 

x-a x-b a a^-b 

x^y~i . a-\‘i , a{b + i) 

x-y+i' trb+i ab-^i 

..A fl’* . b'* ^ a^^ + b^ 

10 . — H — IT , when ;r« . 

2na^' - 2nx 2nb" - 2nx 2 


V. PROMOTIONAL IDENTITIES. 

348 . The following are illustrative Examples. 

Ex. 1 . Shew that • 

, _ ^ y+<^ -a^j»^ (a+^+c)(3+g-a)(g+g-3)(a+^-g) g, 

Lefts.de=(i+ -^ -- )(i Art. 


4b^c^ 

b^+C^-’U^X / b^Ar(^- rt* 


J, Art. 124. 


2bc ^ 2^^ 
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2 bc %bc 


2bc 2bc 


{a^b’\-c){b-{-c~‘a){a-\‘b-c^{C’^a- b) 
4^V« 


Ex- 2. Shew that 

{a + ^ - (^ + cf + (^: - {d^af 

(a + - (^Tir )'2 + (^ + -■(y+ «)*-* 




(m. m. 1873 ), 


Since {{a-{‘d) + {c + d})^ — {(b + c) + (d+a)\^ ; 


Expanding each side, we obtain 

(a + b)^ + {c + d)^-\- ^{a + b){c -{- d){a b + c d) 

= (^ + cf f (<f + + 3{b + r)(/f + + ^ + c + ^Ji. 

By transposition, 

(a + - (^ + i:)S 4- (^ + ^)s - {d+ af 

= 3(rt + /^ + ^ + //){(^ + c){d + «) - (^ + /^)(<r 4- ^)}- 
Again, since {(<'^ +^) + (f + ^)P = {(^ + ^:) + (rt?+a)p ; 

Expanding each side, we obtain 
{a + by 4 (^ + //)^ + 2(<2 + b){c + ^) = (/• 4 r)* 4 (^4 of 4 2{b 4 ^r)(//4 <*)• 

By transposition, 

{a 4 <5)2 -(<5 4 cf 4(^4 df - (^4 < 2)2 = 2{(<5 4 c){d-V a)-{a + b){c 4 rf)}. 


Hence, left side* 


3 {(i 4^4 £"4 d){'b 4 c){d 4 <*) — (<r 4 ^)(^‘ 4 d)) 
' '2\(b’^c)(d Va) - (a Vb)(c '+d)\ 


* |(^ 4 <5 4 ^ 4 d). 


'Ex. 3. Shew that — I - 4 

a* - I *2® — 


( ^ 4.1 _ ^» ®4 I \ 
a - I - 3 / * 


We have - 
a^-i 


(g + i)-i 
a* — I 


a+z T. I I 

fli* - ’ 


Similarly, 





FRACTIONAL IDENTITIES: 

'3 

Hence, adding and cancelling like terms, we have 


- + 




t* — 


[ a - 1 


= 


l/a+I 


2\a— I 




Ex. 4. Shew that (^+ (^+ + (J + 

(r+ S) (I"*" 

Leftside= J!) 

/(> cV'-* ,^f/<r“ + (5*\ + 

/"^^A "-V ) 

ih <;\- bcib c\ d^ib c\ 

■'‘+C+i){(*+c)+(j-^?)} 
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Sx. 5. Prove that 

_i . _J . >- 4. 

{d-cr {c-aY {a-b)^ \b-c a-b) 

Let b-c=Xy 


-c^x, \ 
■-b=^z ] 


(B. P. E. 1 886 ). 

then x+y-^s=^b — c + c — a+a — b^o. 


c 

and a 

« 

-Since {yZ'\’SX'\rxy^=^yH'^-\-z^x^ ■Vx^y^’\-'ixys{x’^-y 

+ + for x+y + z = o. 

^ yz + zx+xy \ __y^z^ 4* + x^y^- 

xyz ) “ ^ 


x-yH'^ 


•••e 

Now, restoring values, we obtain 
\b-cc-a a-b) 


, (dividing by x^y^z^) 


5 + /--'- 


'{b-c)^'^ (7^ (a-Jf * 

£X. 6. If jt = * , y= , 2 r= 7 — , 

2bc ' ^ 2ca ’ 2ab ’ 

shew that {b + c)x 4- {c ’^(i)y 4* (t* 4* b)z + b + c» 

Let + b^ + c^= 2 j®, then a® 4- - (T® =» {a^ 4- 4- 1 '®) - 2/;® = 2(j® — ^r®). 

Similarly, 4- = 2{s^ - a^) and 4-^i® - * 2 (j- - 

Hence, the expression 


.(i+;)(^-»-)+(j+;)(^-»-)+(!+i)(^-<-) 

= 1(2J* - -t- 4(2^* - - «*) + -(2J® - - 3*) 

a o c 

(collecting the coefficients of i/a, ijb and ifc) 

= - X ^1* 4- 1 X 4- - X « a 4- 3 4- r . 
a 0 c 
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Sx. 7. If a + shew that 

^ 

2a^-¥dc 2b*^-^ca^2c^^ab^^' 

Since fl+^ + ^=:o, /, a* 

/, axa or a^= ^a{b-^c), 

2c^ + be;^a^- a{b + c) + bc—{a- b){a - c). 

Similarly, 2b^ + ca^(b-a){b~-c) and 2C“ + ab={c~a)(c’^b). 

b^ 

Hence, the Exp. = ^ rrr x + ri — T/T — ^ 7 r; zr 

^ (a — b){a-c) (^b--a){b — c) {c — aXc — b) 

^a + b + c {Art. 344 )=»o. 


/ex. a if ^+ 7 +i 


a b c a+b+c 


, shew that 


L 

^^ 211+1 “ "* ^ 8 »«+l 4 .^ 2 m +1 (;*m +1 ‘ 

Ill bc + ca-\-ab i 
Since -+],+-or - — 7 “A“t~ > 

a b c aoc a-jrb^i-c 

/. {bc + ca + ab){a + b-^ i) — abc=*o. 

/. {b-^c){c+a){a + b) = o. (Art. 328 ). 

/, any one of these factors, say b-^c = o, 

* • dc I'^'c ' b~ c 


••• 






since 2/1+1 is always an odd number. 

. T 

•• ^+I + ^ 2 h+i'**^' 

Similarly, 3**»+i=s( — ir)2»»+ins — ^:8>»+i ; ■. o. 

Hence, left side = ^ 2 n^v 
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1 . 

2 . 

3. 

4 

5 . 

6. 

7 . 

8 . 

9 . 

10 . 

11 . 

12 . 


Exercise CXXIX. 


Prove the following Identities : 
{a-bf + {b-’Cf‘¥{c-aY 


(rt + ^)(^+-c)(r+rt). 


Cr;)' +(4rr J- “• 

b-c c-a a-d _ {b-c)(c-a){a-l>) 
i+bc i‘\‘ca i + ab"' {\ ■\‘ bc){i ca){\ + ab)' ^ 

a-b b-c , c-a {a-b) b - c){c - ciS , ^ 

m^ab 7nArbc 7n’\‘Ca {in ab){m •k‘ bc){7n ca) 

If £8 + ^ + r=o, prove that 

7^Tb^+,^+%^b^c)'-‘°- '877). 

( b- c ^ C-a a-b\ I a . t: \ 

I I I /v2^2 r-SySv 

P’’"'® H' .r» "P ^ +'-;a-)=(^+.’'+^)’‘- 

(m. M.’ 1897). 

Shew that (‘*+3-'^ + 2^)(«+.r)»-_(2« + P'+^)(# 4 -rr^ 

(a+2;i: + <i^r 

(M. 1899). 

n\b -cr^'b\c-af + cia-bY'~ ' ' 

(IJ. M. 1895). 

If prove that 

.. . ^ (a + 2b-3cY (b + 2c-3aY 

Prove that . y- - ■ - .7 -+ /■--- — 

(b-{-2C- ^U){c + 2a-:ib) {c+2a- 3b)(a + 2b- 3 c 

^ ... -ii±A^_7.3^} . = 3 . (m. m. 1896). 

(a-f-2b-3c){b-h2c-3a} 



FRACTIONAL IDENTITIES. 


333 


13. 

11 

16. 

16. 

17. 

18. 

19. 

30. 

21 . 

22 . 


Prove that 




(M. M. 1898). 


= _._i 

a'^+P-{-c^ {a-{‘b-\‘Cf 

/I . 1 ly^ _.i I 

Cf + + {a + h-^cf' 

v« b^ cl 

Prove that + + {^^y) ^ 

= 4+ (a + J.) (^'+j,) (.-+y, if xys^i. 

If {b + c--u}x^{C’ha-b)y^{a-\-b-c)z=^ 2 j 

prove that (V ') Q+ =„^. 

a-^b c^d . ^ 

If =a , prove that 

i--ab cd-\" ^ 

i’¥b’^c-{-d=abcdi--\--T“¥ + ,V 

\^^ b c df 

a- b c-d , 

If --— zH — .-- shew that 

\^ab i-\-cd 

AtL^ ajid 

i^ad" i+bc • J-ac'~ i-bd' 


. (t ^ c b d 


rt*' . 


rf" a'^ ? P’’"'’® a»+ r» ' 


If 2j = fl + /^ + <:, shew that 


) = -t.f(^-«)(j-^)(j-f). 


_l 

s — ars—b'^s—c s s{,s—d^s~b){s—c)' 


23 . 
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s-a s-d S’-c 

If a + ^+r=o, prove that 

a^_ 4 . 4 . — 

2(^-\‘bc 2b^-{-ca^ 2c^'\‘ab^^‘ 

Prove that 

be ^ ^ ca ^ ab . „ . 

{x--‘b)\jK’^c)^ {x-c){x-- a) \x--a)\x-b)'^^' 


if U-+ u *y 

^ 3 \^ b C} 


.f a+i ^ + i c-\-i i.u* 

If .r= , y= ~ — * 5 r= , prove that 

a-i b-i c - 1 ^ 

(_y 2 r + I'X^'.r + 1 )(47 + 1 ) {bci-iiica+i ){ab + 1 } 

y 3 2 X , X y 

sr j .r ,5- ’ 4r ’ 

prove that = 4 + abc. 

If ;r+7 +2'^xy2, prove that 


. (M. M. 1874 ). 


.r . y 2 

■«+ *^-2+ “a* 

l-.r^ i-s*^ 


(C-K- 1898 ). 


If :r+jj'=®25’, show that ^” + ^“^= 2 . (b. m. 1882 ). 


('riven the relation 


i-2bx+b^ 


. ^ x~-y 2b , 

prove that - -.-£o- (b- m. i 

^ i-;i7 1 +^® ' 

If b^^aCy x=i{a+b) and^=i(^+£-), prove that ^ + ^=»2. 

(B. M. 1893 ).. 

If ;r + '*i and/+^«i, prove that sr+^= i and jrj/j + i =*o. 

(B, M. 1887 ). 


d^(b-c) b\a-c) -n i . i J i 

If — ^ -y — y- , then will -+ *•+ j or 

a--a d — a abed 
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35. 

36. 

37. 

38. 

39. 

40. 

41* 

42. 

43. 

44. 

45. 


If x+jf+z^xyz, prove that 

i—xy i-yz'^i—zx i—xv i—yz'i—zx' 

If a+ 6 =c+df prove that either of them is equal to 
a6cd fr* I . I . i) . 


ai+ca 
ad— be 


fT’ I I , i) 


(R M. 1887). 


ac-’bd 


, then will a-Vh — c^^d ; and each of. 


A* 7 WLJVIA >^111 i/ — t 4 n«lVA V* • 

a-o-c+d a- b+c—d 

the former quantities = 4^(fz + ^ + ir+<?). 

If be + ca-\-ab—\^ prove that 

f b^ Y , 

l+d'^ (I * 70 - 

If y-\-z=ax^ s-\-x — by and x-\‘y=cs^ prove that 
*' a-\-b-{-c=abc--2. 

Shew that 

If xy — ah[a + b) and x'^ - xy 

prove that *876). 

If x — a^-b’\-~ -~ , and y= +~r7 ^ 

prove that (.r-a)*-(j/-^)*=^2 
If ii + ^ + ^:=o, prove that 

_ i I i_ 

b'^ + — b^^ ^ b^ — 

If 

X y ~'b X y a* 

shew that - — (M- M. 1869). 

X y ab ^ 

If X^ , — , y^ rrf , , 

2 bc 2 ca 2 ab 

shew that a{X’\‘yz) — b{y’^-zx)=^c[Z’^xy), (m. m. 1871). 
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46. Prove that 

dix-cYx-^a) c( x a)(x - d) ' 

hc{a--b){a-c) ca{h-c)(b--- ay ab(c-a){c-'b) abc' ^ 

47. If jr+j/+j8'=o, shew that 

,,+ -«=( + +“) +— . (M. M. 1899). 

X'^ j/' jsr^ \x y z} xyz ^ ^ ' 

.. x—y ■ v — z , z-'X , , 

48. If — -—«=<», =t: shew that 

-r+_y y+z zyx * 

(i-rt)(i~/))(i~6') = (i+4i)(i+<J)(i+^). (a. e. 1901). 

49. Prove that H ^ v+ -. -r - — - — ^-=0. 

^ — c-a a-'b {b ^ c){c a)[a ^ b) 

' (P. K. 1888). 

T50. If - T h +■ — ~L — — i» shew that • 

2 bc 2ca 2ab 

+ + and thence prove that two 

of the three fractions on the left side** i and the other= - 1 . 


REVISION PAPERS III. 

Paper I. 

1 . Shew that {ay -bxy^ + ibz^cyY^ + icx^azy-^-^-iax-^by^ezy is 
-divisible by a^+b'^-hc^ and x-+y‘^+z^. (a. e. 1897). 

2 . Find the H. c. K. of 4jr*-9A:*+6,r- r and 7x^ + 1. 

(A. E. 1897). 

^ b a \ ( ax y x \ 

3. Mmphfy y 

(a. e. 1894). 

4. ^Extract the square root of 

^ + :^+ 6 ^.i;*+^«^+i 5 (.r*+^,j 4 2o. (M. M. 1899). 

5 . Reduce to its lowest terms • 

(M. M. 1899). 
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6 . Solve the equations : — 

(i) 3.t -0-65r + i6«o«4.r-^-j3’-5— ;r-3;/-4:r4-i2 . (m.m. 1899). 
(11) Jf + 2y + 3 '£'=-V% 2.r+3^+j5'=2, (M- M. 1899). 


7. Simplify 


3 .r--i 2 5jf- + 3 .r 4 -i 5 

5;ir + 6'^;r’*~2jr-3 x^-^x-Ci* 


(M. M. 1891). 


8. If 3 be added to the numerator and denominator of a certain 
fraction, the fraction becomes ^ ; if 5 be subtracted frorft the numer- 
:uor and denominator, it becomes Find the fraction. (M. M. 1894). 


Paper II. 


1 . Find the H. c. K. of .r^ + 1 ijr* - 54 and 2jr®- 

(m. m. 1894). 

2 . Sirr/plify - - ^ — -4 -- . (m. M. i8g6). 

^ ^ .i'M3;r4-2 24:^ + 5.r-H2 2.r'^ + 3.r+i ^ ^ 

3 . Divide {x+j'f-^Ss^ by jr+^-22'. (a. e. 1894). 

4 . Find the square root of 

4a^-‘ i2alf-~6dc-\-4ac-^<)d^+c^ 


4(1^ + zac 


(C, E. 1892). 


5 . Simplify the follovving fractional expression 

i6<r+i6) . 


^ i/a” 4 - 24^'* 4- 1 92^^® 4-512) 

6. Solve the following equations : — 


. (n. M. 1885). 


/V . 3 y “ 2 .r ^ 

(,) 2.r-<— - = 74-'^--” 

4 5 

.a: -2 2r+l 

4r+ 3 - ==6H-— J 

(n) '+5-?=6, 1 

X y S ^ I . 


. (M. M. 1892). 


f- (M. M. 1896 ). 

?4--=5. - + ^ = i6 

, Simplify the expressions : — 

r H 


0 ) 
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8. One person starts from a place A to walk to a place B and 
back again at the same time as another person starts from B to 
walk to A and back again. They meet first at a distance of 2 miles 
from A and afterwards at a distance of 4 miles from A. Find the 
distance between A and B. (m. m. 1896). 


Paper III. 


1 . Subtract 


54.-6 


from 


x + 6 

4 r--l- 34 r- 10 


, and divide the diffei 


^ , 2{x^ + 4x-S) , 

ence by i + . (B. M. 1902). 

^ X“ + ux + 3o ^ 


2. Simplify . 

•' X '- 34;^ - 344.' H- 1 20 


(B. M. 1901). 


3. Find the H. c. v. of .r’*+ 1 i.r - 12 and 4 + i i.r’ -f 54. 

[ v . K. 1895; 


If (a + ^)(^ + c){c + + «) = (« + ^ 4- dad + ndc ; 

piove that ac=^bd. (li. M. 1884). 


5. Find in terms of a the value of the expression 

/ N A' y , V , a — 2, 00 

xiy 4-2)4- + - , when 4'=---- and y= . (B.M. icSbi;: 

■^'yx j + 1 ' 2 

(B. M. 1887) 


7. Solve the following equations . 

(I) 4 : 4 - 2 j + 3- = 2o, 24 r + 3)/-5r-= -7, 4 a'- 5>' + 7- ^21. (c.E. 1898). 


(2) 2 .r + 3/ + 4J-38, 34 r- 2 j/ + 5 J 3 '= 26 , 4.r 4-67 - 3- = 21. (c.E. 1901) 

8. A man walks one-third of the distance from A to B at die 
rate of a miles an hour, and the remainder at the rate of 2b miles 
an hour, and travelling back from B to A at the rate of 3c miles per 
hour, takes the same time ; prove that i/a 4 - ijc. (li. M. 1885). 


Paper IV. 

*. Simplify by using factors :-t^. 

x^-7xy+i2y^ . 

'x^~+ Sxy + 6y^ "" x^+xy - 2v* * 


{U. M. 1891). 
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^ ^ - a^b - 


2 . 

3 . 

i. 


J)ivide rt+^+c+3(/>^ + f*)(c^+a^)(a^ + ^i) by a^ + ^^ + r^. 

(P. K. 189s). 

Prove that (n. m. 1867). 

X J{d-^ + 2 ab-^d^)> (m. M. i860). 


5 . Solve the ecjuations ; — 

0) 69:6 = 182J, 49r-^^= ii2i. (p. li. 1900,'. 

y y 

(J I } 2 J + .7 = 1 1 , 2 J 4 - A ■ = 1 2 , 2A* + y =13. ( P. E. 1 900). 


I / I ' 

6- Find the square root of A + ^-f x/ 2 ^V’a‘ 4 - + 5 . (P.E. 1900). 

7 . Find the H. c. f. of 3A'’ - 23-r- + 43.V - 8 and a * - 5-r^ - 6a'^ -r 
35 A^ 7 . (P. K. 1894). 

8. There is a certain number whose three di^^its are in descend- 
ing order of magnitude and diifer from each other in succession 
jy the same amount. If the number be divided by the sum of the 
ligits, the quotient will be 48 ; and if from the number 198 be 
subtracted, the digits of the difference wall be the same as those of 
the original number but in the reverse order ; find the number. 

n. M. 1864). 


Paper V. 

1 . Divide A-^“-A‘’^-+6(A:f'-A:-'‘) + 9(A'*-.r"*) 

by A:^-Ar-‘* + 3(A:2-.r--). (p. E. 1899). 

2 . Express in terms of a, b, r, being given 

\=b + c-a, V=^c + a-d, /^=a + b — c. (p.p:. 1898). 

3. Find the H. C. F. of -- •^d^x ^ 2a" and a'^ — and the 

<. c. M. of 2x^-Tx-2 and 2F-—A--6. (T. E. 1898;. 

4 . 1 f .r =s d^ -bc^y — b'^- ca^ — ab^ prove that 

bx’ircy'^az-=^0‘^cx-\'ay-vbz. (P. E. 1900). 
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5 . Simplify the expression : — 

- ^ - ii)ix - b) (x - a)ix - b ){x - c)' * ^ 

6 . Extract the square root of 
{bc-\-ca-\‘ab’^a^){bc’\’Ca-\-ab’^b'){bc + cci’\~ab’^c^). (P.E. 1897), 

7 . Solve the equations ; — 

/•X ,/ ,v / rv a-^bx h^ay X y , „ , 

( 1 ) b{a^b)x^a{a-b^y, P~"'a^b' 

\ (> i) O' + ~ -\-ay — ab. (p. E. 1 897). 

8 . The sum of the three diifits of which a number consists is 9 ; 
the first digit is one-eigliih of the number consisting of the last* two. 
and the last is likewise one-eighth of the number consisting of ihc 
first two ; find the number, (n. xM. 1874). 


Paper VI. 


1 If + r — 2 «, ^' 4 - find the value ol 

(c. L. 1900). 

2 . Find the H. c. i'. of 2.r^ + 1 34:^ - 4.r- + 6 ;r ■+• i and 

^* + 7.r"*“2.r*- 2i.i'~3. (M. M. 1899). 

3 . Simplify 


(i) 


X* + 2.r» X* - 2X^ X* -I- 4X - 


(m. m. 1899). 


r-\ 4- J L_ 4. 1_ I 

* 1 - «)*"*/ 1 (<* ^ [a - x)'^ j * 

(m. m. 1899) 

4 . Two ships 56 miles apart sail towards one another at the 
rates of 7 and 9 miles an hour. Find, graphically, when they meet. 

6. Extract the square root of 
' (i) l+Cr-H)(:r-P2)(;r-f 3 )(,r-f 4 )* (a. E. 1900). 

(ii) {a-b)*-‘2{ar +b^)(a-b)^ + 2{a'^+b*). (a. E. 1901). 

6 . Solve the equations : — 

(i) a{x yy) + b^x -y) - 2a, y{a + b)- x(a - 2b. (a, E. 1902). 

(ii) (a + b)x + (a^b)y^ 2 ac, (b+c)x + (b-c)y=^ 2 bc, (a.E. 1895)- 
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7. The expression is equal to lo when x^2 and y —3 

and it is equal to 25 when and y=2y a and b being constants ; 
find a and b. (a.^k. 1900). 

8. I wished to give a certain number of old men \a. Zp. each, 
and I found that I had not money enough in my purse by 1 1 annas ; 
-,<> I gave them \a, sp- each, and then I had money enough and 
3 annas 3 pies to spare. Find the number of old men. (a.E 1902). 


Paper VII. 

1. Reduce to their simplest forms 

® + .ts}- "■ '*’*>• 

(ii, ,ss3). 


^ -- a--b b-c 

% If , , 


m-b 


, find the value of 


(M. M. 1875). 



Jx ~ J{a + x) ^Ix + V + ;r) ‘ 

(M. M. 1875). 

4. Shew that, if (i + b-\-c^ifbc’\- ca + ab=^ J , abc = ,j\-, 


3. Simplify 


then --“7 4- . ' (M. M. 1878). 

a-{-bc b + ca c-\-(ib 4 




5. Plot the following points and find the equation of the graph 
which passes through them (o, i^), (i, 2), (2, 2.',;, (3, z'i), (4, 3). 

6 . Solve the following equations :~ 

2.r + 3y ab aX'k-bv , 

.90.). 

(ii) ,902). 

a^-b^ a-b 2ab^ ' 


7. Find a homogeneous and symmetrical expression . of the 
isecond degree in x and v which shall be equal to 3, when x and y are 
each equal to unity, and shall be equal to i r, when Jir=2, y^i. 
(P. E. 1900). 
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8- A walks half a mile per hour faster than B, and three 
quarters of a mile per hour faster than C, To walk a certain distance 
C takes three-quarters of an hour more than B, and two hours more 
than A. p'ind the rates of walking of A, B and C. 


Paper VIII. 


1 . Divide .r(H-y")(i 

+ 4^J^by i + xjy + y:j-^sx. (c. E. 1878)- 

2. Simplify and extra.- 

the square root of the result, (i*. E. 1891). 

3 . Find the H. C. F. of i and i. (a. E. 1896). 

4 . Simplify 

^ x'^ -h a r( + x^) -I- i " + x'^ + iU‘ , „ ' 

* (A- K. 1897;. 

6. Find the G. C. M. of .r^-l- 6 ;i '2 + 1 j,r-l-6 and -41 

and the L. C. M. of 141 + 24, a-’ ~ 2.1-- 5,1* -f 6 and .v--4,r-f 3 

(C. E. 1901 and 1902). 

6 . By performing the operation of extracting the square root, 
find a value of which will make .r^4-6.r‘' + i i;r‘^ f 3,1* 4- 31 a perfec t 
square. 


7. Solve the equations : — 

0 ) ^ {a-\-d)x-^/fj'=^ax + {ii + ^)f=a^ — d\ (ii. M. 1896). 


Hi) 




X jy 


Cjj —■ + - —^2- 

1’ ,r jK * 


(a. e. 1896) 


(iii) 2 x+j= 4 , 3 -i^+|,= S- 


(A. E. 1898). 


8 . The gross income of a certain person was J^s.4 more in the 
second of two particular years than in the first, but as he paid 
income-tax at the rate of 4^. in the rupee in the first year and at 
the rate of 5^. in the rupee in the second year, his net income in 
the second year was -^’5.65 less than his net income in the first 
What was his gross income in each year? (m. m. 1895.) 
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Paper IX. 

1. Find the o. c. M. of 7 .r^ — - 9;r - 2 and g.r® -6.t'--6.v - it. 

( m . m. 1892). 

2. Divide - c){x - af -{-{c- a)(x - df + («? - ^){x - 6*/ 

hy {d-c){c-a){a-d). (m. m. 1897'. 

3 . Simplify 

^ ^(64.1-^* - 48.r^ + 1 2j;- - r ) - >/■( i6.r* - 64:1-^ + 24.1-2 4- 8ojr 4-25) 

(,) ...... , 

(n. M. 1900}. 

... (x-a)- (.r -/;)*- 

(a-d){a-c) {c-a){c-d)' *'* " ■ 


4. Add together the squares of 2[>J[ab(\ 

-a)(i and J(i 

{a- J( \ ~fi^)){b-\- ^'(i --^-)h and simplify the result. 

fM. M. 1875)' 

5 . Solve the equations : * 

'i) {i+p){x-^y)= (l’- M. ujoo) 

fiii) -+ - = /, -+ = (p. K. 1894). V 

s X y X y 


6. Two passengers have together 7 maunds of luggage, and 
for the e.xcess above the weight allowed free one of them is charged 
/v\s.3 and the other A\s.5. If all the luggage had belonged to one 
passenger he would have been charged A\9. 11. What amount of 
luggage IS each passenger allowed free of charge? (n. M. 1900). 

7. A straight wire joins the top ends of two vertical posts, 17 ft. 
and 24 ft. high respectively, 35 feel apart, lly means of squared 
paper, w'ithout actual measurement, find the length of the wire to 
the nearest foot. 


8. Pint the points (10, 5), (-5, 15), (10, 22) and find the area of 
the triangle formed by joining them. 


Paper X. 

1. Divide (i -a^)(i —(^)'‘(a-{-bc){b + ca){c'+ab) by 

I - - ^2 _ _ 2 abc. ( A. E. 1 900). 
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2 . Find the first four terms of the square root of and 

from the result deduce the square root of loi correct to six places 
of decimals, (c** 1877). 


^ F vnri.« ^ -J) , ic-d){d-a) 

o. iLxpress l^^a)(d-~by 


{d-^a){a^b) 


as a fraction whose numerator and denominatoi 


(,b-‘C){c-d) 
consist of four factors each. (m. m. 1894). 

4 . Choosing a suitable unit, draw accurately the graph of 
3y^2x + 7. 


0. Flot the points (o, o), (8, 5), (12, 18), (o, 23) and fin< 
of the quadrilateral formed by joining them. 

6 . Solve the equations : — 

x+y x-y x+y , o v 

- - --=rr. (m. M. 1895). 

b a 


(i) 


br^ 

(ii) - b^)x - {d^ - ab-hc^)y = a{a “ ^ ^ 

X y ^ 2a 
a b — b‘^ 


(m. m. j88o). 


7. If the telegraph posts by the side of a railway be 60 yards 
apart, shew that twice the number passed by a train in a minute gives 
roughly the number of miles per hour at which the train is moving. 
If eleven posts be passed in a minute, in what time would the distance 
traversed, estimated by this rule, be one mile in error? (r>. M. 1876). 

8 . 50 articles cost 4.9. 10^. Construct a graph from which you 
can read oflf the cost (to the nearest half penny) of any number of 
articles up to 50. Write down the cost of 23 things, and the niimbei 
you would get for 3.?. 


Paper XI. 

1 . Plot the points given by the table below, and deduce the 
equation of the graph which passes through them. 


X 

“5 

- 1 

3 

7 

11 

15 

y 

7 

4 

1 

“2 

“5 

-8 


X V 

2 . Draw the graphs of ~ + and 5y=6-r. Hence solve 

^ ^ 10 12 ^ 

these simultaneous equations, and verify your solution by algebra. 
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3 . Find the H. c. F. of — and 2x^+x^+4x--7. 

^ . (A. E. 1901). 

iflp* 

i. Fhe sum of two fractions, which are reciprocals of each 
other, is 2|. Find their difference, (p. E. 1893). 

5. Solve the equations : — 

(') ;+i+' = 7+‘^=23. (K E. 1893). 

4 5 5 4 

II * 

3’^ + 2J'=2rj/. (a. k. 1899). 

X y 


Simplify 


7^. (A. E. 1901). 


7 - The expression ax—'^b is equal to 30 when x is 3, and to 42, 
when .r is 7 ; what is its value when x is 4*3 : and for what value of x 
.s it zero ? (c. K. 1874). 

8. A walks at 4 miles an hour, and 4 hours after his start B 
Ijicycles after him at 10 miles an hour. Find, graphically, as 
ac curately as you can, how far from the start B catches A up. 


Paper XII. 

1 . Plot the points (15, o), (19, 6), (10, 14), (-14, 8) and find the 
area of the quadrilateral formed by joining them. 

2 . Draw the graphs of the equations : — 

j\+ ^= 1 , 4x--3y=ro,y-x = 2 ; 

and shew that they all pass through one point. Find also the 
co-ordinates of the common point. 

3. Taking 7 cms. = 276 inches, draw a graph which will enable 
you to convert centimetres to inches and vice versa. From the 
graph read off the value of 

(i) 3’8 cms. in inches. (ii) 2’25 in. in cmi. 

4 . The distances through which a body would fall freely in 
certain times are given in the following table : — 


Time in secs. 

1 1 :i 

-r <r 4 

J 


i . 

2 ' 2.J 

3 : 

Distances in ft. 

I j 4 1 9 1 


!_ 36 i 

64 1 JOO 

1 _ J 1 

144 
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Draw the graph, and estimate the distance through which a 
body will fall in 2j^seconds. 

6. A clerk is paid at the rate of AV.1200 a year ; make a graph 
to determine (to the nearest rupees) his salary for any given numbei 
of weeks. Write down his salary for 23 weeks. 

6 . Find the area of the triangle formed by the graphs of 
18, .r- y 4-8 = 0. 

7. The prioe, (F) shillings, of carriage cases of length (L) inches 
IS given in a certain price list as follows : — 



1* I 9 10 j 12 I 13 


What is the probable price for a case 22 inches long ? 

8. Two cyclists A and B set out at the same time. A' rides foi 
2 hours at a speed of 9 miles per hour, rests 15 minutes and then 
continues at 6 miles per hour. B rides without stopping at a speed 
of 7 miles per hour. When will B overtake A ^ 

9 . Find by plotting and careful measurement the co-ordinates 
of the point in which the .straight line 2y — 3.r4-7 = o meets the 
straight line joining the points (6,-2) and (-8, 7). 

10. At 8. A. M. A starts from P to ride to Q which is 48 miles 
distant. At the same time B sets out from Q to meet A. If A rides 
at 8 miles an hour, and rests half an hour at the end of every hour, 
while B walks uniformly at 4 miles an hour, find graphically (i) the 
time and place of meeting ; (ii) the distance between A and B ai 
II A. M. ; (iii) at what time they are 14 miles apart 



CHAPTER XV. 

DIVISIBILITV AND K?;mAINDER THEOREM. 

I. DIVISIBILITY. 

349. We have already considered in Art. 1 1 5 nhe divisibility 
i 4 the expressions and + by a-b and a-\-b^ where n is a 

positive integer, or in paiticular cases. We now proceed 
to establish the propositions generally. We shall have to consider 
four cases. 

When u IS a positive integer. 

!. The expression is always exactly divisible by a-b^ 

wliether n be even or odd. 

Divide by — and let Q be the quotient and R the 

icmainder, so that R docs not contain a. 

Since, Dividend - Divisor x (Quotient + Remainder, 

/. - <^) + R, (identically). 

Now, since R does not contain it remains the same whatever 
value be given to (t. 

Put a=b^ in the last equation, and we have 

= or o=Q' xo+R, 

where Q' is the \alue rif Q when b is substituted for a. 

But Q'xo^o ; /.R=o. 

Hence the remainder being .7m>, the truth is manifest. 

Thus, = + + 

2. The expression -6” i.s exactly divisible by a + if be 

even, but not if n be odd. ^ 

With the same notation as above, we have 
= R, (identically). 

.Since R does not contain it remains the same whatever value 
he given to a. 

Put a=b in the last equation, and we have 

(-^)“-/5" = Q(-^ + <5)+R = Q'xo+R. 
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Now, when « is even, ( — — ^*= 3 " — i*=o, \ /a » 

and odd, 

Hence R = o, when n is even but not when n is odd, there bein^ 
a remainder in the latter case= 

/, is divisible by a-Vb^ when n is even, but not when n 

is odd. 

Thus, = + + 

3 . The expression is exactly divisible by <ir, + fo, if be 

odd, but not if n be even. 

With the same notation as before, we have 
a*' + = Q(a + 3 ) 4- R, (identically). 

Since R does not contain «, it remains the same whatever vorlue 
be given to a. 

Put -b in the last equation, and we have 

and even, ( - by^+b^^ = - 2^" j ^ ^ ^ ^ 

Hence R=o when n is odd, but not when // is even. 

/. a” + / 5 '* IS divisible by tz + 3 when « is odd, but not when n 
js even. 

Thus, a" + 6” = {a + 4- a” 4 * ■^)- 

4 . The expression a’‘4-?>" is never divisible by a-&, whethei 
n be even or odd. 

With the same notation as before, we have 
rt»4-^”=Q(rt- ^)4- R, (identically) 

Since R does not contain it remains the same whatever value 
be given to a. 

Put a — b in the last equation, and we have 

^ = Q(^ - ^) 4 - R = X o -ffiy or R = 2b'K 

Since R does not vanish for any value of », a'^-rb*^ is never 
-divisible by a — b. 

II. REMAINDER THEOREM. 

350 . We have already seen in Art. 218 that the theorem is 
true in particular cases. We now proceed to establish the theorem 
generally. 
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351. If any rational and integral expression which contains x 
he divided by x — the remainder is found by putting a in the place oj 
r in the given expression. 

Let the given expression be ax^+bx^^'^-^-cx^^*--^ Divide 

ii by jr- a and let Q denote the quotient and R the remainder, so 
iliat R does not contain x. 

To prove that R = ^a’* + ^a»‘'^ + 

By the nature of division, we have 

^ + a Q(.r - a) + R, (identically). 

Since R does not contain .r, it remains the same whatever value 
l)e i^iven to x. 

['□tting a for x in the above equation, we ha\e 

+ ba ^ - ^ + = Q'(n -a) + R=Q'xo+R 

= R, 

(whero Q' is tlie form of Q when a is substituted for .r). 

352. If a rational and integral expression which contains a 
\ inishes identically when x=a, then will the expression be exactly 
divibible by x-a. 

To prove that ax*' + bx**“^ + cx^'‘^ is exactly divisible by 

1 - a, if + + = o. 

Since by the above Art, the remainder on di vision = rta” +^0”“^ 

+ ; hence, if the last expression be zero, the given 

expression will be divisible by ;r — a. 

Ex. 1. Find the complete quotient of (x‘ -y^)'^(x+y). 

Since 7 is odd, therefore is not exactly divisible by 

Mow .r" = 4.^,7^ -.27^, and x’^+y’^ is divisible by x + y, 

, x" -y’^ __ 3^7 + __ ^y"^ j 

•• x+y ~ 'xlfy x+y ^ 

= - x^y + x*y^ - r + x^y^ - xy^ . 

x+y 

Ex. 2. Shew that the last digit in 3-n+i4.2“’*+i is 5, if n be any 
whole number. (M. M. 1868). 

Since 2«+i is always an odd number, 


/. 32h+i + 2^'*+i is divisible by 3 + 2 or 5. 
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Again, since is an odd number, for all its factors are 3 ; 
and 2-'*+^ is an even number, for all us factors are 2 ; 

/• 3‘’‘+^ + 2“'‘'^^==an odd number + an even number 
= an odd number. 

Hence is an odd number divisible by 5. 

Now, since is odd, the last digit must be one of the 

numbers i, 3, 7 or 9. But since it is divisible by 5, the last digit 

must be none of the numbers 1, 3, 7, 9 but 5 only. 

Ex. . Shew that .r + 2 is a factor of .1" - 3.1* + 2. 

Butting .r= -“2 in ;r^- 3^ + 2, \vc have 

(-2F-3(-2) + 2= - 8 -hb + 2 = 0. 

rherefore — 3T + 2 is exactly divisible by — { — or ,r + 2. 

Ex. 4. Shew that .v’* - ;;.r + ;/ - i is exactly divisible by (a -i)’, 
when n is a positive integer. 

The Exp. — (ar’* — 1) — n{x — 1) 

= (;r- + + i) -//(.r - i). 

Dividing by x— i, we get 

+.r+ i)-w, as quotient. 

Now breaking- up n into i -H 1 + i + i. c. 7 t om's, we get tlie 

quotient = - i) + (.r»'2-. 1)4. every part of 

which enclosed by brackets is divisible by .1 - i. 

Hence the expression itself is divisible by (.r— i) or D - i)’ 

Ex. 5. Shew that + (c -/?/’+ is divisible by each 

of a — b — c and c — a. 

Putting a — b in the given expression, we have 

Therefore the expression is divisible by a-b. 

Similarly, putting h^c and c—a successively, the expression ma> 
be proved to be divisible by each of b-c and c-a. 


353. Indirect Multiplication. Sometimes it is convenient 
to find continued products without the trouble of actual multiplication. 
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Ex. 1. Find the continued product + + 

Let P denote the continued product required. 

Then P = (;r + a){x- 4- a^){x^ + a ‘ )(;r‘' + a^). 

.vlultiplying each side by x we have 

(.r — a)P — {x — it){x + a){x‘^ + a^) x* + a'^){x^ + a^) 

= (x- - + a%v* + a*)(x^ + a^) 

by successive multiplication. 

P-'— --- = .ri-' + ,w»+rt2Ai' ■+ + +a‘' 

-1' ~ a 

' 354. Kind the condition that ax‘^ + hj[: + r may be a perfect 
square. 

losing the ordinary rule for square root, we have 


/u - + d,\ + c 


/ y/a.x-\- ^ 

\ 2 Ja 


. , ArH-c 

2^^a.x+ . 

/»2 

r- 

4u 


b- 


rherefore <i\‘^-^bx4-c will be a perfect square, if t = 0 . 


Hence b'* = 4ac, the condition required. 
Ot/ieruuse thus : .Since tix'^-^bx +«; is a perfect square, 
/. ax~ + bx 4 rC—{Ja.X’\- ^ 'c'f — + 2 x Jac +• r. 

Now, comparing coefficients, we have 
b~2 ^fac, and /. b" — 4ac. 


Exercise CXXX. 

In each of tlie following examples, state whether the first expres- 
sion IS divisible by the second, and where it is so divisible, find the 
•quotient ; — 

1. a* + b* by a 4- b. 2. -- b* by a+ b. 3. ci* + b^byu — b. 

4 . + b'^ by u -h b. 5 . ^ b^’ by u — b. 6 . a^* — b^bya + b. 

7. a~ + b^ by a ^b. 8 . by 9. U’ + b'^hya-A 
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W. 11.. by 12. by <*+^. 

13 . by + P. 14 . a )-^ + by a - d. 15 . by + P^ 

16 . Shew that 22*-^"+^ + 1 is divisible by 23, if n is any positive 
integer. 

17 . Shew that ( 2 X +jf)'‘ + y’‘ is divisible by x+y, when « is odd. 

\ 1ft Shew that i — .r-,r'*+A*“‘*‘^ is divisible by (i — .r)^, when n is 
I any positive integer. 

19 . What must be the form of in in order that may 

have both and d5«-.r'* for divisors, n being any positive integer ? 

(M. M. 1875). 

20 . Shew that 2**‘-i is divisible by 15, \{ n be a positive 
^ integer, (m. m. 1875)- 

21 . Assuming that .r'* is divisible by when n is any 

vvjiole number, shew that — + is always, divisible 

\iy ab--dc + c/i—da. (m. M. 1873). 

22 . Shew that (jr- is a factor of ;z,r"+*^-(«+ i).r”+ 1, when ;/ 
is any positive integer. 

23 . Shew that (i ~ (4 — yjr - .r*)” is divisible both by .t + 3 
and 2jc~ I, if n be any positive integer. 

24 . Shew that (2^1 + ^)’*- 4- 2^}’* is divisible by 
^hen n is any whole number. 

25 . Divide .r® +.r‘|y 2 by x^ — x^y+x^j'^ - xy^ -ryK 

(C. E. 1870). 

26 . Divide x°- 1 - 5(:r - i) by (.r - i f, (p. E. 1893}. 

27 . If is a positive whole number, shew that the last digit of 
1 is o. 


28 . Prove that 6^'* + 7" +6 is divisible by 7, n being any positiv 
integer. 

^^9. Shew that 4(4“ + 3®) ends in two ciphers. 

30 . Shew that 5® + 7® is divisible by 12 and 4® + 3® by 25, without 
a remi^nder. 

f , ^Divide 1 4 4 «* + a®+a^ + a®+rt® + £zi 5 by i-d + d. 

,^ 588 ). 

. Shew tha^^^piB^ is a factor of r -;r — .r^4;r®. 

' ^ 33 . If be a perfect square, shew that the 

. coeffkients satisfy tii^in|i|^ns 
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Shew without actual division that the following expressibns are 
exactly divisible by each of b-c Rxid c-a. 

34. bc{b- c) + cii{c-a)-¥ab{a--b), 

35. a\b^:^ c) + b\c -a)+ c^{a - b). 

36. a[b - cy + b(c - af + - bf\ 

37 . (b-cy+{c^ay^{u-by. 

38. Shew that i) is not di\isible by x+y^ what- 
ever positive whole number « may be. * 

39. If be divided by a — shew that the remainder 

40. Write down the product (i -!•«“)( i 4-rt^^). 


chaptp:r XVI. 

HARDER SIMPLE KgUATIO\<?. 

355. Number of Roots. A Simple Equation cannot ha 7 >e 
Jiiorc than one root. ^ 

The general form of a simple equation is £r,r-l-^a 

If possible, let a and /5 be the two different rrots of the equation 
M +b = o. 

Then, we must have identically 


aa+^ = o ) (i) 

and <2/3 + ^ = o J ( 2 ) 


Hy subtraction, a{a — p)=sO. 

Now a is not zero, (by supposition) 

a-/8=oand a = /J. 

Hence a and fi are not different from each other, whichjfis 
contrary to the hypothesis. jk 

rherefore a simple equation has only one rl^. 

356. Principle of Identity. If a simple equation is satished 
by more than one value of the unknown quant^ it is an Identity. 
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Suppose the simple equation ax+^smois satisfied by two different 
values a and o{ x ; then as in the preceding Art. 

«i(a-/8)**o 

and V U -/3 is not zero, a is zero. 

Substituting the value of a in (i) or (2) of the preceding Article, 
we evidently find ^=0. 

Now, because a and d are each equal to zero in the equation 
ax-^d—o, any value of x will make the left-hand side=o. Hence 
the equation is an Identity. 

357. Common Factor. When an equation is reduced to 
the form 

AX = o, 

where the expression X contains the unknown quantity x and the 
expression A does or does not contain x at all, then 

1 . When A contains .r, the equation is satisfied by either 

A=o or X=o, 

from which equations, the roots of the given equation may be 
obtained. 

2 . When A does not contain .r, we can divide both sides of the 
equation by A, and obtain 

X=o, 

from which equation, the root or roots may be obtained. 

I. EQUATIONS NOT INVOLVING- FRACTIONS. 

358 The following are typical examples. 

Ex. 1 . Solve 3(;r -h i -P 4(x + 3)^ 7(x -f 2)®. 

Since 7('*^ + 2)^ = 3(-r + 2)^4-4(-^ + 2)*, by transposition, we get 
3< (.r + 1 )2 - (.r + 2)5} = 4 {(-t + 2)* - (^ + 3)’>. 

3(2.ir-t-3)x - i=4(2.i: + s)x -I, Art. 124. 

Pividing both sides by - i and multiplying out, we have 
6.v-l-9 = 8,r-P2o, /. --2;r=ii, /. ,r=-V-=-5i. 

Ex. 2 . Solve {x - a )* + (x - 3 )^ + (.r - = 3(.r - a)(x - d){x - r). 

By transposition, we have 

(.r - af + (.r - d)^ + r)‘ - 3(:t' - a){x - b){x - r) = o. 
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Now, the left-hand side 

- b +x-c)[{{x - 4. {(;r <i)p 

W, Art. 327. 

= ^(3-^ ^ “ c){{i> - cf 4- (<: - a'f 4- (ii - 3)*}. 

/. \{Zx ^a^b- c){{b - cYHc - af 4- {a - /5)n = o. 

/• Art. 357, ox x^^{a-¥b^rc). 


Exercise CXXXI. 

Solve the following equations : — 

1 - Cr+5)® + 5(^ + 7)^=6(A:4*9)®- 2 . 4(^4* i)''^ + 9(-^ + 2 )»= I3(^4•3)^• 

3. (5.v + 2i)^4*(7.^4-36)2 = (7ji'4-4i)®+(5;i:4-I3)^ 

4- (.r-3)®-3(Ar-2)*4-3(^~ 

5 . {x-a){x-b) — {x--a-b)^. -'6. (;r- i)’’ = ^(,r- i)(jir- 2). 

7. (.^•-l-a)^ + (.r4-^)®+(.r4-<r)- = (;r-^i)* + (2:-<5)24-(:r~i:)*, 

8. 27(;f - 2)^ 4- (2,r - 5)3 4. (3^ - 7)*=: qfjr - 2)(2,r - 5 )(3.:r - 7)- 

9. (x -‘2ay + (x-2bf — 2(x-a- bf. 10. (.v - 5 )3 4- (;r - 7 « 2(jr - 6)3. 

11. ( 3 rt 4- 3 ^ “ 2jr)® 4- ( 3 ^ - 3 ^ 4- 2.r)* - ( 3 ^ 4. 3 ^ - 2;v)® = ( 3 ^ - 3 c 4- 2.r)'-*. 

12. (,r - 2)3 4- (.r - 5)3 4- (.r - 7)^ = s(x -2){x- 5)(^ - 7). 


II. EQUATIONS INVOLVING FRACTIONS. 


359. Multiplying across. ad^bc. 

Equations such as the following can easily be solved by the above 
method. 


Ex. 1. 


Solve 


7.'*^ 4-3 


45 


Dividing both sides by 9, we have 


_.5 

7^4-3 Q-r + ii' 


Multiplying across, 7(9.*J‘4 - ii)= 5(7J^‘4-3) ; 
or 63Jr 4-77-35^ 4-15 ; /. 28:r«-62 and 
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Ex. 2. Solve 


3x^7 6 x- 1 


x + s 2A- + 7 

Multiplying across, we have 

iSx - 7)(2;r + 7) = {x + 5)(6jr - i ) ; 
or Gx'^ yx — 4 g=^ 6 x*‘^ + 2 qx — 5. 

Subtracting 6 x^ from both sides and transposing, we get 
7Ji^-29.r=49-5 ; /, - 22;r=44 and /. j:= - 2. 


360. Convenient transposition. In Equations like the 
following, combine by transposition of terms, the simplest fractions 
with like denominators. 


Ex. 1. Solve 
Transposing, 


I o.r + 1 7 

i2;r + 2 

5 .r -4 

18 

I Lr-8~ 

9 

1 2,r + 2 _ 

1 

1 

o,r + 1 7 

1 i.r-8^ 

9 

18 


lo;r-8- 1 

lOA'- 17 


18 



25 

18 ‘ 


Multiplying across, i8(i2.t' + 2) = 25(i Lr - 8) ; 
or 2i6jr + 36 = 275;r-2oo ; /. 2i6,r- 275^ = - 200- 36 ; 
or - 59;^'= - 236, and /, x = 4. 


Ex. 2 . Solve 

13-2-r 24 3 

6.r-7:^ ' i2;-8;r i 6 .v 4 -i 

I ransposing, ==4 t5 '-2.r 

^ 13-2.V 3 24 

— i6,i' - r 

24 

Multiplying across, i3-2;r=6(6.r-7j)=s36jr-44, 

■ • 3 ^'^*^ “■ 57 » 


361. Eeduotion by Division. Sometimes it would be 
advantageous to bring improper fractions to mixed quantities, so as to 
make the integral jparts on both sides of the equation the same. 
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Exl. Solve 3 f + 2 + 2 £r 4 „, 

Jtr-i x + 2 ^ 

By division the eqaation reduces to 

( 3 + l-).s.o, -i - 1 -o. 

\ .r-i/ V ^ + 2 / x-i x + 2 

Transposing and multiplying^ across, we have 

S(x 4 - 2) = 8 (x ~ 1 ), or 5.1- + 10= Sjr - 8 •, 

/. - 3-r= - 18 and /, -r=6. 

Ex. 2 . Solve 35 --> 4 _ 3^118^ 3 .t .-32 _ 3^ -26 
5 - 3 -r - 1 1 ,r - g 

Hy division, the equation reduces to 

.Ovij)- (3 + .r-T.)- 


r-s x-3 x-ii x-g 
Simplifying each side separately, 

'.r.Z 3 )-(^.- 5 )„ II) ^ __2 2 

'‘■-SX-i'-S) " (-^-9)(^-ii) ’ 1^- 3 X^- 5 ) U-9)(^-ii)' 

Dividing both sides by 2, and multiplying up, 

(;i-^9)(.r- = 5)» or ,r- - 2o.i' + 99=,r- - 8-r+ 15. 

/. - I2;i = -84, and /. .r='J} = 7. 


Ex. 3. Solve 


6 .r + 1 _ 2 Xj- 5 4 

3^-5 3 '^^’ 4 " 3 * 


Multiplying all the terms by 3, we get 
i8.i' + 3 _ 6.r - i 5 _ 

3 r -5 V-4”'‘*‘ 

By division, the equation reduces to 

V 3^-5/ \ 3 ^- 4 f 3^-5 3^-4 

Transposing and multiplying across, we get 

33 ( 3 ^- 4 )= -7(32^- 5 ). or 99^-132= -21x4-35 ; 
1201=167, and x-=}Ti = iTVo- 
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362. Suitable traDsposition aiid grouping of terms. 

The folloMring are typical examples. 


Ex. 1. Solve 


II 




2 .r+u 2 ;r +9 2 jr -9 — ^ 


By transposition, --- — + ^ *= 9 ! — . + - .3 . I 

^ ^ ’ 2 .r+ii 2X-7 ^{ 2 x-g 2.r + 9j 

• U^2jr-7) + 7(2.r + u) ^ 2;r + 9 + ^-y-9 

'• ( 2 ;i-+iiX 2 .r - 7 ) ^^( 2 .r- 9 )( 2 .r + 9 )’ 

Hence .tr=o, Art. 357 . 


36X 


36 .r 


4.r2+8.v-77"' 

and 4.r^ +8 a' — 77 = 4;r2 -81. 

Cancelling 4;r^ from both sides, we have 

8jr-77=-8i, /, 8j:=-4and x=-i. 


Ex. 2. Solve — 


Here, 


io.r + 9 45 .r + 2 1 8 . 1 ' + 5 ‘ 

.7 3_ 


(M. M. 1884 J 


io;r + 9 45a' + 2 i8;r + 5 i8.r + 5 i8;r+5‘ 


By transposition, 


iOA' + 9 i 8 .r +5 ib,r + 5 45^ + 2 * 


o- i-r • 3 ( 8 .r- 4 ) 4(27.r-3) 

imp 1 ying, ^ (i 8 ;r + 5 )( 45 -''^ + 2) ’ 

Multiplying by i 8 ;t' + 5 and dividing by 12, 

4^2 ' ( 2 ^-i)( 4 S^+ 2 )-(-o^+ 9 )( 9 ^-i) ; 

or gox‘-4ix-2 = go.x^ + 7ix-() ; -4i;r-2 = 7i;r-9 ; 

-ii2.r--7 and x=j^!i=i's. 


363. Alternando. If , then will--- 
^ h iV c 

The following are illustrative examples. 

^ Ji:2-8;»r+i5_ ;r~7 


Ex. 1. Solve 


x'^-6x+6 ^-5 


h 

d' 
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Alternately, we have 
8 




x -7 




By division, .v - 1+ - H — -- ; 

.r — 7 5 

^-7 = 8(.r-s) = 8;r-4o ; 

/. - - 33 and /. ;i*= ^ = 45. 

ic\2 


Ex. 2 . Solve 


\2.r--i3/ 


.r-13 ■ 


Alternately, we have — — 5 ^^= — LlL . 

;tr-i5 .r-13 

4x^ - 6o.r +225 4.r2 ^2x + 1 69 


.r-15 

L. 

15' 


-r - 1 3 


By division, 4x4- ==4x4------ ; 

^ ^ ;r~ 15 ^ x-13^ 


, or 72 Hx- 13)= I69(.if -15); 
225.r - 2935 =i69.v- 2535 : 56;r=39o; 


36i An Important Formula. // 


a 


c 

d* 


then will each 


. ma-vnc ma-nc 

fraction = — ; or = - - 


' nih + nd 


mb - nd ’ 


where ni and n may be any quantities whatever, integral or fractional, 
positive or negative. 




+ 13) 

*(.r + 7 )(^ + 9 ) 


Multiplying out, 


;r’*+ i6.r + 64 


£^+2^+ 143 
x^+i 6 x 4 - 63 ‘ 


• d iff. of numerators _ 144 -143 

' * diff. of denominators 64-63 

/, ;r® + 24;r+i44=.r2+i6Ar + 64; 

/. 8.jr«s -80 and /. x^ — 10, 
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Ex. 2. 


Solve 



2;tr + 1 1 

2X+S 


Multiplying by 


2X + 7 

2.r + g^ 



i2X+llX2X+7) ^ 

(2^ + 5)(2.r + 9) " 


Multiplying out, 


4.y^ + 36 ;t: + 8i + 36?_+7 7 . 
4.r- + 28.r+49 4,r^ + 28 ;r + 45 ’ 


each = 


diff. of numerators 
diff. of denominators 


8i~77 

49-45 


4 X^ + 36A' + 81= 4A'“ + 28 a' 4- 49 ; 



/. Sx--= -32 and-/. .r= - 4. 


Exercise CXXXII. 


Solve the following equations : — 


1. 

■^ + i 4 5^' 



2 . 

1 


* + 


7 2 35-'' 14 



3 


4,r 

2 6 

3. 

+ 3 . 4f_ 

2 

r+1 


i. 

3 __ 

2 


4 3 ''t* 3 


6 



4^-3 

3'^ - 5 

5. 

3\=5(3_ 

55 



6. 

2jr + 5 

6^-3 


2V ^x} 3\ 

2 

/ 40 



^+7 

3.r-2 


2.r 1 - ^ ,v __ 2.1- + 7 

I - 

- . (b. m. 

t885). 

8. 

5£r7_ 

1 5.1' “ 1 1 


3 4^' 12 

2 


.r+ i 

3^+ I 

9 . 


- 

■). (c. ... 

1859). 

10. 

2:*-- 3 

2,r 

4^-9 

11 . 

4^-17 

-"1 






9 33 

.r' 

t 54/ 





12 . 

J _ L\ 



891). 




,r-i sV^-i 3/ 

10 

tr-i; 




13. 

2>r-3_ 25+6 

4^ +3 , 19: 


8a' + 

■9. (c. 

E. 1868). 

5:r-2 52r + 37' 


9 12 


18 

15. 

2(4.*-+3) . 3 _g 


16. 


:.3^ 

45 + 6 


-v+3 -I'+i 


14 

0,1' + 2 

7 


17. 


18. 

T + 

I 

=T li- 


r + 2 2 2X~l' 


3U-.r) 2(1 

-,r) 




EQUATIONS INVOLVING FRACTIONS. 


19. 

2X+I 3,r 


20. '1+4+,' 

3.r+ 5 6 2X + 3 


io.r + 47 i 2 .r + 38 5 .r + ii , . 

21. y-~- - . (M. M. 1871 ). 

18 13^ + 23 9 ^ ' 


22. 

6 a' 4-I3 3^ + 5 2.V 

15 SX- 2 S~ S ' 

00 



23. 

X -7 2.r - I s I 

x + 7 ^ 2 X -6 2 (x + yj 


24. + 

3.r+i 

8 .V + 5 

.r- [ 

25. 

7:I±.L- 35/^ + 4\ ; 

.r- r “ 9 \.r + 2/ '^9' 

(A. E. 1896). 



26. 

I I 2 , 

+ — = - . (c. 

.r-r .r-4 .v-3 

K. i860). 



27. 

3.r-5 .r-5 2 x - s '^ 

C. E. 1871). 



28. 

6.r4*i7 3V-10 1-2.1 

29. +, •’ = 

p- I 2 .»r+ii 6.r + 5 

/ 

' 4^+7 

30. 

15 I4(^-I} 21 

6'-'’ + 

10:; 



31. =5rJr+i^4!^ 23 

X + I 3 . 1 ' + 2 V + I 


32. .Vr- 


,,._i( 2 -^- 3 )-l( 3 -' + 2 \ 

•iU-i) 2 V 3jr-2 /• 


33 . 1? + .3 = 45 + 5 3'^' + 3 . ( M. , ggg). 

.r+l 4 .r + 4 3 .r+i 


36. ‘ - r a . (c. E. , ggg). 

3 6J-3.r 3 

36 . .1 ’._+ f-=o. (M. M. 1887) 

-I X .r + 3 x+4 
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:r-8 

.r-io' 

_ y -4 

jir-7 .v-9 j: — 6 

,r 

9 “^_ 

.r+ I ^ 8~.r 

T 

X -2 

7 -^ 

.r - I ^ 6 -x' 

X ’-2 
+ 

.r -4 

x-i x -4 

A' - 2 .r - 5 * 


. (it. M. 1887). 


2A- + 1I 4^ +13 I5'^_r47 

.r + 5 a '+3 3'^'- 10 


. (c. E. i 860 & It. M. 1895 ). 


40 6-5.r ^ 7-2.r2 j i+3;r , . . 

- 5 “14’' Tr~r-'ro= -r -’^+35 • ' 867 ). 

43. 5 + .. 23 _. ,882). 

3^-4 3(^-1) ^ .r+1 ' •' 

44 4 £_l ! 7 + ^ 8£- 30 y - 4 

2r-4 2-V-3 2t-7 


45 . '-'^3. 

-r -5 -I* — 9 .r-i 

"»• f:t^:M^S-;-3.(m.m. .875). 

47. 3^-34 , 3^ - 26 _ S-y-24 jJfj- 32 

x-l x-g .r-5 .r-ii 

48. 49 I +/_ 2 + 3 ^^ ^ _^ 2 +^ 

;ir - 1 ,r + 1 I — 2 - 3 ^ 1 - 31 * 

50. , ; + — . (M. M. 1874 ). 

(.r-i)(^-3) (r- 0(^-6) (-r-3)(;ir-6) .r 

-- .r* + 2 .r + 2 ;i :2 + 8 ;r+ 17 _ ji:3 4 - 4 Ar +5 a:®+ 6 .v+io 

-r + r '^ ,r+4 .ir + 2 x + 3 

52 - ■^-4 . t X - 16 2 ;tr~3 6^ 92 

5\r-9'^9\r-25 13* ^^ 49 *” 585 ' 


63 . --+■ ‘ ^ 

.t-9 ^-25 . 2 r -49 


54 . - 

3 jir -4 4 .t-+i .r + 7 


55. 3,m.;:S^+5::^U37o=29(iZ^+?£^| 

\ X+1 x + 4) I x+2 .r + 3 J 
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36 . 


Sx-3Y^ 4x-S 
AX-if .r - 1 


tLQ ( x+4){x + S) ^ x + 6 

(-r4-6)(,r + 9} x+ 12 ' 


57 . 


''i -9 



2 X- 

ix’-iyf ' 


2.r - 1 - 2 ^ 

j:- I .v-3 X~*;2 ’ 


(x+OU + Q) (ar + 6)(;«r+Io) 

««• r.r+,-XT+4)- (;r+5)(^+7y 


61 . 


4 ’ot; _ 

9 ,r 


■3 


r8 


3*6 


8-2.r 2*4 -6.v' 


(C. E. 1881). 


62 (■^ + 9 )(^ + 7 ) ^ (4 r + 2)(.v + 4 ) 

(.r + 6)(jr + jo) (4 r+i)(.r+5) ■ 

61 ■r ^ + 32 - + 7 

2: + 5' 2r‘-* + 54 r’+ 9 ' 



Jf + 5 

.r Hh 1 1 ■ 

, (■r- 5 X-r~ 9 ) 


66. (at + 1 ){x + 7 ){x'‘^ - 20) = {x^ - 3.r + 2 )(a:‘-* + ii at + 1 8) . 


67 . 


5 + 


2 



29 
5 * 

(a. e. 1893). 



I. (l{. M. 1891). 


69 . 


.3„ 

•^-3 


4 5.6 

1- a=0. 

.v + 9 .r-27 at- 15 


(M. M. 1873). 


70 . 


* “ '{-"x 


X 

x-y 


(P. E. 1890). 


71 . 


{x +T)" + {X - 77 * "* 

(M. M. 1877). 


365 . Literal Equations. The following are typical examples 
of Literal Equations . 

Bx. 1 . Solve “ + - =a 2 +^. 
bx ax 

Multiplying by abx^ the L. c. M. of the denrs., we have 

, + I 
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Ex. 2. 


Solve 


;r-hrt^ x + yi 
x + d’^ x + a + fi * 


(c. E. 1892). 


Multiplying crosswise, we obtain 

(x + aj{x + « + « (.r + 3rt)(,v + ^ ), 

or JT- + ( + 3 ).r + a{a + d)— .r- -h (3^ + ^).r + yilf. 
Cancelling x^ from both sides, we have 

{2a + d)x-\- a[a ■\-b) — {yi-\-b)x-\‘ ^ab. 

% 

by transposition, {2a b)x - {^a b)x == yib - a{fi b), 
or {(2^35 + ^) _ (3,1 4- b))x-a{^b ~ {a + b)l 
-^x = a{ 2 b-a\ and /, = (dividing by «). 


/u{x + a) 
x-^b 


Ex. 3. Solve : + -A . ■ - = m + «. 


«(r4-^) 

x-^a 


By division, w (i j 

. niUi-b) n{ti-h) m n 

•• x + b = -x + a . (dmd.nK'byir-^' 

•\ ff^{x 4* ri ) = n{x 4- ^ j, or mx -1- ina = nx 4 - nb. 

By transposition, {m ~ n x = nb - tna, and . 


Ex. 4 


Solve (=-l± 4 ±fy= ^•±". 
\ 2.1 4- ^ 4- f V .r 4* 


Alternately, we have . 

.r4-rt x + b ' 


.Vliihiplying out, 4f:±4(rH:£).v + (« + £r\ 
X 4* (i 


4'^“ 4- 4(^ + l)x 4(^4* tj~ 


By division, 4(;r+(,) + ^'* =4(.r+f) 4.^-^“']" ; 

x+a x-^-b 


*• .r4-a x-^-b ' 


{a-cY{x ^b)^{b’^c)%v-^ti) 


Multiplying out and transposing, we have 

{(a - cf - ( 3 ^ - r) 2 >.r = a(b - c)^ - b{n - 0 “ ,* 

/, (rt - 4 ^ ~ 2i:) r = rt(^- — 2^6’ 4- — b{a^ — 2^6' 4- 

= (a - -b) — [a^ b]{c- - /»^) ; 

, c^-ab ,, -j. 

, . .r = ^ +yi”2c • (dividing by a - b). 



EQUAIIONS INVOLVINC; FRACTIONS. 


365 


6 . Solve f + 

px^q px--^gx-k^r 

Here + ax^^ + bx-\-c ^ 

px + q xipx-i-q) px^ -\^qx ■\‘f ^ 

• , 1 _ clitiT of numerators _ c 

* * diif. of denominatoriJ^' r 

/, 9 \ax + ^) = dPx + $?), 01 arx + br^ pcx + i , 
(ar-fc)x^c(]-br, and /. 

m —pi 

Ex. 6 . Sdv. t :L-i.3. ,c. . 

(is! 

, .a - - 3^ - ■ 5t' ,r - a- sb - 5^* , -J “ 3 ^ “_5 

3 //+ 5 r ~sc^'a a + 3 i^""' 

Hen( e x -a- 3/>» - 54 = o, Art. 357. 

/, ji = i? + 3<^ + 5^:, 

Ex. 7. SoKe ^ + ^ -- . 

.1 +6«'/ -1 — 3^ ,r + 2f« + 


liy transposition, ^ 


r + a x + 2 a' 


X - 3^1 + 2 (x + 6a) ^ 6(x + 2«) — 3(.v + a) ^ 
' (.r + 6^)(.r- 3 «) (x a){x 2a) ’ 

3x + (.)a 3 -^+ 9 ^ 


• * (;r + 6 a){^x - sa) [x + a){x + 2 a) ' 

/. 3 -^ + 9 ^^= Art. 357 ; 

3 -^= -9^^ and /. ^'= -yi. 

The other equation, {x-{- 6 a)(x — ^a) = {x-jra){x + 2a 
i)le, for it will be found not to contain x at all. 

Ex. 8. Solve . 

\x-bj x+a-‘ 2 b 


. 1896). 



-- -- 0 . 


), lb inadniibs 
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Adding i to both sides, we have 

(x - af + (x- bf x-~ 2a^b +X‘¥a- 2 b 
™ x-fa- 2 b ’ 

{{X‘'a)'\-{x-b)\{{x^af-{x^a){x-^b)-\-{x-b)^ 2x-a-b 
or 

( 2 r - a - b^^ - j- (x - a){x - b)+{x _ ^x~-a-b 

~ , {x -bf x+a-2b* 

/, 2x-a-b=^o, Art 3^7^ 

2x=^a + b 3.nd x=^i{at- b). ^ 

The other equation, namely, 

{{x - a)^ - (a* - aXx ’-b) + (x- bf + ^ “ 2 ^) = (.r - b)\ 
when simplified, will, be found not to contain x at all. 


Exercise CXXXIH. 


Solve the following equations : — 


^ a c ' 


4. 

6 . 

8. 

10. 

12 . 


ax A- b ^ a _ cx + d 
c b~ c 

" _ A=a*-#s. 
bx ax 

_ J- I 

b(x+c) a{x + c) 

6x-\-a _ 

4A* + ^"’ 2 x-a' 

\x a-\rx 2a - b 


a^x 


2X 


2. *0. 

X c e 


3. 

a b 


5. = iir + -j . 

dx d 

7 . j=gX->r-^{fh-CX). 


V' 


O _J. 

ab — ax be- bx ac - ax 


, (B.M. 1890). 


-- 2X+a 3 ^“^ 1 

13 . f-tS' . (c. E. 1866). 

gx'\‘r px-r ^ 


14. {a-¥x){b‘^x)‘~a(b + c)=^^+x^, (b, m. 1868). 

15 (c. E. 1866). 16. + , 

t-a a~b ' 2x-a 2x-i 


I. (C. B. 1899 ): 
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a + b 

(P. E. 1862). 18 . 

^ (P. E. 1893 

bx-jb ax-p 

x + 2 c' 

b 

x-b^ 

(C E. 1859). 

20, 

X’^a x^rb x-^c 


2. (A. E. 1893). 

22 — ^-- 4 - 

X’^a x^rb X’^-a^rb*^ 


23. (C.K. 1886). 

hx C b CX ^ 

24. •L7-?+ (c. K. 1 86s and M. M. 1863 ). 

b •‘C a abe 

25. -- - + ^ — 7 + (A. K. 1894 ). 

x^a x-)rb x-^a-\rb x 


, . (C. E. 1890). 


x-a x-a-\-c x-b-c x-b 
x-a 

X - a - l x-a- 2 ^ X -b-i x-b ^2' 

labc ^ - r .4. ^ 

a-\rb'^ (a-{-bf a{a-\rbf ^ a 


(a -bjiy^a) (t - (f}{x -c) {a- b){ v -b) (c- (t)(x - d) ' 

(C. E. 1891). 

{x + a)ix-\-b)_(x+c){x + d) , . 


. (a. e. 1892). 


x+a+b x^-c+d 

»■ iUi) 


X — 2 b' 


33. xJ x-c)-Mx^ _ c )_ Jgg 

\x-a +6 x-b-c 


{x~-^af—^'^(x+bj^ — a* x‘’ — (a-\-b'f^x'-{a — bf' 

35. ‘±±\- “-ij- (M. M. 1888 ). 

x — 2 b x-2a x^2b x+2a 

36 

3b+sc^ Se+(i <t + 3i 
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a + .r 


a — x 


20 * 


ax x(a*-\-a^x^+x*)‘ ^^^9) 

t _ a+x 


38 

X + //Z \2jr + /w + r/ 

a 


3.. ,6(J 

d-{-c 


•^xl 


a-x 


. (C. K, 1886 ). 


40 . “ + " ~ +-~-V . (H. M. 1882).. 

-f + X b X a — L X b ■\‘ c r'^ '' 


x + 4 a-^b ^ 4x + a + 2 b ^2 - a — b__ mx — a~c 

x4-o + b -I' + rt— ^ ' nx -c-d'~ 7ix-b-d ' 


III. EQUATIONS INVOLVING SURDS. 

366. The followini; general method is observed in solvinj* 
Irrational Equations : — 

Rule. Tratisposd to one suie of the equation a single radical 
term by itself^ and then squa?r or cube (as the case may be) hath sides 
to get rid of this radical. Repeat this pi'ocess until any remaining 
radicals in turn are removed. 

Ex. 1. Solve V(i 2 +.v) — 2 H- >/.r. 

Squaring both sides of the equation, we have 

i 2 + .r = 4 + 4 v'-r+.r ; /, (by transposition). 

Dividing by 4 , yfx = 2 , and .r = 4 (by squaring). 

Ex. 2. Solve 3 +.r- v''(.r‘^ + 9 )«= 2 . 

Transposing, ^'{x^ + fj^i+x; 

Squaring both sides, ;r‘'* + 9 = i + 2 .r+^-‘-* ; 

Transposing and taking away .r’^, we have 
. 2-1 = 8 and /, .r = 4 . 

Ex. 3 . Solve '^;f{a+x) = '^”lf{x'^ + ^ux-\-b"). ( b . m . 1865 ). 

Raising both sides to the 2 ///th power, we have 
« 1 1 

{{a + .v)"*P'" =^{{x^ + Sax + 

-or {a-\-xf-x^-\-Sax + b'^ ; /. d^ + 2ax +x^=x^ + Sax + b^ j 

Cancelling x^ and transposing, we obtain 

^ • i.1 -1 . d^-b^' 

6 rtAr= a- - b^, and , , .v= — 7 — , 
ba 
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Bk^. 4 - Solve -/fae + 3) = +-/(ix-^7). 

Clearing of fractions^ ue, multiplying by '/(2;c+3), 

2;r + 3«5+ ^(2;r + 7)(2:ir+3) ; N/(2J:+7)(2;r + 3)='2;ir-2 ; 

Squaring, 4;r* + 2o;r + 2i »4;r* — 8;r+4 ; 

Taking away 4;r* and transposing, we obtain, 

^ 28jf=» - 17, and /. 

JSz. 5. Solve ‘n/'( 4 ^ + 5 )- ^(;r + 3). 

Transposing, + 

Squaring, 4^ + 5=-*^+2 ^(jr* + 3;r)+.t: + 3 
Transposing, 2 ^(A:* + 3;r)=2(;r + 1). 

Dividing by 2 and squaring again, we have 

x^ + 3x=x^-h2x + i ; /. ATsa I, (by transposition). 

Exercise CXXXIV. 

Solve the following equations : — 

1. i5 + \/(;r + 7)*i9- (c.e. 1880 ). 2^ 5 + 7 19 . (c.E. 1859 ), 

3 . -/(3'^)-4= n/(3^ + 4)- (C. e. 1863 ). 

4. ^( 5 .r-i)«i + >/( 5 .r-- 2 ). (c. E. 1875 ). 


5 . + ^ 5 x + 2 . '-6. ^ ^r(i 7 ;r- 26 ) + |-iTV. 

7 . ;^(;r + 9)s= I + Vjt. (c. E, 1861-62). ''8. ^/(2Ar-|- io) + 2 (^{jr + 6) = 2. 


9 . 

(C. E. I §68). 

''10. J(4+;i:)=i^. 

(C. E. 1873). 

11. 

Jx- N/(a+jr) = ^". 

13 . = + 

13 . 

V (fix) + V d{a +2r) = Vjt. 

>f 4 . tj{bx + .2-®) ® 1 +;r. 

15 . 

J(x-a)^ Jx-\- s/{d+x). 

16 . a 4 - JIT— ^/(a*+;r*)Es^. 

17 . 

a+x-^ J(2axArx^)^b. 

18 . a+2r+ V(a*+^jr4*2r*)®^. 


19 . - fjx+ s/x + 2 J(ax+a^)t^ Ja, vUQ. at + s® >/(.v + 5)+6. 

21 . Jigx^i)^ '^{ 4 x+i)= ^(X’hl)- . N/(^“+Jt- 2 )» 3 -;r, 


M.A. — 24 
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23 . V(5^+9)- V( 3 ar+i). 

•<^ 4 . a;+ ■/(. r’+9)=9. (m. M. 1889). 

26 . .r-/{r+ V(^®+A-*)=/«. (c. E. 1879). ‘^ 26 . x- J{ 2 ax+x^)=‘a. 

27 . ■/{{x - af +2ai+i^=x-a+6. ( li. M . 1 886). 

V30, 2(,r + 2) -- 1 + + ()X + 1 4). (c. K. 1 877). 

31 . V(.r- + ii 4 r + 2o}- v'U“ + 5^-0 = 3- {^** K. i88i). 

32 . ^{4;L'* + 20.r+i7- 1 i:i*+ io)} = 2(;r + 2). (c. K. 1878). 

33. V{a^+x‘^)+ (i>. K. 1892). 

34 . ijix + 5) “I" + 6 ) n/ 3(-^ + 1 1). 

^'*>^ 367 . Method of Identity. 'Fhe following are typical 
examples. 

Ex, 1 . Solve ^/(4^ + 5 )+^/( 4 ^-H )=2 (0 

We have (4 ;i' + S)-‘(4A'- ii)= 16, (identically) 
i.t\ { ^Ux + 5)}* “ { slUx - n )»■" = 1 6. 

Dividing this by the original equation, we get 

-/u^f+s)- '/( 4 -^'“tO=B .(2; 

Adding (i) and (2), 2 iy'(4^ + 5)= 10 ; 

Dividing by 2 and squaring, we have 
4;i + 5-2S ; /. 4^ = 20 and /. 

Ex. 2 . Solve J(2x-^i)- ^f(3x + 2)= >/( 4 ^ + 3 )- '^( 5 -*^+ 4 )-.-(i) 
Since (2jr+ i)-(3jr + 2)= -(^vq- i)=(4;i -l-3)-(5jr + 4) (identically) 
Dividing the above by the given equation, we have 

v'(2;r + i)+ V'(3^ + 2)=: s/( 4 ^ 4 - 3 )+ %/(5J^ + 4 )-.-( 2 ) 
Adding (i) and (2), we obtain 2 '/(2;ir4-i) = 2v/(4;»r + 3) ; 

Dividing by 2 and squaring, 2Jr+i =4.^+3 ; 

2x^ - 2 and /. x=^ - i. 
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368. Rationalisation of Denominator. I'he following is 
an illustrative example. 


Ex. 1. 


Solve + 


V'(l - r)t' 

>/“(! 4--r) - I 


4- 


Rationalising the denominator of each, we obtain 

j 


4» 


-I'D + >{{ L±5) +->'( * ' 

X 


M ultiplying by .i', and adding up, we have 

2 j{i+x) + 2 j{i-x)=: 4 x, or ^/(i + i)+ ^(i--.r) = 2 r. 
Sqiviring, 2 + 2 >^(1 -x^)*=^ 4 x^^ or 2 -/(i — r‘) = 4 .r'-^~ 2 . 

Dividing by 2 and squaring again, we get 

J -.r- = 4.r*-4jr- + i ; /. .r - =.^o or 4 a- = 3 . 

.r = o or .r= A } V 3 . 

369. Componendo and Dividendo. ^ J; = will 

tJi4r(^ C4rd 
a-b^ v.-il' 

The following lu atypical example. 


Ex. 1. Solve 

rt+.r- J(2ax+x^) 
liy Componendo and Dividendo, 

2(a4'X) ^“ 4-1 ct+.r 


^l±i 

d*-i 


2 s/( 2ax + x^) - I * J{2ax + x-)^ 

a^ + 2ax4-x- lP+i\'^ • 

i>q«anng, ^ J . 

i^ + 'V ,_ 4^* 


’ ’ 2rt;i:+;r‘^ 


Inverting the terms, 


2ax+ x^ 


~4i^ ■ • 
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Adding i to both sides, we obtain 
a*-h2ar+x^ la-¥x\^ (3*+i)® 

j * 4 i * \~ r ) "" 4/53 • 

'Ext. the sq. root, —?= "“T" > o*' * +“® ^ * 


Transposing, ^ ^ ~ ^ " 


2^ 


/^*,and /. 


Exercise CXXXV . 


Solve the following equations :— 

1. ^/(5;r-i4)- J(5j;-2i)-i. 2. Jx- >f{x-it) = i 

3 . ■/(2r-2)+ s/(32'-iS)= V(32r-io)-r -/(x+j) 

4 . N/(t*+ 9 )+'/(^*- 9 )= 4 +'/( 34 ) 


S. (^+ 4 ^-(_f fc. E 1865). 


6 . 


7 . 


11 . 

12 . 

«<* 


: + 


J(i-jr) + i ,^/(i+2r)-i X 
^l{x+\)- ^ix- i) 


s/( 2 -+i) 4 - V(r- i) ^ 
s/(2A-+tH^(3r-2) 


(b. m. 1863). 


- ^/:r+^/(32:-I)_ 


1 




13 . - 


^/(2r1- 1) - >/(3;r-2) 

x/g+ 

i+A . 

l+:r+ V(i+,r*)'^i-.r+ ^/(I+;r*) 

I 


10. 

a 4 - •J{iax — X*) 


I. (C. F. A. 1882). 


Jx- J(X-2) s/x4' >f{x + 2 ) 

14 . ^«/C3x*+i 6)- ^^(S»r*-I6)=8-4^/2. 

V , 16 .* ^{«+ ^{a- s/(a*-x»))^n^ 
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370. Special ArtifLcea. Some equations require special arti* 
i'jces for their solution. 

Ex. 1. Solve 1 « I + — ^ . 

3+ J(sx) ^ 2 

We have . 

3+v/(S^) 3 +n/(5^) ^ ^ ^ 


Hence the equation reduces to 

J(5^) -3=1+ ; . . 

'^(5^)-3=3. or \/(5^) = S- 
Squaring = and ^=5. 




Ex. 2. Solve y (a + y/x) + y (a - y/x) ■« 

Gulping both sides, we get 

«+ y/x-^a-- Jx + f^Ha-i^ Jx){a- Vx)) x{^{a+ Jx) + ^''(a-- ^x)) — d. 
Substituting y b for If {a + Jx) 4- y(a - -/.r), 

2ii + 3^(a*-.t:)^«^, or 3 -x)b^h--2a. 


Cubing, 27(a2-jir)<5==(^-2a)’‘ ; or a* -4:= 


27^ 

2 _ {b^2af _ 8a^-i-isa^b + 6ab'^-t ^ 


2yb Tjb 

Ex. 3. Solve • 

c* ;t^) _ 2^r 4 - 2 - .r^) f ^/(a4-;r)4• 

a - - :r^) 2« - 2 - x^) “ \ ^x) - v'(<* - ^) J ’ 

J{a-{'X)-h J(a^x) 


therefore multiplying both sides by 
f J(a+x)+ J{a-x)V_ 


-/{a+x)- J{a-x) ’ 




"" "• wi-t-ir-vis 

Extracting the cube root, 


J{a+x^ ^ 5 , 
y/(a-x) 3' 


squaring 


a+x 


25 . 

9 ’ 
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Ex. 4. 


Solve 


9 '^ + 3 9^ -9 

v^(9;r + 7)-h2 x/(9^+ i6) - 5 


Since 9.r + 3 = (9^ + 7) - 4 = ( + 7) + 2>{ v/(9.v + 7) - 2> ; 

and 9.r - 9 =» (9.1: + 1 6) - 2 5 * { ^(9^: + 1 6) + 5){ J{c)x + 1 6) - 5 } : 
Therefore the equation reduces to 
x^(9-f + 7) - 2 + ^/'(9:r + 1 6) -I- 5 = 6, 

or ' V'(9.r+i6)+ J(9.r + 7) = 3 ‘ • -(0 


Now, since (9-f + 16) — (9:r + 7) = 9, (identically). 


Therefore dividing the above by the given equation, 

^(9.r+i6)- x/( 9 -^ + 7 ) = 3 (2) 

Hence, adding (i) and (2), we obtain, 

2 x^(9*^+ i6) = 6, or v^(9 ^4 -i6 ) = 3. 

Squaring, 9.r+i6 = 9 ; /. 9.1= -7, and x= - 1 . 


Ex, 5 . Solve v^(:r'-* + 39^ + 374)~ vC^^ + 20.r + 5i) 

-•V(:St3 

Transposing, n/(a-’* + 39 ^ + 374 )- 'a->y^ 

= -/ (.r^ + 20.r + 51). 

Squaring and observing that .r* + 39.1" + 374® Cv + 22)(.v+ 17)- 
.r“ + 39 .r + 374 - i 9 (,v + 22) + '’Si(jiY~) =j -2 + 2o;»r+ 51. 

'I’ransposing and simplifying, we have 
,/.r + 22\ .r + 22 . 

=95,or^-;^- =95 = 

^ 19^ + 418— 20.1' + 340 and /. .r « 78. 

6. Solve ^ (-|--) + y =2^ 

Transposing, ^ ^ ( -■£^) - (^,) =c 

Extracting the square root, ^ (^+^) (3^) 
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'Fransposing and raising both sides to the 4 th power, 

J- = _3_ . • 

3+x 3-x' • • 3-x 

By Art. 369 , |=a =4 ; and /. .r=J. 

Ex. 7 . Solve ^ Jia +-r) + ^ J(a + .r) = ^ y/x. 

Here, \/{a-^x) or ^(a-{-x)=^ ^V'.v. 

\a x! ax ' b 

. (a+xY^ .r‘- . , a r, 

.. - = ^,oria+xy~ ^x.. 

Squaring and taking the cube root, we have 

»+r-(?) '..; .-{g)"- i}» 1 

Bx.(L ,s<,1v,6J(s»)+22±^'^<K>.^+5. 
Transposing and resolving into factors, we have 
..4°>/5(y_5 + 3 - -=gr-6 + ; 

=‘(3v'-^- JSY- 

Cancelling the common factor and clearing of fraction'^, 
40 v'5=(3n/'*- N/5)’or(2^/5)’ = (3v'j^- 
Taking the cube root of both sides, 2 V 5 = 3 ^^- ,^'5 ; 
Transposing, 3 Jx =* 3 ; /• >/x= s/S and /, .r = 5 . 

Exercise CXXXVI. 


Solve the following equations : — 

^ x — ax ^x , _o . 

1- • • (c. K. 1885). 

V** X 

2. =4+ ' • (c. E. .885). 

^(a.r) + l 2 ' 
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^3. 

•I 

5. 

'6. 

7. 

8 . 

10 . 

11 . 

13. 

10 . 

15. 

17. 

la 

20 . 

21 . 

2a 

V 23. 


ax-^ > J(ax)-b . - / /£±f\_,4. 

J{ax)-^b'^ n. ■ ‘V 2 (.J^+f)' 

Jx-^a s/x-¥b ^ S^£i£___«ir> 


V(l+Ar)+ tf{l-^)=. If2. (C. E. 1885). 

V(a+x)+ V(,a-x)=b. 

^((2a+Ar)»+i®}+ J{( 2 a-xy‘ + Pi=‘ 2 a. 

a+ 

yf{a^x^ + ^ s/(4a*x^ + abx + ^ J()aV’t 2 cidx)) ^ax+ b- 


(C. E. 1867). 


x-J(x^-a^) 

>f(x-a) 


.10 ^ + Jx+x ^62 1+ Jx 
’ l - Jx+X 63*1 I^A* ’ 


Jix^ + 33 ^+ 260 )- V(;r> + i&r+35) = ^'‘>/ 


cl O' 


./(.+.) (hS)*- (riJ)*-’ «' -’>■ 

V(l +4r+A:®)+ J(I -;r+A®) = 2|’. 


l+^+ «y( 2 .y+:r^) _P ^fjz-hx)- Jx 
l+;r- s/(2.3r+;i:*) ‘^/( 2 +J^)+ Jx 

+ (M. M. 1866). 

«/2r + I 2 

_if^^=, + £(3£hL2^ (B. jl. 1875). 
V( 32 r)-I 2 

(M.M. 1864). 

X'-^ Ja x^ sla 2 
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21 

25 . 

26 . 

27 . 


J(‘ 5 ~ 9 ^)+ >/(to- 4 ^)= ^(S--^)- (M. M. 1874). 

V (JH) *x-\/ (fs-i) + i- <"■ ”• '*”>• 
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IV. EXPONENTIAL EQUATIONS. 


371 . In Exponential equations, the unknown quantity or 
quantities enter as an index or exponent of a quantity. 

Thus, «* = d, is an Exponential equation. 

372 . The simplest cases of Exponential equations that we shall 
here consider present the following obvious facts : — 

(1) IJ a* = a®, then x^c. 

(2) If then x=^Oy for i. (Art. 106). 


Ex. 1 . Solve 3*-^ = 27. 

Since 27 = 3®, /, 3*'* ==3^ and /, ;r-4 = 3. 

/. ♦^ = 4 + 3*7. 

Ex. 2 . Solve 2*+2.3»+'’ = 648. 

Since 648=8x81 =2'’ X3^ /. 2*+^.3*+^ = 2\3*. 

/. X ^ = I» or 2*-l X 3»'»= I. 

/. (2.3)*" I ; /. X- 1=0 and .\;r=i. 


Ex. 3 . 


Solve (i) 

(2) 



E. 1879 )- 


From (i), /. or x^y ^6 (3) ) 

From (2) /, 2^+3.r+5 = 2o, or 3jr + 2j= I5...(4) j 


From (4) subtract twice (3), thus ;r=3. 

Hence, from (3) j'=6-;r=3. Thus-r=_y=3. 
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2) i 


Bx. 4. Solve 2*+^ + 3*' -97 ( 

2* + 3 ^'+ 2^737 (2) 

From (r) 2.2* + 3*' = 97, and from (2) 2* + 9 3" = 
Now writing -V for 2* and J ’for 3'', we have 


737- 


2 A>F =97 hence a =8 , 
and A + 9] =737 j 

Therefore 2*«8 = 2'' ; so that .r = 3. 

Similarly, 3"=r8i = 3^ ; so that ^=4. 


3 '= 8 i. 


Exercise CXXXVII. 


Solve the following equations : — 


1. 

2X+2 ^ ^2. 

2. 

3.2*+’ =48 

3. 


■»^= I 


4. 

^wix- p ^ ^wja:-p 

5. 

3*"' 


6. 

2X+1 

-2* 

— 16 = 0 

7. 

^x+2 — ^0000. 



8 3=*- -9'/ 

16" 

-Xj— 

8"'*. 


9. 



10 

4®w-i= 

\ 

11. 

2*. 4 

"= 1024 > 





^x+?f/_Q2x^ a 

/ 


3*- 

J 

12. 

2* = 8^'+^ 1 

13. 

2?x 

= 16x4”' ) 


14. 

4*2i 

r/ — 2^*' 


9’' = 3»-*’ J 



■v=6l' i 



j7x4.2_ 

2 **'’ 

15. 

-Z! X. 

«-*(«* + <>*)= ^2^0- 


16. 7^' 

2401, 



1 296. 

17. 


18. 

3®-»-i + 2'' = 85 \ 


19. 





3* 

_ I r j 



^1/- 


20. 

=/■=*, 2* = 2X4* 

1 X +J' + 

.7=16. 






V. HARDER PROBLEMS. 

373. We shall add here a few Problems of a harder type thar. 
those considered in Art. 162 with their solutions. 

y Bx. 1. A farmer bought equal numbers of two kinds of sheep, 
one 'kind at Rs.b each, the other at RsZ each ; if he had expended 
his money equally in the two kinds, he would have had three sheep 
more than he did. How many of each kind did he buy ? (c. E. i89J' 

Let X be the number of each kind of sheep bought. 

Then “zx is the total number of sheep bought. 

The sum expended on one kind = /?j.6;i' and that on the othei 
kind as /?.r.8;r, so that the whole sum expended = (6 a: + 8A') = 7 ?.y.i 4 '‘ 
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If he had expended the sum equally in the two kinds, each k'lid 

Tx 

would have cost him Rs.jx^ and then he could have bought sheep 
lx 

of the first kind and n- sheep of the second kind ; thus the total 
o 

( lx 7 r\ 

^ 4 * g j sheep. 

Hence, by the question, we have 

lx IX . 

+ g =2ji'-i-3, whence .v = 72. 

Thus the number of sheep bought of each kind =*72. 

Ex. 2 . A bankrupt paid onl> lys. 6^. in the pound to his- 
ireditors, and then gaye f of whqLt he still owed to the lawyers. This 
left him ;^20 for his current expenses What was the amount of hi.s 
flebt.^ (C. K. 1886). 

Let X be the amount of his debts in pounds. 

.Since, in £i he paid I7.y. (>d. or lyLv. 

17^ 

'n £\^xor£lx. 

Thus, he Still owed jC{i' — lx') or ; but of this amount he 
gave away Jths, 

/. \ of £h-^ h>'^' remained. 

/, 15 y the question, we have 

= 20 ; whence -r = 8cKx 
Hence the amount of debts = ;^8oo. 

Ex. 3. Divide the number 127 into four such parts that the first 
ncreased by 18, the second diminished by 5, the third multiplied b> 
and the fourth divided by 2i, shall be equal, (n. M. 1883). 

Let .r be the common result in each case. 

• 

'fhen, since the first part+i8 = jr, /, the first parl = ;i'- 18. 

The second part-5 = jr, /, the second part=:i'+5. 

The third partx6 = .r. /, the third part = JA^ 

The fourth part -^-2.5 =3.^■, /. the fourth part = 2} x.r 
/, By the question, we have 

(a- i8) + (:r + 5) + J.r+2i X;r=ai 27 ; 
whence .*‘■■30, and the parts are 12, 35, 5, 75. 
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374. Work and Cistern. If an agent can do a work in m 
days, then the average daily work of the agent is ijm^ taking unity 
to represent the work. Similarly, if an agent does ~ths of any work 

in one day, he w'ill do -th of it in — th of a day, and therefore the 
ft tn 

whole work in - days. 

m ^ 

Ex. 1 . A* and B together can do a piece of work in 15 days; 
A can do it alone in 24 days ; how long would B take to do it alone ? 
(C. E. 1877). 


Let X be the no. of days B alone would take to do the work. 


In one day, B does -th of the work and A 

work. Therefore they together can do 
one day. 


does ^i^th of the 
of the work in 


But, by the question, A and B together can do of the work in 
a day, 




whence ;r = 4o. 


Hence B can do the work alone in 40 days. 


Ex. 2 . A can do a piece of work in 10 days ; but after he has 
been upon it 4 days, B is sent to help him, and they finish it together 
in 2 days. In what time would B have done the whole ? 

Let X be the no. of days B would have taken. 

In one day A does -j^jth of the work and B does ^th of the work. 
Therefore in 4 days, A does or fth of the work and in 2 days, A 

and B together do — + - or I - + - ) th of the work. 

^ 10 2: \5 xf 

/ I 2\ 

By the question, • whence 4r«s5. 

Hence B can do the whole work alone in 5 days. 


Ex. 3. A cistern can be filled in half*an-hour by a pipe A, and 
emptied in 30 min. by another pipe B. After A had been opened 
20 min., B is also opened for 12 min., when A is closed, and B 
remains open for 5 min. more, and now there are 13 gallons in the 
cistern ; how much would it contain when full ? 

Let X be the no. of gallons that would fill the cistern. 
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In one min. A brings in gals., and B carries out gals. 

A is opened altogether for 32 min. during which time it brings 
in l^x or gals., and B for 17 min., during which time it carries 
out \lx gals. 

By the question, J whence x^ 6 o. 

Hence, the cistern can hold 60 gals, when full. 

375. Percentage. Problems relating to f>ercentag€s require a 
knowledge of Profit and Loss. 

(i) If an article be sold at a profit of a per cent., then 
the selling prices ^ i + x cost. 

(li) If an article be sold at a loss of a per cent., then 
the selling Prices 1 1 - x cost. 

Ex. 1 . How much are eggs a score, when a rise of 20 per cent, 
in the price would make a difference of 4 scores in the number which ^ 
could be bought for /\’j.io. 

Let X as. be the price of a score of eggs. 

The number of scores of eggs which can, be bought for Rs.\o 

10x16 160 

= or . 

X X 

On a rise of 2^ per rent, in the price, the price of a score of 
eggs will be x (i + 1%) number of scores of eggs 

1-1 . 1. r n lOX 16 40c 

which can be bought for 10= ' or — . 

. ^ , 1^0 400 

. . By the question, — — — =4; whence 

X ^x 

Hence the price of a score of eggs is 6 a. Sp. 

Ex. 2 . A person bought an article and sold it at a profit of 
6 per cent Had he bought it at 4 per cent, less, and sold at Re.J. 3a. ; 
more, his profit would have been 12 per cent. For how much did he 
buy it? (P. E. 1891). 

Let X be the cost price in rupees. 

The actual selling price at 6 per cent, profit 
=J^s.x(I +’,Sg)=.ffs.l§x. 
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If he had bouj»ht the article at 4 per cent, less, the cost price 
would have been ^ = and the selling price on this 

cost at 12 per cent, profit 

= A s. ^ 5-1 ( I + xVrt) ~ A u 

/. By the question, ;S.\jjar= I ; whence .1;*= 78 J. 

Hence the required cost is 2 a. 

Ex. 3. How many bundles of hay at Rs.^. per thousand must 
■A^^haswala rni)i with 5600 bundles at Rsb per thousand in order that 
he may gam 20 per cent, by selling the whole at 1 1 as. per hundred. 
(C. K. 1875)- 

Let X be the nunibei of bundles required. 

Brice of x bundles at AV.5 per 

5600 -A^f.6 Rs. J (; X G — Rs.^ 

/, the total cost of (.r + 5600) bundles== , 

The selling price at 20 per cent, profit on the above 

But the selling price of (.r-h 5600) bundles at per hundred 

* i\)o(^' + 5600) as. = Rs. I + 5O00), 

By the question, rKji Jo^ + -^ - 1 ')== i Aoo(^+ 5600} ; 
whence .r — >080. 

Hence the no. of bundles required = 2080. 

376. Mixture. The following are illustrative Examples. 

Ex. 1. There aie two bars of metal, the first containing 14 u/ 
of silver and 6 of tin, the second containing 8 oz. of silver and 12 of 
tin ; how much must be taken from each to form a bar of 20 o/. 
containing equal weights of silver and tin ? 

Let X be the no. of oz. to be taken from the first bar, 

then 20 “.r is the no second 

Now, since 14 + 6== 20, /. }/}, or {q of the first bar, and therefore 
of every oz. of it, is silver ; 

and since 8 4- 12 -=20, /, ./o or V of every oz. of the second bai 
is silver. 

Thus, in x oz. of first bar, there are iV'*'' silver and in (20 -jr) o/- 
of second, there are ‘^(20 -.r) silver. 
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Uni there are to be altogether 10 oz. of silver in the compound, 

/. by the question, 5(20-jr)= 10 ; 

whence and 20 -.r= r3j. 

Hence 6;^ oz. to be taken from first and 13J oz. from second. 

Ex. A \essel contains a mixture of wine and w'ater, so that 
jor every 5 gallons of w'ine there are 3 gallons of water ; another 
vessel contains a mixture of 9 gallons of wmc and 7 gallons of water. 
What quantity should be taken of each mixture so as to produce a 
new mixture of 30 gallons containing times as much wine as 
.vater ? 

Let .r be the no. of gallons to be taken from the tirst vessel. 

then 30 — .r is the second 

Since 5 + 3 = 8, in every 8 gals, from the first \essel, we take 
^ gals, of wine and 3 gals, of water. 

/, in .r gals, from the ist, we take ix gals, of wine and gals, 
of water., 

.\gain, since 9 + 7=16, in every 16 gals, from the second vessel, 
we lake 9 gals, of wine and 7 g«als. of water. 

in (30 -.r) gals, from the 2nd, we take ni(30-.r) gals, of wine 
g'als. of water, > 

Thus, wine in the new nii\tiirc = <i.r+ ,‘ij(30-,r')l gals, 
and water ={ii;r+ i"ft(30-r)> gals. 

/. Hy the question, + ; 

V hence x— 18 and 3o--r^ 12. 

Hence 18 gals, to be taken from ist and 12 gals, from 2nd. 

377 . Provisions, in questions involving provisions, bear in 
mnd tliat the total quantity of food consumed" number of mcfi xt/me 
X rate of alloutance per man. 

Ex. 1. A gairison had .sufficient provisions for 30 months, but 
It the end of 4 months the number of troops was doubled, and 3 
months after, it was re inforced with 400 men more, on which 
accounts the provisions lasted only 15 months altogether. Required 
the number of men in the garrison before the augmentation took 
place, (K. E. 1871). 

Let X be the required no. of men, 
and a the monthly allowance per man. 

Then the total quantity of provisions = 30^.1. 
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Again, x men in the first 4 months consumed 4ax, 


7 .x next 3 months consumed (uix. 

and 20: +400 last 8 months consumed 8(2;r 4 - 400)^. 


By the question, 4tf.r+6a;r+8(2.r + 400)^1 =3oa:r ; 

Dividing both sides by a, 4;r+6jir+8(2;r4-40o) = 3o.r ; 
whence :ir=s8oo. 

Hence, the no. of men in the garrison at first was 800. 

Ex. 2 . A ship left Bombay on a voyage of 3 weeks, with pro 
visions for that time at the rate of i seer a day for each man. At the 
end of a week a storm arose which washed 4 men overboard and so 
damaged the vessel that the speed was reduced by half and each man 
could be allowed only } of a seer per diem. What was the original 
number of the crew ? (b. E. 1863). 

Let X be the original number of the crew. 

The total quantity of provisions in the ship = 3 xy x i x.*: seers 

= 2ix seers. 

Again, x men in the first week consumed i x 7 x i x a' or 7;r seers 

and X’-4 men in the remaining four weeks, which was increased 
from two to four, on account of the vessel’s speed being diminished 
by half, cdnsumed 4X7xJ(,ir-4) or 2i{4r-4) seers. 

By t$p question, 2i;r = 7;ir + 2i(jr“4) ; 

whence x™ 12. 

Hence, the original number of the crew was 12. 

378- Motion. In questions involving distance, time and rate, 
keep in mind that 

time distance Irate ; distance = time x rate, ^ 

Ex. 1 . A person has just a hours at his disposal. How far 
may he ride in a coach which travels b miles an hour, so as to return 
home in time, walking back at the rate of c miles an hour > 

Let X be the required distance in miles. 

X 

Then 7 — time in hours taken by the coach. 
o 

and in walking back. 

By the question, ^ » whence x — . 

Hence the required distance is miles. 
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Ex. 2 . A person walks from A to a distance of 7^ miles, in 
2 hours 17^ minutes and returns in 2 hours 20 minutes, his rate of 
walking up-hill, down-hill and on a level road being 3, 3l and 3I 
miles per hour respectively. Find the length of the level road 
between A and B. (b. e. (1884). 

Let X be the length of the level road between A and B in miles. 

Then the remainder of the distance between A and B is J^-^x 
miles, which is partly up-hill and partly down-hill. 

The whole time taken is 2 hrs. 17 J min. -|-2 hrs. 20 min. = 4 hrs. 
375 min. ~ 4 § hours, during which the person goes up-hill y^—x miles, 
down-hill y\—x miles and on the level road 2.v miles. 


7 i “ ^ 

The time to go y\~x miles up-hill=-^y - hours. 

— V 

« « 7j — .r miles down-hill hours 

< . "ZX 

„ „ 2 miles on the level hours. 

By the question, - “i— + = 4 ^ : 

J .In J4 

whence .r = 4 J. 

Hence the length of the level road is 4J miles. 


Ex. 3 . A hare is 50 of her own leaps before a greyhound ; she 
takes 4 leaps for every 3 that he takes, but he covers as much ground 
m 2 leaps as she does in 3. How many leaps must the greyhound 
lake to catch the hare ? 

Let 3x be the no. of leaps taken by the greyhound, 
then 4x is the no. of leaps taken by the hare in the same time, 
and 4X -f 50 is the total no. of hare’s leaps. 

Again, let a denote the no. of inches in one leap of the hare, 
then 3a is the no. of inches in 2 leaps of the greyhound, 

/, is the no. of inches in one leap of the greyhound. 

Thus 3x leaps of the greyhound — x 3x or l^ax inches- 
and 4.r + 5o leaps Of the hare*=a(4jr-f 50) inches. 

/. By the question, ^ax^a{ 4 x-^s^) J 
Dividing by we have .?.r»4;r+5o ; whence .r=ioo. 

Hence the greyhound must take 300 leaps. 


M.A.— 25 
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Bx. 4 . A tram, 195 ft. long, runs at the rate of 20 miles an 
hour ; another 245 ft. long, runs on a parallel rail (i) in the opposite 
direction, (ii) in the same direction, at the rate of 30 miles an hour- 
how long will they take to pass each other ? 

Let X be the time in hours in which they pass each other. 

When the trains pa&s each other, they travel over a distance = 
sum of the lengths of the two trains 

= 195 ft. + 245 ft.«44o ft. = ,lj mile. 

(1) When travelling in the opposite direction we have 
20,r 4* 30X = ; when ce x— 

Hence the reqd. time = rtJo hour. = 6 sec. 

(ii) When travelling in the same direction, we have 
30.V — 20.V = ; whence x — ^ . 

Hence the reqd. time~,i„ hour. = 3o sec. 

Ex. 5. The termini of a railway 126 miles long are at A and 
C, and the station B, at which a certain train stops 15 minutes, is 
70 miles from A. 'fhe whole journey from A to C takes 15 minutes 
less than twice as long as the journey from A to B. Determine the 
average rate of the train, including all stoppages e.\cept that at B 
(p. I. K. 1887). 

Let X be the rate of the train in miles per hour. 

The train takes ^ hours to travel from A to C. 

X 


70 

Also the train takes hours to tra\el from A to B. 

X 

/. By the question, *= - \ ; (for 15 min. = ^ hr.) 

whence .x' = 28. 

Hence the rate of the train is 28 miles per hour. 


379. Motion up and down a stream, 

remember that the 


In such questions 


(i) 

(ii) 

f Ex. 1. 


ra/e of roiuing doum a stream^ rate on still 'water rate 
of curt'ent. 

rate of ro'wing up a stream — rate on still 'ivaier-t ate 
of current. 


A crew which can pull at the rate of 9 miles an hour, 
finds that it takes twice as long to come up a river as to go down ; 
find the rate at which the river flours. 

Let X be the rate of the stream in miles per hour. 
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Then the crew can row <)+x miles per hour down the stream and 
u -;r miles per hour up the stream. 

Let I denote the distance rowed in miles. 

I 

Then =tHne in hours taken to row up the stream, 

9 — jr ^ * 


/. Tlv the question, -- -=2X f- ; 

” ' ^ g-;r 9+-r 

1 2 

Dividing^ bv /, = ; whence jr = 3. 

^ ‘ ’ 9-;i: 9+.r * ^ 

Hence the rate of the stream is 3 miles per hour. 

Ex. 2. A person rowed down a river, a distance of 15 miles, 
in I j hours with the stream, and rowed back again in 33 hours. Find 
j the rate o5 the stream per Iiour. 

r.et X be the rate of the stream per hour in miles. 

vSince the person rowed 15 miles in if hours, therefore his rate 
ul rowing down the stream is (15-i-if) or 12 miles per hour. 

Hence hi.b rate of rowing in still water is 12 --;r miles per 
Iiour, and therefore his rate of rowing back was 12~.r-.1- or I2~2.r 
miles per hour. 

/, 15v the question, » whence 

Hence the rate of the strejim is 4 miles per hour. 

380. Clocks. In questions relating to clocks and watches, 
hear in mind that the minute-hand travels twelve iifrcs as fasl as the 


(i) When the hands are coincident^ i.e., in the same direction^ 
there are no spaces between them. 

(ii) When the hands arc in exactly opposite dh'ectibns^ they arc 
'Separated by minute-spaces. 

(iii) When the hands are at right angles to each other (which 
happens twice in an hour), they are separated by 75 or 4^ minute 

es. 

Ex. 1. Find {a) the instant of time between 3 and 4 o’clock at 
'^hich the hour-hand and the minute-hand are exactly in the same 
^m'ction, (b) that at which they are exactly opposite each other. 
(•■ K. 1862). 
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(a) Let X be the reqd. no. of 
minutes after 3 o’clock, 
then ^*3.1;= the no. of minute- 
spaces the hour-hand will 
travel over in x minutes. 


At 3 o’clock the hour-hand was 
ahead of the minute-hand by 
15 minute-spaces, 

the minute-hand has to travel 
(15-1- 12'^) minute-spaces to over- 
take the hour hand- 


By the question, x= 13 -f 


12 


whence 1 . 

Hence the hands are jn opp osite 
niin. past 3. 

(^) Let X be the reqd. no, of 
minutes past 3 o’clock. 



then y^i4:=the no. of minute spaces the hour-hand will travel 
over in x minutes. 


At 3 o’clock the hour-hand was ahead of the minute-hand by 15 
minute-spaces, and the hour-hand must be ahead 30 minute spaces 
when the two hands are opposite to each other. 


/, By the question, .r=s 1 5 + ^ ^ 


+ 30; whence ;r=49i\. 


Hence the hands are opposite each other at 49^^ min. past 3. 

Ex. 2 . At what times are the hands of a watch at right angles 
to each other (a) between 2 and 3 o’clock, {d) between 5 and 6 o’clock. 

{a) Let X be the reqd. no. of minutes after 2 o’clock. 

then y\i;r=:the no. of minute spaces the hour-hand will move over m 
X minutes. 


At 2 o’clock the hour-hand was ahead of the minute-hand by 
10 minute-spaces, and the minute-hand must be ahead of the hour- 
hand 15 or 45 minute-spaces when the two hands are at right angles 
to ea^h other. 


By the question, =15 

hand is to be in advance of the hour-hand. 


or 45, since the minute- 


whence x=^27’i^ or 60. 

Hence the hands are at right angles once at 27 y\ niin past 2 and 
again at 3 o’clock. 
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(i) Let X be the reqd. no. of minutes after 5 o’clock. 

then TT^>Bthe no. of minutes-spaces the hour-hand will 
move over in .r minutes. 

At 5 o’clock the hour-hand was 
ahead of the minute-hand by 25 
minute-spaces, 

at X minutes past 5 the hour- 
hand iif separated from the mark 
12 by (25-j-j^^x) minute-spaces. 

By the question, when the 
hands are at right angles 

^■-(25+ ’2) = 15 or -15, 

according as the minute-hand is 
the more, or less advanced of the 
two, 

whence .r=43VT or loiV- 

Hence the hands are at right angles at roJV min. past 5 and 

at 43^^ min. past 5. 

Ex. 3 . Find the time after h o’clock at which the hour and 
minute-hands of a watch are distant d of the minute divisions from 
each other. 

Let X be the reqd. no. of minutes after h o’clock 

then iV;r=the no. of minutes-spaces the hour-hand will 
travel over in x minutes. 

At h o’clock the hour-hand was ahead of the minute-hand by 5^ 
minute-spaces, 

/. at X minutes past h the hour-hand is separated from the 12 
o’clock mark by (5// + tV^) minute-spaces. 

By the question, ;r-^5^-k^^ = -l-f/or according as the 
minute-hand is the more or less advanced of the two, 
whence x == tt( 5^ i ^)' 

Ex. 4 . A man who went out between 5 and 6 and returned 
between 6 and 7, found that the hands of his watch has exactly 
changed places. When did he go out ? (p. E. 1894). 
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Let X be the reqd. no. of minutes after 5 o’clock, 

then TV-^=the no. of minute-spaces the hour-hand will 
travel over in x minutes. 

At 5 o’clock the two hands are separated from each other hv 
25 minute-spares, 

/. at ,r minutes past 5 the hour-hand is separated from the 
12 o’clock mark by (25 + I'-rW minute-spaces. 

When the two hands exchange 
places, the minute-hand will be 
(25 + y\x) minute-spaces and the 
hour-hand x minute-spaces respec- 
tively from the mark 12, 

the hour-hand will be Vs 
x (25-l- V jA') minute-spaces after the 
mark 6, /. c. {30 + 11(25 4- 
minute-spaces after the mark 12. 

By the question, jr=3o + Vj 
X (25+j^j ; whence .r=s 32 Vs. 

Hence the man's hour of depar- 
ture is 32 min. past 5. 



381. Formation of Squares. In questions relating U) 
formation of squares remember that the 

(i) no. fo7‘mini^ a solid square ^{no. in fronfY. 

(ii) no. forming a square ^{no. in fronfY — {no. front 

- twice deftfhY^ 

or = 7 times the depth y.(no. in front — depth). 

Ex. 1 . A number of troops being formed into a solid square, 
it was found there were 60 over ; but it would require 41 more tn 
increase the side of the square by one. Find the number. 

Uet X be the no. of^men in a side of the front square. 

Then the total no. of men is x^ + 60. 

Again, to increase the side of the square by one man, the total 
no. of men in the square will be (Ar+ 1)^. 

By the question, ;»: 2 + 6 o=(r+ i)®-4i ; whence 50. 

Hence the no. of men required «= 50® +6o« 2 560. 
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Ex. 2 . An officer can form his men into a hollow square 5 
deep and also into a hollow square 6 deep, but the front in the 
latter formation contains 4 men fewer than in the former ; find the 
number of men. (c. E. 1887). 

Let X be the no. of men in the front of the hollow square, 5 deep, 

then .1'- 4 is the no. of men in the front of the hollow square, 
f) deep. 

The total no. of men in the first case = .r- - (.r - io)^ = 2or- 100. 
and the total no. of men in the sof ond (ase = (.i -4}^ -{(.r-4)- I2j* 

-241-240. 

l>y the question, 2o.r- ioo=24.r-24o ; whence .i'=35. 

Hence, the reqd. of men = 20 x 35 - 100 = 600. 


Exercise CXXXVIII. 

1 . Find a number such that if of it Ijc siibti acted fioin 20, 
and of the remainder from -J of the original number, i2 tunes 
Ihe second remainder shall be half the original number. 

2 . A gamester at one sitting lost of lu^ money, and then 
won /\’.sMo ; at a second tie lost of the rernamdcT, and then won 
A’j.3 ; and now he has /vb'.63 left. How much money had he at first ? 

3. A fisli was caught whose tail weighed ^Ihs. ; his head 
weighed as much as his tail and half Ids body, and his l)ody weighed 
as much as his head and tail. What did llic fish weigh ? 

4 . A fathers age is four times that of his eldest son and five 
times that of his youngei son : wdien the ( Ider son has lived to 
ihiee limes his present age, the father's age will exceed twice that 
of his younger son by 3 years. Find theif present ages. 1882)^ 

6. A farmer bought equal numbers of two kinds of sheep, 
one at each, and the other at £4 each. .Had he e.xpended his 
money equally in ll.e two kinds, he would ha\e had two more sheep 
than he had. How many did he buy? { \.K. J891) 

6 . A person dies worth 71*^130000; some of fids he leaves to 
Charity, and twelve times as much to Ids eldest son, whose share 
is half as much again as that of each of lds< two brothers, and iwo- 
thirds as much again as that of each of his five sisters ; find the 
amount of the bequest to the Charity. 

7. A composition of copper and tin containing 140 cubic inches 
weighs 42ft)S. 3 oz. How' many ounces of each are there, if a cubic 
inch of copper weighs 5joz. and a cubic inch of tin 4i oz. 
(M.M. 1891;. 
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8 . What quantity of corn at per maund must a trades- 
man mix with 560 maunds at I^s .6 per maund, in order to gain 20 
per cent, by selling the whole at 2a. 6 p. per seer ? (P. E. 1888). 

9. Divide the number 834 into two parts such that 30 per cent, 

of one part exceeds 40 per cent, of the other part by 6. (c.E. 1893). 

10 . A can do a piece of work in 9 days, B in twice that time, 
C can only do J as much as A in a day ; how long would A, B and 
C, working together require to do the same piece of work ? 
(C.E. 1876). 

11 . A and B can reap a field together in 7 days, which A alone 
could reap in 10 days ; in what time could B alone reap it ? 

12 . A cistern can be filled in 15 min. by two pipes, A and B, 
running together ; after A has been running by itself for 5 min., 
B is also turned on, and the cistern is filled in 13 min. more ; in 
what time would it be filled by each pipe separately ? 

13 . A does ^ of a piece of work in 10 days, when B comes to 
help him, and they take 3 days more to finish it ; in what time 
would they have done the whole, each separately, or both together ^ 

14 . A man and his wife could drink a cask of beer in 20 days, 
the man drinking half as much again as his wife ; buf of a 
gallon having leaked away, they found that it only lasted them 
together for j 8 days, and the wife herself for 2 days longer. How 
much did it contain when full? 

16 . A boy buys a certain number of oranges at 3 for 2^/., 
and one-third of that number at 2 for iri. ; at what price must he 
sell them to get 20 per cent, profit ? If his profit be 
the number bought. {C.K. 1885). 

16 . A cask A contains 12 gallons of wine and 18 gallons of 
water ; and another cask B contains 9 gallons of wine and 3 gallons 
of water ; find how many gallons must be drawn from each cask 
so as to produce by their mixture 7 gallons of wine and 7 gallons 
of water. 

17. A and B can reap a field together in 12 hours, A and C 
in 16 hours, and A by himself in 20 hours ; in what time could (i) 
B and C together, (li) A, B and C together, reap it ? 

18 -^ A and B can pterform a certain task in 30 days, working 
together. After 1 1 days, however, B is called away, and A finished 
it by himself 28 days after. How long would it take A to do the 
whole of the work by himself? 

16 . Two vessels contain mixtures of wine and water ; in one 
there is twice as much wine as water, and in the other, three times 
as much water as wine. Find how much must be drawn off from 
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each, to 611 a third vessel which holds 1 5 gallons, in order that its 
contents may be half wine and half water. (B. M. 1890). 

20 . I bought a horse and a carriage for ^£90 ; I sold the horse 
at a gain of 12 per cent, and the carriage ai a loss of 4 per cent, and 
gained on the whole 6 per cent. Find the prime cost of the carriage. 
(1;. M. 1885). 

21 . A ship sails with a supply of biscuit for 60 days, at a daily 
allowance of a pound a head ; after being at sea 20 days, she 
encounters a storm in which 5 men are washed overboard and damage 
sustained that would cause a delay of 24 days, and it is found that 
each man^s daily allowance must be reduced to ^Uhs of a pound. 
I'ind the original number of the crew. 

22 . A person walked out a certain distance at the rate of 3^ 
miles an hour, and then ran part of the way back at the rate of 7 
miles an hour, walking the remaining distance in 7 minutes. He 
was out 35 minutes. How hir did he run ? (A E. 1890). 

23 . ’Two persons started at the same time from A. One rode 
on horse back at the rate of 7^ miles an hour and arrived at B, 
30 minutes later than the other, who travelled the same distance 
by train at the rate of 30 miles an hour. Find the distance between 
A and B. (c. E. 1873;. 

24 . Of the candidates in a certain examination, 45 per cent, 
passed. If there had been 30 more candidates of whom 19 failed, 
lire number of successful candidates would have been 44*8 per cent 
Hov.’ many candidates were there? (C. E. 1890). 

25. A man rides one-third of the distance from A to B at the 
I ate of a miles an hour, and the remainder at the rate of 2b miles 
an hour. If he had travelled at a uniform rate of miles an hour, 
he could have ridden from A to B and back again in the same time. 

I*rove that " = -4- - . (c. K. 1889). 
cab' 

26 . A travels at the rate of 3 miles an hour ; B leaves the same 

place two hours after A and travels at the rate of 5 miles an hour ; 
when and where will B overtake A ? (c. r. A. 1869). * 

27 . At what time are the hands of a .^atch together between 
5 and 6 o^clock ? (c. E. i886). 

28 . AB is a railway 220 miles long, and three trains (P, Q, R) 
travel upon it at the rate of 25, 20 and 30 miles per hour respectively ; 
P and Q leave A at 7 a. m., and 8-15 A. M., respectively and R leaves 
Q at 10-30 A. M. When and where will P be equidistant from Q 
and R ? (c. E. 1870). 
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29 . 'I'he express lea\es Bristol at 3 P. M., and reaches London 
at 6 p. M. ; the ordinary train leaves l.ondon at 1-30 p. m., and 
arrives at Bristol at 6 P- M. If both trains travel uniformly, find the 
time when they will meet. (c. K. 1892). 

30 . A and B start together from the same point on a walking 
match round a circular course. After half an houi, A has walked 
three complete ciicuits, and B four and a half. Assuming that each 
walks with unifoim speed, find when B next overtakes A. (p. k. 1892;. 

31 . A alone can do a piece of work in a hours, A and C 

togethei can do it in ^ hours, and C’s work is i/>/th of B’s I'lie 

work has to be completed in c hours. Lind (i) how long after A ha** 
commenced, B and C should ;r//>7yc him, so as to finish the work lu 
time; (li) how long after A has crommcnced, B and C should join 
him so that the three working together might iiist complete the work 
in time ? (M. w. 1867). 

32 . A pel sun sets out to walk to a c'ertain town, liut when he 

has accomplished a cjuartei of his journey, he finds that if he 

continues at the same piace, he will have gone only ';tbs of Ibe whole 
distance when he ought to be at his destm.ition. He therefoie 
increases his speed by a mile per hour, and ai rives just in time. Kind 
his rates (}f walking. (.M. M. 1875). 

33. A person has a number of rupees which he tries to arrange 
in the form of a s([uare. (.)n the first attempt be has i f 6 over. When 
he increases the side of the square by 3 rupc‘.C‘S, he wants 25 rupe< ^ 
to complete the square. How many iupee.-> has he ? (it. M. 1875). 

34 . A number of troops being foimed into a solid square, .1 
was found there weie 60 over; but, when formed into a column 
with 5 men more in front than before and 3 less in depth, there wa^ 
just one man wanting to complete it. Find the number. 

35. Divide 90 into four such parts that if the first be 
increased by 5, the second diminished by 4. the third multiplied by 3, 
and the fourth divided by 2, the results shall all be equal. 

36 . Two casks, A ami B, contain mixtures of wine and walei ; 
in A the quantity oif' wine is to the quantity of water as 4 to 3 ; m B 
the like proportion is that of 2 to 3. If A contain 84 gallons, what 
must B contain, so that when the two are put together, the new 
mixture may be half wine and half water ? 

37. A privateer running at the rate of 10 miles an hour discover^ 
a ship 18 miles off, running at the rate of 8 miles an hour ; how 
many miles can the ship run before it is overtaken ? (ii. M. 1865). 

38 . An officer can form the men of his regiment into a hollow 
square 12 deep. The number of men in the regiment is 1296. Fine! 
the number of men in the front of the hollow square. 
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39 . An officer can form his men into a hollow square 4 deep, 
and also into a hollow square 8 deep ; the front in the latter formation 
contains 16 men fewer than in the former formation ; find the number - 
of men. 


40 . A regiment was drawn up in a solid square; when some 
lime after it was again drawn up in a solid square it was found that 
there were 5 men fewer in a side ; in the interval 295 men had been 
removed from the field ; what was the 01 iginal number of men in 
the regiment } 

41 . Ai what time are the hands of a watch opposite to each 
other {a) between i and 2 o’clock ; (d) between 7 and 8 o’clock. 

42 . At what times between 7 and 8 o’clock are the hour and 
minute-hands of a watch at right angles to one another? 

43 . It IS between 11 and 12 o’clock, and it is observed that the 
number of minute spaces between the hands is t\\o-thirds of what il 
was 10 minutes pre\'iously ; find the time. 

44. The distance from a place P to another place Q is miles ; 
two persons A and B start together from P to go to Q, the former by 
carriage which travels at the rate of 6 miles an liour. the latter 
walking at the rale of 3 miles an hour. If A remains at Q for 
15 minutes, and then returns by the (arriage to P, find where he 
will meet B. (('. K. 1882). 

45 . A smuggler had a quantity of bramly, which he e\pected 
would produce i8.v : after he had sold 10 gallons, a revenue 
officer seized one-third of the remainder, in consequence of which 
the smuggler makes only ;^8. 2s. ; required the number of gallons 
he had and the price per gallon. 

46 . A hare is 80 of licr own leaps before a greyhound ; she 
takes 3 leaps for every 2 that he takes, but he covers as much ground 
in one leap as she does in 2. How many leaps will the hare liave 
taken before she is caught ? 

47 . If 19 fbs. of gold weigh 18 lt>s. in water, incl rolbs. of 
silver weigh 9 lbs. in water, fine! the quantity of gold ind silver in a 
mass of gold and silver weighing 106 lbs. in air and 99 lbs. m 
water, (u M. 1888). 

48 . 'I'he denominator of a fraction exceeds the numerator by 4, 
and if 5 be taken from each, the sum of the reciprocal of the new 
fraction and four limes the original fraction is 5. Kind the original 
fraction, (b. m. 1892). 

49 . Two towns L and M are 30 miles apart. A sets off from L 
to M, and B from M to L at the same moment. A reaches M i6 
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hours, and B reaches L 36 hours after they have met on the road. 
Find the time taken by each to perform the journey, (p. E. 1887). 

50 . A crew which can pull at the rate of 8 miles an bour 
down the stream, finds that it takes twice as lonjj to come up a 
river as to come down. At what rate does the stream flow ? 

61 . At what time between 4 and 5 o’clock are the hands of 
a watch coincident ? 

52 . A person buys a piece of land at A’j.300 a cottah, and 
by selling it in allotments finds the value increased three-fold, so 
that he clears A’j.1500, and retains 25 cottahs for himself; how 
many cottahs were there ? 

53 - Divide the number 88 into four parts such that the first 
increased by 2, the second diminished by 3, the third multiplied 
by 4, and the fourth divided by 5, may all be equal. 

64 . A merchant goes to three bazars in succession. At the 
first he gains 15 per cent on his capital ; and at the second 20 per 
cent, upon his increased capital ; and at the third 25 per cent, 
on what he then possessed : on his return home he finds that he has 
gained AV.2639. What was his original capital ? (m. m. 1863). 

56 . The charge for the first class tickets of admission to an 
exhibition was AV.4 each and the charge for second class tickets was 
Rs. 2. 8a. The whole number of tickets sold was 25c;, and the total 
amount received for them was A’j.731, 8a. How many first class 
tickets were sold, and how many second class tickets ? (li. M. 1869). 

66. A receives a fixed sum as pocket money at the beginning 
of every week, and in each week he spends half of all that he had 
at its beginning. He had no money before the first pocket money 
was given him and at the end of the third week he has u. 2d. What 
was his weekly allowance ? (li. M. 1876). 

67 . Find a number such that whether divided into two equal 
parts, or into three equal parts, the product of the parts shall be the 
same. (b. m. 1864). 

5 a A man walks from the University towards Malabar Hill 
at the rate of 3 miles an hour, runs part of the way back at the rate 
of 8i n)iles an hour and then walks the remainder in 1 hour. 5 min- 
He was out 2 hours 44 min. ; find how far he had gone ? (u. M. 1886). 



CHAPTER XVII. 

HARDER SIMULTANEOUS EQUATIONS. 

I. x:(;inATioNs luvoiiViNa fractions. 


382. 1 he following are illustrative Examples. 

•n .■ jr i 8 .r — oy .^ — 6 , . 

Ex. 1. Solve + + - — (i) 


2 8 . 1-7 
2 3 


,, X iSx — gy X iSx-Qy 

J^rom(i), -f-Ti ;f“=5H 3» or ^ ./ = 2 . 

^ 2 8.ir — 7 2 ’ 8.r-7 

M'ultiplying across, i 8 ;r — 9 ^= i 6 .r — 1 4 , or 2 x — gy= — 14 ., ,,( 3 ) 

F'rom ( 2 ) - ='^ , or 2 >/ + 2 = 3 a% or 3 . 1 - 2 ^ = 2 ( 4 ) 

Multiply ( 3 ) by 3 and ( 4 ) by 2 ; thus 

6 .r — 27 y = — 42 By subtraction, 

6 .r- 4 y= 4 J - 23 jy=- 46 , /. _y= 2 . 

From ( 4 ) 3 .r = 2 ^ + 2 = 44-2 = 6 ; /, x = 2 . 


2 1 

=lj 

(0 

X —y 



x-y 

( 2 ) 


Multiply (i) by 3 and ( 2 ) by 2 ; thus 

9 . b j I ^ 


----- = * 

.r+j' 

^ + - = 

X .r — y ^ 


By subtraction, 

, =i. x+_y --^4 . . .( 3 ) 


From (i) — — = 1 ^ = substituting ( 3 ) 

' X-J/ 4 x-yjy s4 4 

-I, /. A- -^^2 ( 4 ) 

Hence, from ( 3 ) and ( 4 ) by addition and subtraction, 

2a: = 6 , or Ar = 3 and 2^ = 2, or^sai. 
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Exercise OXXXIX. 

Solve the following equations : — 

1 . ^ 20 - 59 - 2 . 20 - - 8 ^ 

23-X 2 [ 17-3-^^ 2 

,+/_-3 30-73-3/1 8 ,+ 1 (Z.-:, 1 L 5 o- 

.r-fS 3 J ’ 5,r-io ^ 

q 4- + 1 1 _ 64 

2 x + 2jf-y ~^'*" 6 -r + 7 V “28 


147 - 24 ^' 

3 

.1 -f I 

,.-4.,.,--7-32:ti^-j8y_-35 j 1 ,J _j 

^5 8_j-_6^ 3.7 I 2" — 7 ' .1-1-/ ' 

5. = 31-4.1 j 6. - 5 ° -I- -^- = i( 

x 4 I ,f-r x+j' 

(x + 7 )( j '- 2 ) + 3 = 2X _ y -( x + i ){ j ’- i ) j 


4 ° 4. 55 

- - -f- - - S3,l J 

r -J' A 4 -y 


„ 4 .r 3 + 2 .ry + 288-6v2 • 

7. ' =21 + 3/- 131 ,, 


2X+ 13 - 2/ 

5.r-4/=22 

8 . ;;+5-^ r 2 v^ , 32 . 44 - 3 ^ 

/-7 3 3 

4,_,3i=7,p:^J:_51.^xr 

. 1-1 3 


1 


(I!. M. 1874 )- 


9. 4_5^-v+/^ I 

1 / 1 / I 

xj'^Vl'.v-x) ) 

(h. m. 1877 ) 


10 . 2-4i-f-32/-‘5-^-V'°^=-8.v+ 2'6 + oo5 /^ •04/4-1^ 

’J? C "3 ‘A 
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II. LITERAL EQUATIONS. 

383. The following are typical ;»olutions deserving of notice. 

Ex. 1. Solve axy = c(dx + ay) (i) I 

dxy = c{ax -fy) ( 2 ) j 

Dividing both (i) and ( 2 ) by cxy^ we have 
*= “-( 3 ) Multiply ( 3 ) by «, + “?“ ' 

C jr A' y X 


b a b 
c y 


...( 4 ) 


( 4 ) by b. 


ab 



HARDER SIMULTANEOUS EQUATIONS. 


„ . . ^24.^2 ^34.^2 

Jiy subtraction, =* ; /. .i== -.;- 

c X a^ — o^ 

. b ^ a a a a 2 b'^ __ zab- 

rom (3 ^ ^ ^ ^ ^j8 4_32* ^-•<2^4.^^ c{a^-\rb'^) 

. I Ziib , . a^ + b'^ 

• • ~ an Cl , ^ K •“ , • . 


Ex. 2 . Solve zx — « —=a.... 

a-\-b 

» .V — , 

2ji' - ^ + ~ = 2^ — ,1' 


(m. m. 1864; 


Krom (i) 2{.v-<j)=^“^ ; from (2) -3'.)'-/';. 

Writing \' for r — /^ancl Kfor we obtain 


■(3) and ^ - 3 1' 


From (3) .Y= - ,-- i and from (4) .V= -3// F. 

Z^(l + 0 ] 




= ; whence r=o and /. A'=o. 

/. .r -a—o = r - and .r — f 


Ex. 3 Solve .\y7 = i«( j/s- - zx - .it) = /^(jt r - .r^ -yz) 

= iTf.iT -T- - -■^') • • •( I ), ( 2) (3)- 

Dividing (i) by axyz, (2) by ^.rT« and (3} by we get 


I "■■•(4) Adding (4) and (5), we ha\e 

b y z X z a b ab 

— • • • iyj • • ~ T A ■ 

c z X y } + 

Adding (4) and (6), we have ] Adding (5) and (6), we ha\e 

2 \ \ a+c I 2 ir^+c 


2 _ I I __ + 1* 
vac ac ' 




/. y= 



^oo 
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£x 


a'\‘b . a~^b 


- = 2 . 


.(2) 


>• (B. M. I 


^ y 

Adding (i) and (2) and dividing by 2/z, we have 
x'^y~c^'-b^ 

Subtracting (i) from (2) and dividing 2^, we have 
T 1 lb . . 

x-y- n^-b^ 

Adding (3) and (4) and dividing by 2, we get 

- = ; , and , , x = a + b. 

X a ■\-b 

Subtracting (4) from (3) and dividing by 2, we ge 
I I 


y a — b 


, and *^y = a-b. 


Exercise CXIi. 


Solve the following equations : — 

- , X y I 

1 . ax — by^a—b. h‘; = . 

^ la lb a ’‘tb 

2 . {a — b)x-\-{b^c)y-\'CZ'^\, 


(m. m. 1868;. 

I 

(M. M. 1867). 


lax + § r-s” = 2. I 

{a-^b'-c)X’\r(a-‘ib-^ic)y’\-' 2 .bs=^ 2 i' J 

3. ax -hby -{■cs^a-^b + c, ^ 

ax by^ _ IX ly i i v (m. M. 1865). 

b-^c a + b + ca-^c^a^b J 

- a b a b a b , 

4. ^+^=^ + - = ^+^ = f. (M. M. 1873). 

6. {a^-¥b^){x--i) = ab{ix-y\ 4x==y-^2. (m, M. 1875). 

6. 2ab{x-~y)^xy(a~- b) 'I 

2 abix+y)+xy(a^b + 2ab)=o J 
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III. RULE OF GROSS MULTIPLICATION. 
381 


Theorem. If ^^.r+3^+^^£r=o 
+ b*y ■^c*z>^o 

then will , = 

he - h e ca! - da 


(I) 

(2) 

z 

ab' — a'b* 


Proof, Multiply (i) by c\ and (2) by c ; thus we have 

ac*x + bdy + cdz =0 (3) \ 

a'cX’^Pcy-\-cdz=o (4) / 

Subtract (4) from (3) ; thus {ad - dc)x-\‘{bd c)y*^o \ 

{be* — Vc^y “= — {ac — a*c)x = {ca! — da)x ; 

Dividing each by {bd -- b* c){ca' -- d a)^ we have 

ca’ — da bd — b’c ' >. a'b * 

IT V _ ^ 

bd--b’c'^ ca’-€fi~~ ab’ - o’ b' 

Thus, it appears that when we have two equations of the type 
represented by 'i) and (2), we may always by the above formula 
write down the ratios x \ y : z m terms of the coefficients of the 
unknown quantities by the following Rule : — 

Write down the coefficients of z and x in the two given 
equations as shewn below, commencing with those of y. 



b c a b 

b’ d a’ b’ 


and multiply b by c', and b’ by c for the denominator of x, giving 
the + (//wj) sign to the first product and — {minus) sign to the 
second ; similarly treat c, a’ and c', a for that of f/; and a, b’ and 
a\ b for that of z. Thus we obtain the required result. 

Ex. 1. So\w^x — 2y + z =0 (i) 1 

9^-8j/ + 3«“0 (2) ^ (c. Ii,i887). 

2jr+3;jr + 5s'=3^. (3) ) 

From (i) and (2), by the Puie of Cross MultiplicatioHy 

£ y ^ f, -sr 

-2X3-(-8)x i“i X9~i X3 ix(-8j-9x(-2) 

X y z ^ y z 1 \ 

then ;r‘c=2^,^=6it and z^iok (4) 


M.A. — 26 
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Substituting these values of and sr in (3), we have 
4^+i8yt + 5o^’ = 36, or 72/t = 36 ; /. 

Hence from (4), 1^= 1,^ = 3 and 

Note . — The above relations may be reduce^d to the form xli=yj^^zj^ 
and thus we may take each = /*. 


» Ex. 2. Halve x+y + z = a + d + c (i)! 

3 x + cy + az—cx + av + dz — a^ + d*^ + c^,,.{2) & ( 3 )/ 

From ( 1 ) ix-3)+ {y-c)+ (z-n)=o. 1 
From ( 2 ) 6{x — 6) + c{y — c)+ a{z - «) *» o. J 

Then, by the of Cross Multiplication^ we get 
x—h y-c z-a - 

r^a^^b=b—r^' 

then x — h — {c-’ a)h^ y-c— {a- b)k and z-a-{b- c)k, 
ox x^b’\‘{c-a)k^ = r + — and z = a-\r{b-c)k. 

Substituting these values in (3), we have 
be + c{c - a)k + ac + a{a - b)k •\‘ab-\‘b{b- c)k ■■ 4- ; 

/, {or + -hc-ca- ah)k^ a® 4- + (?• - be ~ ca - ab ; 

^ = I . 

Hence a ~ ^ + r - y=^c-\-a — b and z—a-\-b- c. 


385. The above formula may advantageously be applied jn 
solving Simultaneous Equations involving only two unknowm quan 
titles X and y. 


Ex. 1. Solve + + c =0 ( 1 ) ) 

a'x ^b'y'\-c' — o (2) J 

The equations may be written thus : — 

a x-Vb y-h-c, i =0 
a^x + b^y + cf\ = o J 


Hence by the formula, we have 

- y. -- 


b(f — Vc ca' — c'a ab' — a'b ’ 

' bc^-b*c , ca'-(fa 

Hence ;r= ,, — and v=— » n • 

ab-a'b , ' ab-a'b 
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Exeroise CXLI. 


Solve the following equations : — 

1. ;r-2(3^-25r)»o 1 

+ •-s)=--o > (c. E. 1900 ). 

5 ^ + 7 jk+ 9^=67 I 


2. 2,r-3_y + 45'«o 
yx+2y-6z=o 
9,r + 5j/-ioc = 8 


3. 


x+y+s — o^ dcx + cay+ads^o 
ax + f S' + (^ - c){c - a)(a - 3) = o 



E. 


1896 ). 


4. 4^Ar + (rt+i)j'=(3«- Os' 1 

( 3 rt- 0(^-^'- 0 + 2 ^“O r (m. M. 1874 ). 

.r+/ = 5 ' j 

+ + = 0 J- (M. M. 1869 ). 

a^x + fi'^y-\-c^z—o j 

7. .r+^+JS=<^.t' + <^^F + i:cr=o | 

.f. + .„/„+ - 1878 ). 

j 

8. + + = + 1 
^;r+^ + ar = ^4-^' j- (m. M. 1879 ). 
cx+ay drf=c-\-a ) 

10. X’\-y-\‘^ — a-\-b'\-c '| 

ax -^rhy-^-cz — be ■\rCa-\-ab ! 

{b-c)x-{’(c-a)y + {a-b^,z=o I 


5. .r+6j- 5.7—0 I 

7r-6j/+7«o !- 
3.r-4y + 2flr=4 ) 


^9. 2Ux + 9y)^7{2y+s) \ 
7{x + 2y)^S{y + z) • 
5.r + 2v-37=:4 ) 

4 . 1 - 13 / + 87*^0 'j 
7.r+6/-97 = o 


k 


4 7 10 I 

^ - — = I 

X V 7 12 


12 . x+y+z=^o 'j , 

{b + c)x-\-{c + a]y+{a + b^^o (C. E. 1906 ). 


bex + cay + abz = 1 . 


1 


13. 


/ • 

2 a-r-^^-^s:=o 1 14. ;r+j'4’7=a + 3 + f 

«.r-2^r + ^7=o r bX’\-cy+az™cx + ay-^bz—bc-{-ca’\-ab 

ax-^by-cs^:! ) 


15- x+y+z=o^ ax + by + cs=o \ 

bex + cay + abz + {b- c){c - a)(a - ^) = o j 


6y — 4x_ $z--x y-2z 

IJ-TTT 2/-3s“ 3>'-3^ 


16 . 
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IV, METHOD OP UNDETERMINED MULTIPLIERS 

386 . Consider the following three equations containing three 
unknown quantities : — 


(i) 

+ + (2) 

a"x + dy+c'z^d" (3) ! 


Let /, m, n be three quantities whose values are at present 
undetermined. 

Multiply (i) by /, (2) by (3) by «, and add, then 
{al + a!m + a"n)x + {bl + b'm + b''n)y + {cl + chn + c''n)z 

— md! + nd‘ (4). 

Let such values be given to /, m and n as will make the coetfi' 
cients of y and z each equal to zero, then 

bl-\-dm-\‘b"n^Q (5) ) 

cl’{‘dm’\‘c'n — o (6) j 

and {al + a' m + a'‘n)x ^Id-V md* + nd", 

, ^ ld’\‘ 7 Jid ’\‘nd!* . . 

* ’ ai'\- dm -k- an ^ 

From (5) and (6), by the Rule of Cross Multiplication^ we have 
/ m ^ 7 f \ 

b'c“-h''J' ~ b"c -Vd ' " :: 

where k may be any quantity whatever. 

/= k{Rd - b"d\ m = k{b'*c - bd% n = k{bd - Rc), 

Hence, k{Rd^ — R’d\ k{R'c—bd'\ k{bd-Rc) are the multipliers 
which will eliminate y and z and give the value of x. The value 
of X is found by substituting the values of /, z«, n in (7) ; thus, 
we get 

+ d'{R^c ^bd^) ±d^^bdjzP'^} 

# 

As in the value of x^ k becomes cancelled, we can evidently 
take Rd^’‘^R*c\ R^c-bd* and bd-Rc for the multipliers which 
eliminate y and z and give the value of x. Hence, the following 
Rule to find x : — 

Multiply (I) by (2) by R^c-bd^ and (3) by /A. 

and add i then y and z will vanish and x can be easily found. 
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Similarly the values of y and z may be obtained. It will ^e 
noticed that 

(i) the value of y can be found from that of x by changing 

a" into b\ b'* respectively and vice versd ; 

(ii) the value of s can be found from that of x by changing a\ 

a'* into respectively and vice versd ; 

(iii) the values of x^ y and z have the same denominators. 

£iX. 1 .^ Solve + — 45'sa 5 (i) 

3jc-2j/ + 22'=»i4 (2) y (C. E. 1867), 

-io,i: + 8_y+ 5r« 6 (3) j 

Here, ^V'-^V = (-2)x i-8x2a=-2-i6«-i8. 

= 8 x(-4) — 5 X 1= -32- 5 = -37. 

5 X 2 - ( - 2) X ( - 4) = I o - 8 =s 2. 

Hence, multiply (i) by - 18, (2) by -37, and (3) by 2, 

/. - i8jr-9oj^ + 72£r=a - 90 \ 

- iii;i: + 74y-*740= -518 r 
-20Ar+i6^+ 20= 12 J 

By addition, - i4gx=^ - 596 ; .% .r«4. 

Similarly, and 0=6. 


Exercise CXIjII. 


Solve the following equations : — 

1. x-\-y4‘Z — 6 ^ 


2 x-y + 2 z =^7 j- (n. m. 1880 ). 
4^+3jy-^^7 J 


3. ;r+2y+30=2o 
2jr+3j'-50= -7 

4^--5J' + 72 r« 2 i 

5. ;r + 2_y + 30*-V- " 
20‘ + 3^ + 0*=2 
3X-4y-7is^} - 
7. x+ay+bcz—a^ 
x-\-by4rcaz^b^ 
x+cy-^^abz^c^ 


(c. E. 1898 ). 


(M. M. 1899 ). 


2. 5,r + 2j/ + ar— 30 \ 

ix + iy tciZ =»4 I 

2,1: + 5^ + 100= 129 j 

(m, m. 1865 ). 

4. 2jr + 3^+4<8^=38 'I 

3;r-2/ + 50==26 r 

4 ;r + 6>'-30=2i J 

(C. E. 1901 ). 

6. 0 : 4-^+0“ I \ 

ax4‘by4-€Z'^d I 

c?x4-b'^y-\‘<^Z’=^d^ j 

8. axArby4-cz^d 'j 
c?X’¥b^y4-c^z^d^ l 
rt*jr+^^+^0os^f* J 
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V. EASY HIGHER SIMULTANEOUS EQUATIONS. 


387. 7'he following are typical examples with their solutions. 

Ex, 1- Solve ji'+^==8 (i) ) 

.r“+y-34 (2) J 

We have {x +^-) - {x -k-y'f = 2 x 34 - 8‘-^, from ( i ) & (2) 

= 68 -64=4. 

'fakinj* the sq. root, we have x—y= i2 ) 

Krom (i) x+j== 8 j 

By addition and subtraction, we obtain 

2.r“ JO or 6 and 2^ = 6 or 10 ; /. .r= 5 or 3 and ^ = 3 or 5. 


Ex. 2. 


Solve x'^+y^ = a^ (i) 

xy — d'‘^ ...(2) 



E. 1883). 


We have (A'4-_^)^=.r2 + + = «*•* + 2^‘^, from (i) and (2) 

and {x -yY = x'-^ +y^ - 2xy = - 23®, from ( i ) and (2). 


'faking square roots, we have 

x+y^± V'(a®+-23®) 1 Hence ar=H± v^(a® + 232)± 
and X — ± — 23*-) J and y—l{± V (rt® + 23'^ + J{d^ — 23®)J. 


Ex. 3 . Solve ;t;7=io (l), ^" = 30 (2), xr;»:=i2 (3). 

Multiplying (i), (2) and (3) together, we get 
x^y^s'^ = 10 X 30 X 12 = lo^ X 36 = 10- X 6'-*. 

Taking the square root, xys= ±10x6= ±60..: (4). 

Divide (4) by^(i), (2) and (3) separately ; 
thus, 2 = + 6, ;t-= ± 2 and >'= ± 5. 

= K3« + 3)(;r+j/)" (i) ) 

{a *- d)x - (a + 3 )y=K« - (2) / 

Dividing (i) by (2), we have 
{a + b)x+{a-d)y _ ^a + d 
(a- 3 )jr -(rt+ 3 )j/ iZ- 33 ' 

^ J 7N- J ax- by 2 a — b 

By Comp, and Divd., 
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Now, multiplying across, we obtain 

c^x - aby + 2abx - ib^y = 2 abx + ^(^y - Px — aby ; 

/, {a^ ’\rl)^)y ; /. ^= 2 y, dividing by + 

Substitute this value of x in ( 1 ), and we have 

2 {a-\r b)y^{a-b)y^\{ia-^b){^)\ or { 3 a + b)y^{^a-{-b)y'^ ; 
•\ / = o or I, and /, x — o or 2 . 


Exercise CXLIII. 

Solve the following equations : — 

1- ^J' + 3JJ' = 20 


Sy- 4 ^ 2 xy 
(p. E. 1890 ) 


1 2. :r 4-^=7 I 

/ x‘^+y^=^2S J 


3. xy = 2 ,y:: 


-■r^3 f 


4. (£« + /5).r-(.z-% = a-V3fl + 7/&)(,r2-y) \ 

{d-d)x+(a+d)y=,\i7a-3i)(x^-r) J ' ^ 

5 . .r{y+.")=22,y{z+x)=40, s(x+y)=42. ( m . *1.1857). 


6 . (6« + ^)*r + (a + 6(5)_y= i'.;(a + ^ I 
l<)a-7d)x-{2a-()d)y=:t'i{a+i)xy J 

7. 5 .i: + 4>' + 3 j = 48.vvs 3 

3 x+ 6 y+Ss= 4 (ixys !■ 
x + 2 y 4-3z^\Zxys j 

9. *-(.r + >-+:?)-= 1 8 1 

y{x+y+s) = 77 - 

"U +J'+’8^) = 36 j 

H. ,r)/ = I o, xy^ — .V = 6y. 


8. xy+ 2 {x+y)=‘i 1 

XS + 2{X+S)=11 J- 

yz+2(.y+z)=i6 J 

10. 3*r-4^ + 7ff=o 1 

2X-y-2z=o V 

SA-’- 3 y+ 4 -‘'* = i J 

12. *:“+^® = 74, J^>'=3S. 


VI. SIMULTANEOUS Ei^UATIONS 
INVOLVING SURDS. 

388. The following are illustrative Examples. 

Ex. 1. Solve ^x+^y= 2 ...(i) | ^ 

.r+/=3...(2) J 

Squaring ( 1 ) x + 2j(xy)+y=4 \ By subtraction, 
P'rom ( 2 ) X +y“3 J 


2j{xy)=i, and /. 4.17-1. ..(3) 
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Now, since {x—yf’={x+y)*—^y’=‘<)-\, from (2) and (3) 

=•8; .*. :r-^=±2 > 

andjr+^r-3 J 

By addition and subtraction, we have 
2 :wi( 3 ± 3 ^/ 2 ) and>'=i(3=F2^2). 

Bx. 2 . Solve rj{x+y)^r J{x-y)^i{xy-y I 

*'/{x+y)-¥ir{x-y)= ....{z) J 

From (i) sl{x+y)-{- J{x-y)~iv{2x-zJ{x'^-y‘)) 

= iyi \/(.x ^y) - V {x 

. /. \y{ J(x +y) - s/{x -^)1* = { ,J{x +y) + J(x -y)) x 
{ ■/ {x +y) -•/(x -y)\ = {x +y) - (x -y) = zy. 

{ >J{x+y)~ and /. J[x-\ry)- J{x-y)=2..,(,3,) 

Ot {*f[,xAry)-k-V{x -y))\\/{x-^y)-*/{x-y))=‘2, Art. 324. 
*^(.x+y)-if{x--y)=2l Jz, from (2) 

= n/ 2. 

and V(x+y)+*/(x-y)=^ Jz, from (2) 

*I{x-{'y)= Jz and V(r— ^)s=o (by addition and subtraction) 
Irfence ar+j' — 4 and x—y^so, (raising to the 4th power). 

2r”2 and >=2. 


Exercise CXLIV. 

Solve the following equations ; — 

1. Jy- J{y-2x)= J( 4 fi- 2 x\ >'(.r-i5)=36. (m. m. 1868). 

2 . Jy)+ ^J{x- ^ry)^2j{a+l>) \ 

x~zj{ 3 ?-y)=‘a-zb / 

3 . ]^x^-y)=‘X-y= ^{xJrzy-i). 

4 . ^/A:- V(*S+'»)“v'('*+.J') \ 

3/(iS+2r)+2N/(;r+>')=9 V(i5+^) / 

. S>J(x^y) SV'('y+>') ^,p2 ^^^*-y) 3 j(x~y )^4 

^ y . ■ 3* y X s' 
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Miscellaneous Simultaneous Equations. 


Solve the following equations : — 

1- ^ + ^-3, ^+^ = 4 , l+l-S- (M.M. 1863). 

2. xys = (xy +xz- yz) ^^{yz^xy-^ xz) 

= 6 (xz-\-yz-xyy (m. m. 1864). 


3. .r+_y«2(ir + i),^ + 2 r=jr 4 -i, I. (M. M. 1866). 


234 


5 . 4^-Sy+65'*3 *1 

6 . ax--by^i{b-a) ^ 

8;r + 7j'-35'-2 j- (b. m. 1862)- 

! 

II 

r4 

+ 

7 ,r-P 8 j/ + 95 '= I J 

ax+by-^-cz^o j 


(m. m. 1872 

7 . « + 2;t:+j/ + 25’= -3 \ 

8 . 2 jr- 3^4*5'+ 1=0 "j 

2 «+jr + 2/ + 5 ' = 3 1 


/^ + 2;r + i2^+2'=«2i j (b M. 1872). 

3r + 2j/=:4^y' 1 

u i-x4-6y+z—io J 

(M. M. i888.) J 


9. 

10 . 


ax ~-dy — ^(d^a\ ax •^‘by-c^i +z\ by^cz^ - b). (m. m. i 870)- 


a{x +^) + b{x - ;v) = «* •“ (^b + 
a{x +J') - b[x - j/) = a* + 


j (m. m. 1876). 


11 . 


i-x-¥y x-{-y-i 


\-X’{-y i-x-y 


= J. (B. M. 1889). 


12. — ^ + -^ = 5J, ^ *6i. 

13 . i + 34.1-5 ?4.5 „j5 ^ 1896). 

xyz'xz^^yz ^ ’ 

11 .r® +>'*=» 13 I 16 . a{x'\ry)--b{x-y)^2a^ \ 

xy=^ 6 J (a^--b^Xx'-y)^4a^b J 

16 . ax+by+cz«=>S 3 'I 

(x +y)ab + (y+ z)bc + (i? + x)ca « 2(^1 + 3 + c) / 
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17. | + 2y-3^/^.= 2, ^ + 4 v'^=li, 3 J /-4 v'"='. 

-•ft ^ a-'C b , . 

18 ~ + = ///, - +- = «. (m. ai. 1887). 

X y X y 

VII. HARDER PROBLEMS. 

389 . We shall consider here a few harder IVoblems involving 
Simultaneous Equations with their Solutions. 

Ex. 1, A pound of tea and three pounds of sugar cost six 
shillings, but if sugar were to rise 50 per cent, and tea 10 per cent., 

they would cost seven shillings. F ind the price of tea and sugar. 

(R. AI, 1866). 

Let X be the price of a lb. of tea in shillings. 

and sugar 

Then = 6 (i) 

Again, the price of tea rising 10 per cent, and of sugar 50 per 
cent, the price of i lb. of tea = .r(i +^'5*0) = schillings and of ilb. 
of sug ar I +Tn'o shillings. 

.*Ali->^ + 3 xSj' = 7 (2) 

.Multiply (i) by 3 ; thus 3.v + 9j/=i8 y 

„ (2) by 2 ; thus -\;-x + ^y=i4 f 

By subtraction, f.A' = 4 and a*=5 ; 

Again, from (i), substituting x^ we have 
5 + 3y = 6, and /, j/=i. 

Hence the price of tea per tb. is 5 shillings and of sugar :p- 
or 4^. per lb. 

Ex. 2 . A and B went out to shoot. A shot 3 pheasants foi 
•every 5 partridges, and B 5 pheasants for every 9 partridges. A 
shot 4 birds to B’s 5 ; how many pheasants, and how many partridges 
had tiiey brought down when they had shot 126 birds ? (M. M. 1866). 

Let 3.r be the no. of pheasants shot by A, 


and 5 j/ B. 

Since A shoots 3 pheasants for every 5 partridges, 
and B 5 9 


/, A shoots 5.r and B shoots gy partridges. 
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Hence, A shoots 3.r + 5.r or Sx birds and B shoots 5^ + 9^^ o** 
,i4>' birds. 

/, for every 4 birds of A, B shoots 4X birds. 

o.tr X 


/, By the question, 

8.r + i 4 >'=i 26 (i), 


and ^=5, 

X 


.( 2 ) 


Solvinj», we have 


Hence, the total no. of pheasants shot = 3.1' + 5^ = 3 x 7 + 5 x 5 
= 21+25 = 46 and no. of partridges = 126 -46 = 80. 


Bx. 3. A tradesman sells two articles together for Rs 46, 
making 10 per cent, on one, and 20 per cent, on the other. If 
he had sold each article at 15 per cent, profit, the result would have 
been the same. yVt what price does he sell each article? (c. K. 1891). 

Let X be the prime cost of the first article in rupees 

and second 

The selling price of the first aiticle at 10 per cent, profit 
~.r(i + or and of the second at 20 per cent. 

+ or ly/Cs. 

.Again, the selling price of the whole at 15 per cent, profit 
= (.v + r)(i + I'nljAV. or 

J5y ihe question, S = +_)') = 46. 

/, I Lr + 1 2^ = 460 and x +y — 40. 

Solving which ,r=j/=20. 

Hence the required piices are or Rs.22 a,r\d Rs.^y or 

Rs.24 respectively. 


Ex. 4. Two men A and B are employed on a.piece of work 
which has to be finished in 14 days. In 3 days they do {th of the 
work, and then A’s place is taken by C. B and C work for one day, 
and do ^^^th of the whole work, and then B s place is taken by A. A 
and C finish the w’ork a day before the appointed time. Kind the 
time in which the work could have been done (1) by each working 
J»eparately, (2) by all working together. (M. M. 1886). 

(i) IvCt X be the no. of days in which A can do the work, 

y B , 

and s C 
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Then the daily work of A, B and Caai, and - respectively, 

X y 2 


Since A and B do |th of the work in 3 days, 



Again, since B and C do j^th work in i day, 


/. = (2) 

Also the work is finished a day earlier, i.e. in 13 days. 

A and C do 10.(13-3—1) o** 9 days the remaining work 

which = i-(i + iV)=i- 

/. 15y the question, 9(^^l)=4 (3) 

Solving equations (i), (2) and (3), we have 
,r=20, _y«s6o and ^=30. 

Hence A, B and C can do the work in 20, 60 and 30 day» 
respectively. 


(2) Again, from (i) " + 

•* y 

.. (3 ) ; + ;=tV 

X 2 


Adding and dividing by 2, 

X y a ^ 


Hence A, B and C can together do the whole work in 10 days. 


Ex. 5. A train running from A to B meets with an accident 
50 miles from A, after which it moves with jrths of its original velocity 
and arrives at B 3 hours late. Had the accident happened 50 miles 
further on, it would have been only 2 hours late. Find the distance 
from A to P, and the original speed of the train, (m. m. 1857). 

Let X be the distance frow A to B in miles, 

and y the original velocity of the train per hour ii> miles. 

» 

Then the usual time— hoitrs. 

The acqj(Ipnt happening 50 fhites from A, the train travels the first 
miles Rt the rate of y miles per hour, and the remaining distance 
(X - 50) miles at the rate of ly miles per hour, 

and the whole time taken = ( — 4. hours. 
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Similarly, supposing the accident to have happened loo miles 
from A, the whole time taken would be 


r loo , ioo\ 


hours. 


By the question, 

Ko x—Ko X . , loo . ;r*-ioo x , : 

^-+ — * + 3— (0 ; — + --- q - = 4 - 2 . ..( 2 ); 

r iy y y iy y 

Subtracting, (2) from (i), we have 
~ ’ whenj/=33i 

y ry 

From (i), 50 + J(.r- 5o)=;r + 3/ ; substituting j/ in this, 
we have 50 + J(a'- 5o) = jr + 3 X33J =;r+ 100. 

whence .r=2oo. 

Hence distance = 200 miles and ratc = 33j miles per hour. 


B 3 r- 6. A challenged B to ride a bicycle race of 1040 yds. ; 
he first gave B a start of 120 yds. and lost by 5 seconds ; he then 
gave B 5 second’s start and won by 120 fi. How long does each 
take to ride the distance ? (c.K. 1881). 

Let X be A’s time in seconds to ride the whole distance, 

and j'-.-B’s . 

In the first race A rode 1040 yds. and B (1040- 120) or 920 yds. 
/, By the question, ;r-TV4o + a’ J + 5 -..fi)- 

In the second race A rode 1040 y 4 f. e*^d B (1040 yds. - 120 ft.) 
or loou yds. 

/, By the qMt|^ipn, x + 5= roSo J''"?!, y (2). 

Subtracting (i) frqm (2), we have 5 = x^y-S * y= L30- 

From (;) 130 + 5 = 115 + 5= 120. 

Hence A takes 120 sec. or 2 min. and B 130 sec. or 2 min. 10 sec. 


Bx. 7 . A boat goes up-stream 30 miles and down*stteam 44 miles I 
in 10 hours ; it also goes up-stream 40 miles and down-stream 55 miles J 
in 13 hours ; find the rate of the strewn and of the boat : (c.E. i88o).| 
Let X be tJjLfi.-J'ate of rowing in still water in miles per hour, 
and y the rate of the stream in miles per hour. 

llien motion up-stream = miles per hour and motion 

down-stream = (:r+j/) miles per hour. 

By the question, -^-+^--10 {i)| 
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Subtract 3 times (2) from 4 times (i) ; 

/. and •*•+^'=11 (3)- 

Subtract 5 times (1) from 4 times (2) ; 

and .r-^=S (4) 

Adding (3) and (4), we have 'ix=^ 16 and /, ;r = 8. 

Subtracting (4) from (3), we have 2j/ = 6, and /, ^ = 3- 

Hence the rate of the boat — 8 miles per hour and of the stream 
= 3 miles per hour. 


Ex. 8 . Two trains, 92 ft. and 84 ft. long respectively, are 
moving with uniform velocities on parallel rails in opposite directions, 
and are observed to pass each other in sec. ; but when they are 
moving in the same direction, their velocities being the .same as 
before, the faster train is observed to pass the other in 6 seconds. 
Find the rates at which the trains are moving. 


Let X be the speed of the faster train in miles per hour, 
and y the other 

then (at+j) miles per hour is the relative speed of the two trains 
moving in opposite directions and {x-^y) miles per hour is their 
relative speed moving in the same direction. Also the trains pass 
each other when they have travelled a distance equal to the sum of 
the lengths of the two trains, which = (92 + 84)ft.= 176 ft. 


lly the question 

1 760 X 3(a' -j/) “ 60 X 60 


A5_- 

1 760 X 3( r + V ) 60 X 60 

176 6 



P'rom (1), we have .r + v=»8o 1 

^ } Hence .r= 50 and T— 30. 

„ (2) x-y^2o j 5 ^ .5 

Hence the rate of the faster train is 50 miles and of the othei 
30 miles per hour. 


Ex. 9. A certain number consists of two digits whose sum 
is 8, another number is obtained by reversing the digits. If the 
product of these two is 1855, find the number, (u. M. 1877). 

Let X be the digit in the tens’ place, 

and j/ the digit in the units’ 

then the number =iox+y. 
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Also the number formed by reversing the digits is ioy + ,r. 

/, By the question, .r + r=8 (i) ) 

(iOjr+y)(ioj + ;r)=i8S5 (2) I 

From (2), io;r‘^+ ioi.rj/+ ioy"= 1855 (3) 

Squaring (i) and multiplying by 10, we have 

I ojr® + 20 ,iy 4- 1 oj /^ = 640 (4) 

Subtracting (4) from, (3), 8iri/=i2i5; /. .rv=i5 (5) 

N o \v (x - jk)® = (.r - 4;r r == 8'-* - 4 x 1 5 , f rom ( i ) and ( 5 ) 

= 64 — 60=^4; /, -t— J/=±2. 

Hence, we find -r=5 or 3 and i' = 3 or 5. 

Hence the number reqd. = 53 or 35. 

Exercise OXLV. 

1 . A man has in his purse sovereigns and shillings. If he 
receive as many sovereigns as he has in his purse, and pay away 
his shillings and an equal number of sovereigns he ^^ill have 8 
coins, iiutifhe double the number of his shillings, retaining the 
original number of sovereigns, he will have 9 coins. How manv 
sovereigns and how many shillings were in his purse at first"? 
(«!. M. 1861). 

2 . Water is admitted into a cistern by three cocks, two of 

which are exactly equal. When they are all open, ^.ths of the 
uslern is filled in 4 hours ; and if one of the equal cocks is stopped, 
.,ths of the cistern is filled in 10 hours and 40 minutes. In how- 
many hours would each cock fill the cistern ? (a. i. k. 1889). 

3 . The fore-wheel of a carriage makes six revolutions more 

than the hind-wheel in going 120 yards; if the circumference of 
the fore- wheel be increased by one-fourth of its present sire, and 
the circumference of the hind-w’heel by one-fifth of its present 
si/e, the six will be changed to four. Required the circumference 
of each wheel. * 

4 A railway train after travelling for one hour meets with an 
arcident which delays it one hour, after which it proceeds at Jths 
of its former rate, and arrives at the terminus 3 hours behind lime ; 
had the accident happened 50 miles further on, the train could 
have arrived i hour 20 minutes sooner. Required the length of the 
tine. (h. m. 1866). 

5. A letter-carrier has to go daily from P to Q in a prescribed 
time. If he goes a mile an hour faster than his ordinary rate» 
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he arrives at Q half an hour before the time. But if he goes a 
^ mile an hour slower, he arrives three-quarters of an hour tpo late. 
Find his ordinary rate, and the distance from P to Q. (M. M. 1884). 

ft A train travelled a certain distance at a uniform rate. Had 
the speed been 6 miles an hour more, the journey would have occupied 
4 hours less ; and had the speed been 6 miles an hour less, the 
journey would have occupied 6 hours more. Find the distance. 
(P. K. 1889). 

7 . A set of bearers on a journey perform one-third of the 
distance at a certain rate and then halt one hour to take their 
food. The remainder of the journey is accomplished at only two- 
thirds of the former rate, and the bearers reach their destination 
in 7 hours after first starting. Had they travelled at the former 
rate 4^- miles further than they did before halting, they might have 
halted 22^ minutes longer and yet reached the end of their journey 
in the same time. Find the length of the journey. (M. M. 1885). 

8. In a quarter of a mile race, A gives B a start of 22 yards, 
and beats him by 2 seconds ; and in a 300 yards race, he gives 
him a start of 2 seconds, and beats him by loj- yards. Find the 
rates of each. (m. m. 

9. A room of which the floor is rectangular is such that the 
addition of a foot to the height will increase the area of the walls as 
much as the addition of a foot to both the length and breadth, the 
increase in each case being 60 square feet ; and if the floor be made 
square, the perimeter remaining the same as before, its area will be 
increased by 9 square feet. Find the length, breadth and height of 
the room. (M, M. 1868). 

10. A horse man travelling at a walking pace of 4 miles an 
hour meets a bandy going in the opposite direction at the rate of 
2 miles an hour ; after proceeding at the same pace for half an hour, 
he turns and canters back till he overtakes the bandy. If he had 
continued for another quarter of an hour before turning, the bandy 
would have been ^ths of a mile further on before it was overtaken. 
Find the rate at which the horse-miin cantered. (M. M. 1869). 

11. A and B play four games of chance pf which A wins the 
iirst'and last, and B the other two. The amount which each 
stakes for the first game is half the whole sum of money possessed 
by both together, and for the other games half the money possessed 
by the loser of the preceding game. At the end of the fourth 
game, A finds that he has 18 shillings less than he would have had 
if he had won them all, and B finds that he has $ shillings less than 
he had at starting. Find the amount of money possessed by each 
at first. (M. M. 1871). 
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12 . A maLn rowing against a stream meets a log of wood which 
being carried down by the current. He continues rowing in the 

same direction for a quarter of an hour longer and then turns and 
lows down the stream, overtaking the log li miles lower down 
tlian the point where he first met it. Find the rate at whij;h the 
current flows, (ivi. M. 1874). 

13 . A boat's crew rowed 3^ miles down a river and up again 
jn 100 minutes. Had the stream been half as strong again, they 
would have taken 31^ minutes longer. Find the rate of the stream. 
^f{. Ai. i860). 

14 A merchant has a certain number of Back Bay and 
\la/agon .Shares. The market rate for the two shares was As, 2 ooo^ 
but Mazagon Shares rose 10 per cent, and Back Bay fell 20 per 
' ent. The value of the two shares became in consequence 12.] per 
rent, less than before. Find the original market value of each 
share. ( 11 . M. 1867). 

15 . A criminal having esc«aped from prison, travelled 10 hours 
before liis escape was known. He was pursued so as to be gained 
upon 3 miles an hour. After his pursuers had travelled 3 hours, 
they met an express going at the same rate as themselves, who 
met the criminal 2 hours 24 minutes before In what time after 
the tommencement of the pursuit will they overtake him? 

M. M. 1883). 

16 . A mail coach runs between two places A and B, and back 
again. A lra\ eller who starts walking from A 5 hours before the 
mail coach is overtaken by it half way between A and B. He then 
iloubles his rate of walking and meets the mail coach on its return 
lOLirney 3 miles from B. The traveller then goes to B at the same 
late and leturns, and by the time he comes again midway between 
A and B, the mail coach reached A fhnd the distance between 
A and B, and the rate at which the mail coach runs. (M. M. 1878). 

17. A gentleman went out for a walk ; and after having been 
out 12 minutes, was overtaken by his servant who had run from 
the house at thrice his masters pace. The master then bade the 
servant run back at the same rate to the house and bring his cigars, 
while he walked on at his former pace. If the master was one 
mile from the house when overtaken the second time, at what rate 
did he walk? (m. m. 1873). 

18. A and B start together on a certain journey. When they 
have walked a distance of a miles, A finds it necessary to return 
home, and goes at twice his former rate. He then starts again at 

times his original pace, and just at the end of the journey 
overtakes B, who since A left him, had gone at nlm times the 
‘riginal pace. How long was the journey? (m. m. 1865), 


M.A. — 27 
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19. A and B (one of whom could do the work alone in a less 
number of days than the other) agree to reap a field for ks. 2 (x 
If they had worked together everv day, the field would have been 
reaped in 15 days ; but at the end of 7 days A left off working for 
4 days.^,; and it consequently took 16J days to reap the field. In 
how many days could A alone, and in how many days could B 
alone, have reaped the field ; and what part of the I^s.2o ought 
each to receive for the work he actually did ? (b.m. 1869). 

20 . A person left Poona in the Sattara mail buggy at 2 p.m. 
and having proceeded a certain distance he went out of the buggy 
and returned to Poona on foot, walking at the rate of 3 miles an 
hour, and he reached Poona at 8 p.m. Had he gone 6 miles further 
in the buggy he would not have got back to T’oona till 10 hours 
40 min. P.M. How far did he go towards Sattara and what was 
the speed of the buggy ? (b. m. 1870). 

21. A person rows from Cambridge to Ely, a distance of 20 
miles, and back again, in 10 hours, the stream flowing uniformly 
in the same direction all the time ; and he finds that he c^n rovN 
2 miles against the stream in the same time that he rows 3 miles 
with it. Find the time of his going and returning. 

22 . Some smugglers found a cave, which would just e\'actl> 
hold the cargo of their boat, vi:: 13 bales of silk and 33 casks of 
rum. While unloading, a revenue cutter came in sight, and they 
were obliged to sail away, having landed only 9 casks and 5 bale.s, 
and filled one-third of the cave. How many bales separately, 01 
how many casks, would it hold? 

23 . A number consists of three digits, the right-hand one 
being zero. If the left-hand and middle digits be interghanged, 
the number is diminished by 180; if the left hand digit be halved, 
and the middle and right-hand digits be interchanged, the number 
is diminished by 336 ; find the number. (ri.M. 1887). 

24. In a half-mile race A gives B 22 yards’ start and wins by 
6 sTqgonds. In a three quarter mile race he gives him 20 seconds' 
start', but is beaten by 29 yds. 1 ft. In what time can each of them 
run a mile ? (M. M. 1S92). 

25 . Two trains start at the same time from A and B for the 
junction C. The train from A should run at 24 miles an hour and 
reach* the junction half an hour before that from B, which travels 
18 miles an hour. But the former is so retarded as only to run at an 
average rate of 22 miles an hour. The two trains arrive at the junc- 
tion at the same time. How far are A and B respectively from C, 
and how long were the trains upon the road ? (M. m. 1862). 

26. A and B start from opposite ends of a straight course, each 
walking uniformly, A, who is the faster walker, at the rate of 4 milc.-^ 
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an hour and meet at the end of 2 hours. If, when A reached the 
middle point of the course, they had interchanged their rates of 
walking, they would have met a quarter of a mile nearer the middle 
point. Find B’s rate of walking, and the length of the course. 
(M. M. 1870). 

27 . Two cyclists ride from A to B, a distance of 55 miles, and 
the first arrives 30 minutes before the second. They then ride 
fiom B to A, the first giving the second a start of 4 miles, and yet 
arriving 6 minutes before him. Find the rate of each cyclist in 
miles per hour. (n. M. 1901). 

28 . A and B start simultaneously from Poona to go to Kirkee. 
A \yould reach Kirkee half a hour before B, but missing his way, goes 
a mile and back again needlessly, during which he walks at twice 
his former pace, and he reaches Kirkee 6 min. before B ; C starts 
30 mm. after A and B, and walking at the rate of 2^ miles an hour 
arrives at Kirkee 10 min. after B. Find the rates of walking of A 
and B and the distance from Poona to Kirkee. (li. M. 1868). 


CHAPTER XVIII. 

RATIO, PROPORTION AND VARIATION. 

I. KATIO* 

390 . The Ratio of one quantity to another is that relation 
'vhich the former bears to the latter in respect of magnitude, when 
the comparison is made by considering, not how muck the one 
IS greater or less than the other, but what number of times it 
contains it, or is contained in it z. e, what ynuUiple^ part^ or parts^ or 
in other words, vi\i2X fraction the first is of the second. 

This is, in fact, the way in which we naturally, and, as it were, 
unconsciously, compare the magnitude of quantities. Thus the mere 
numerical difference between 999 and 1000 is the same as between 
I and 2 ; but no one would hesitate to say that 999 compared with 
1000, is much greater than i compared with 2. The reason is, 
tliat the mind considers intuitively that 999 is a much greater fraction 
1000 than I is of 2 ; and this is what we should express by 
saying that the ratio of 999 to 1000 is greater than that of 1 to 2. 
l^n the other hand, we should say at once that 1001 compared with 
1000, is much less than 2 compared with i, the fraction in the 
former case being less than that in the latter. 

391 . The ratio, then, of one quantity to another is represented 
liy the fraction obtained by dividing the former by the latter. 
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Thus, the ratio of 6 to 3 is J or 2 ; that of 1 5 to 40 is ig or j ; 

that of Aa to bb is 7-. or - . 

bb zb 

392. The two quantities compared (if they are not mere num- 
bers, or alj^ebrairal quantities expressing numbers) must be of the 
same kind, or one could not be a fraction of the other. 

'I'hus, the ratio of Rss) to Rsat. is the same as that of 9 mds. 
to 12 mds., or of 9 to 12, or of 3 to 4, or of ^ to 1 ; since, in each of 
these pairs of quantities, the first is J of the second, and hence •; 
IS the value of each of these ratios ; in saying which we may 
suppose, if we please, a tacit reference to 1, in saying that the 
ratio of Rs.c^ to AY 12 is :J, we may either imply that A’j.c) is :[ of 
AY 1 2, or that the ratio of Rsx) to Rs.xi. is the same as that of to i. 

393. The ratio of one quantity to another is expressed by two 
points placed between them, as <7 : where a and b are the terms 
of the ratio ; the first term a is called the antecedent, and the 
second term b is called the consequent of the ratio. 

394. A ratio is said to be a ratio of greater inequality, of 
less inequality, or of equality, according as the antecedent is 
j^eafer than, less than, or egual to, the consequent. 

Thus, the ratio 5 : 4 is one oi greater inequality^ the ratio 4 : 5 
is one of less inequality^ and the ratio is one of equality. 

395. Problems upon ratios are solved by representing them 
by their corresponding fractions, which may now be treated by the 
ordinary rules. 

Thus ratios are compared with one another, by reducing the 
corresponding fractions to common denominators, and comparin.i; 
^ the numerators. 

Ex. 1 . Compare the ratios 5 : 7 and 4 : 9. 

Here, s’: (7 = 1 and 4 : 9 =t 

Now, i : but 45 > 28, ,*. 5 : 7 > 4 : 9. 

Ex. 2 . Find tf.'e ratio of 4 ; 

'I'he reqd. ratio"^= ? 5 *= t ^ 4 = ? b • 

396. A ratio of ^yreater inequality is dimmi shed., and a ratio 
oj less inequality incrcast<d by adding the same positive quantity to 
both its terms. 



resulting ratio being , where x is a positive quantity. 
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a a+x ad + ax^alf^fix x(a — d) , . . 

— w+F) — 6ii+^) ’ 

or negative according as a is greater or less than d. 

I ience, ^ if be>-^, i.e, if « : i5 be a ratio of greater inequality, 

0 0-\‘X 

and \ <; , if be c i.e. if « ; ^ be a ratio of less inequality. 

0 D-^-X 


In like manner, it may be shewn that a ratio of greater in 
equality is increased^ and of less inequality diminished^ by subtracting 
f/)c same quantity from both its terms. 


397. Compound Ratio. If the fractions denoting two or 
more ratios be multiplied together, the resulting fraction is said 
to be the ratio compounded of th3 ratios represented by them. 

Thus, if a \ b^ c \ d^ c \ f tS:c.. be any ratios ; their compound 

ratio will be ace &c. : bdf &c., or= . 

bdf A:r 

(i) The ratio d“ : is called the duplicate (/. e. squared) 

ratio of a : b. 


(ii) The ratio d ' : b’^ is called the triplicate ratio oi a \ h. 

(lii) The ratio Jo. : Jb i.s called the subduplicate ratio of a : b. 

Ex. 1. What is the ratio compounded of 3 : 3, 6 : 7 , 14 : 1 5 ’ 
The reqd. ratio — x ?- x { or 8 : 15. 

Ex. 2 . What is the duplicate ratio of 2:3? 

The reqd. ratio = 2*^ : 3^ = 4 : 9. 

398. The ratio of any two quantities cannot always be ex- 
pressed exactly by the ratio of two integers. For, if either, or 
both, of the terms of a ratio be a surd quantity, then no two integers 
ran be found which will exactly measure their ratio. 

Thus, the ratio of V 7 . 4 cannot be exactly expressed by an\ 
iwo integers. 

399. When the ratio of any two quantities can be expressed 
exactly as that between two integers, the quantities are said to be 
commensurable ; otherwise, they are said to be incommen- 
surable. 

Although the ratio of two incommensurable quantities cannot 
be expressed exactly by the ratio of two integers, we can always 
find two integers whose ratio differs from that required by as small 
a quantity as we please. 
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Thus, i-^575i3^.^:66,4378... 

4 4 

and therefore — is > - and <: , 

4 lOOOOOOO looooooo 

and it is obvious that any degree of approximation may be arrived 
at by calculating the value of Vy to more places of decimals. 

Bx. 1. If find the ratio x \ y, 

3^ + 4>' 

Multiplying crosswise and transposing, we have 
39jr*26j/ ; /, zx^'iy and /. xiy=:‘i, 

Bx. 2. If 2 .r®- ii;r^+ I 2 J/-SSO, find the ratio ;ir : 

( X\^ X X 

j - 1 + 12 = o. Putting k for ^ , 

2>t® — I i/r+ 12 = 0, or (2/:--3)(/’ — 4) = o. 

2yfc- 3=0, which gives ^=5 ) x 


and ^ — 4 *“ o, which giv 


ijives ^= a 'I 
?ives >t = 4 J 


Hence =4 or 4. 


Bx. 3 . If ^ = J, find the value of — — 
y 3X-i‘y 


Zf.4 

2 

y 


i + i 


• :f X Tf — TTT* 


Bx. 4. If 2CI : 3^ be in the duplicate ratio of 2a- x : 3^-1, 
prove that x'^ — bab. 

2a / 2 /* — x\ 


We have. 


3« 


/2<2-;ry 


Multiplying crosswise and squaring, we get 
- bbx 4- ,r*) = 3 ^( 4 a^ - 4 a;r + x"^) ; 

/, 1 - I zabx + 2ax^^ 1 2a^b — 1 2abx + ^bx^ ; 


x\2a - 3 ^) = 6ab[2a - 3 d) ; /, x'^=bab^ 
since 2a - 3d is not zero, by supposition. 


400. It appears from Art. 396 that by adding the same positive 
quantity to both the terms of a ratio, it is made more nearly equal to 
unity, and by taking A', the cjuantity added, large enough, it may he 
made to differ as little as possible from unity. The following is an 
illustrative example. 



RATIO. 


433 


Bx. A is 32 years old, B is 5 years old. What is the least 
number of years after which the ratio of their ages will be less 
than 3:1? 

After X years, A’s age will be 32+;i' and B’s 5+.r years. 


The value of the ratio ^ , when x is gradually increased, will 
become less and less than V-, and nearer and nearer to unity. 


‘J2 4* f 

When =5 we have -r=8J, and for this value of x the ratio 

5 +;r 

of their ages will become 3 : i, and for any ^eater value of x the 
ratio will be less than 3:1. 


Hence, the least number of years required is 9. 


Exercise CXLVI. 

1 . Which is the greater ratio : — 

(i) 3 :4or4 : 5? ■ (2) 13 : 14 or 23 : 24? 

(3) 3 : 7, 7 :* 1 1 or 1 1 : 1 5 ? (4) 4*+/ : y or 4x : x+y '> 

is) a-hd : a-d or + supposing a> bt 

(6) .r- 4-/** : x-hy or .v** ^y^ : x^ +y^ ? 

(7) x^+y^ : I or.r‘*+_y® : a'*- 

2. Find the ratio compounded of 

(1) 3 ; 5, 10 : 2r and 14 : 15. (2) 7 : 9, 102 : 105 and 15 : 17- 

(3) 169 : 200 and the duplicate ratio of : 263'^. 

(4) 3a : 43 and the subduplicate ratio of 253* : 49«*. 

(5) x'^-^x + 20 : ;ir‘^-6;r and x^- i34r + 42 : .^'^-54-. 

(6) tf4-3 : «-3, a^ + b'^ : {a^bf and : «*-3*. 

(7) a^+i : - I, rf* + 1 : a* - J and {d^ - i )%a* ~ i ) : + 1 . 

3. What is the ratio compounded of the duplicate ratio of a + 3 : 
4-3, and the difference of the duplicate ratios ot a : a and a : 3, 
supposing a > b? 

4. Shew that the ratio a+b : a^b is greater or less than the 
ratio d^ b’^ : d^ - b\ according as the ratio a:b is one of greater 
or less inequality. 

5. If a : 3 is a ratio of greater inequality, show that a : 3 is 
greater than a^+b^ : 2ab, (B. P. E. 1888). 

6. If 4a : 53 be in the duplicate ratio of 4a 4- x : sb+x, find 
the value of x. 
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7 . What quantity must be (i) added to, (ii) taken from each 
of the terms of the ratio a : that it may become equal to c : d} 

8 . If 2jt' + 5 ; 3^ + 10 be in the duplicate ratio of 3 ; 4, find x. 

9 . If « : ^ be the subduplicate ratio of a-x : b-x, find x. 

10 . If find the ratio x \y. 

sy-7x 3 

11 . If 7x-4y : 3.1' 4- ^ = 5 : 13, find the ratio x :y. 

12 . If ^ and ^ , find the value of . 

b 4 ^7 4bd-yac 

13 . If ^ , find the value of . 

y 7 y-'i^ 

14 . If ^ , find the value of - — . 

b 3 2 a 

15. If ^'“y ' -“f-=s ^ find the ratio .r : y, 

x^+y- 41’ ^ 

16 - If 6j'^ 4-35.v‘*^ = 29.rr, find the ratio x : y. 

17 . If ^ be in the duplicate ratio of a+x : b 4 -x, find x, 

(P. E. 1896}- 

18 . What number must be added to each term of the ratio 
5 : 5, to make it equal to the ratio 4:3? 

19 . A certain ratio becomes 4 : 5, if 2 be added to each of its 
terms ; and becomes 3 : 4, if i be subtracted from each of its terms ; 
find the ratio. 

20 . If from each term of the ratio a : b, the quantity 
be subtracted, shew that the resuUintf ratio will be a : pb. 

^ 21 . Two armies number 11,000 and 7,000 men respectively; 
before they fight each is reinforced by 1,000 men : in favour of 
which army is the increase ? (c. E. 1879)- 

22 . If X : y be the ratio a : ^ in its lowest terms, prove that 

liJ , if ^ > a. (c. r. A. 1882). 

y+i b+i' ' 

'' 23 . Two persons are now of ages 36 and 31 years. After ho\' 
many years will the ratio of their ages be less than the ratio of 
17 ; 15 ? 

' 24 . What is the greatest integer which when subtracted from 
both the terms of 8 : 13 will give a ratio greater than 1:3? 



RATIO. 


425 


401 . Many properties of ratios can easily be proved by assum- 
a single letter k to represent a ratio, or to represent each of 
several equal ratios. 


Important Theorem. If a: \ d^e\f— &c., 

1 

then each ratio = ( --t- z I , ' 

where &c., n are any quantities whatever. 


Let ^ ~ y-= &c. ^ k^ 
0 (i J 


I’hen a=^bk^ c — dk\ f^fk\ &c. 

d!” = /;«/’«, = &c. 

/. ijc^^qd^k'\ re^^^rp'k”, &.c. 

Ly addition, pa^^ + 

• _ All 

* * pb'* + qd^~^ rf^ + 


• ’ \ -ph^ + q,i}^ + ■+ , . . / ~ 

Hence the theorem. 

Corollaries, (i) Tutting «~i. 

, . pa-Vqc-krc-V 

each ratio = L , . , . ^ 

pb^qd^rf^,.. 

(2) Tutting = ^ — = I, 

^i + i:4-c+ ... 


each ratio = 


b^d-\-f-^. 


I'hus, Ave see that each ratio is equal to the ratio of the su)n 
(f all the antecedents to the sum of all the consequents. 


(3) 


each ratio = 


a — c 
b-d 


r — c __ a -c_ 

d^f- h~~r”' 


Thus, we see that each ratio is equal to the ratio of the difference 
(f any two antecedents to the difference of the two correspond ini^ 
i onsequents. 


402 . unequal, the ratio ‘ 

magnitude between the greatest and least of these ratios. 


a c e ^ 
Suppose ^ &r. 
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Let Then 

o a f 

\ a-=bk^ c < dk^ e •< fk^ &c. ; 

rt + t 4 -^+ < (^ + ^/+y^-h --.K’j 

. /• <k.ue.<.\^ the greatest of the ratios. 


f) a * c € 

Again, let least. Then ~ t> k\ k\ yz> k\ &c. 

•*• ^ ^ > dk\ c > fk\ &r. ; 

,*• + + ... > (^ + ^4'^/+ --O^^ i 

• 4 “i'' 4 '^ + ••• ^ »f . P ^ r \ 

• * ^ ^ least of the ratios. 

^4-«4“/4-... q 

Hence the theorem. 

t Tr ^ ^ .u .. ^4!4-r4-r l^uc\\ 

^ 1 - If ' 1 ,-^-/' P’’"'® y^ay) ■ 

I If C j 

'rhen a^dk, c^dk,, e—fk. Multiplying out, we have 

AS _ 7, 


ace^bd/k^^ and /. 


•• W 7 / 


Again, adding the three equations, we have 
a4"^4“t’ = (^4-^ 4-y^)^% and /. 


Hence 


a-\-c-\-c lacc\^ 

^ a c e , ^ , / a* - 3aV 4- 26'V \ J 

• r 7 rr \¥^Wd^^^) • 


Let Then a =W, «=//&. 

.*. a'=d*/6» 3aV=3iV’'/tS ■i<?^=^2d'^pk\ 
,*, «« - 3a»c» +2<^«’' - («» - 3^»rf* + i<^P)lfi. 


. «*- 3 «V+ 2 tV . / a«- 3 aV*+ 2 ^«» \i_,. 

••>-3dSrfa'+2rfy»-'^ •• V^&-3^rf»+2rf»/4 " 
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Exercise CXLVIL ^ 


b — f c^a a — b 


, shew that 


2. If = - — = shew that a-^+t:=so. 

x-^-y z-x 

_ .. x-\-iy zx-'Z '^-3^x-)rz , - 

3. If «* — ^ — , prove that each *= i. 

Vc-z Zy+x 4 )/- 4 jr+j 5 ' ^ 

4. If prove that each 

r r ~r “ V • 

^ .g a c e , . b/ / - 4a V' + 5^* \ 

«• i= /’ P’’"''" = n/ I 3W* -‘4^"W57‘) 

^ i “ rf"" / ’ P*""' ® b* + 5rf /+ J* ~ ■ 

^ a c e / 2^V + 3^«V>“\ 

*• ^ “ ^■“ / ’ P™''® V V’ - 2<fV+3^^vf‘('V “ bdf 


II. GRAPHIC representation OP RATIO. 

403 . 7}? represent the ratio ^ graphically ^ 

Take an abscissa OA to represent b^ and an ordinate AP to 
represent a on the same scale. 

AP , a 

1 hen represents the ratio ^ 

tiraphically. The magnitude of the 
angle AOP enables us to determine 
whether this ratio is greater or less 
than another ratio represented in a 
similar way. 

If ^ be a second ratio, represent it by ^ , and let OQ cut AP 
at D. 
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Then by similar as BOQ, AOD, qq= 

Thus, we compare the ratios ^ and ^by means of the lengilw 
of AP and AD. 

401 A ratio of greater inequality is diminished by adding the 
same quantity to both its terms. 


Let represent a given ratio, 

where OA is the abscissa and AB the yfr 

ordinate. ^ 

Produce OA to C and draw the yy 

ordinate CE. Make CD = AB and DE yy 

AB /y 

= AC. Then the ratio ^ . has been jy 

OA y 

CE ^ 

altered to by adding the same y 

quantity DE or AC to both its terms. 0 AC 

CE AB 

The new ratio Qg c the old ratio , if OE cuts AB below B : 

i. e. if the A^BD the ^ BOA. 

But the EBD = 45 '’, for DB DE. 

/, the new ratio < the old, if the ^BOA 45 '’ : ?. e. if tbr 

AB 

ratio is one of greater inequality. 


Exercise OXLVIII. 

1. By means of squared paper compare the ratio with 

14 - 17 i » 3 » ' ? 
i?!» Wi .JOi T?r» 3T| ’15* 

2. On squared paper represent the ratios i, .1, t't» whirl; 

is greatest and which least. 

3. Draw the ratio formed by the sum of the antecedents the 
sum of the consequents of the following ratios. 

(i) h h IT* 00 h t'i* 

1 Draw the ratio formed by adding 5 to the numerator and 
denominator of U- Compare it with 
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5. ]>y squared paper reduce ri to ratios whose deno- 

v 7 iinator is 24. 

6. Measure abscissa^ OA, OC equal to 9 and J3. Measure^ 
ordinates AB, CD equal to 17 and 21, Find what angle the line BD 
makes with the line OC. 

7 . Find graphically what number must be added to each 
member of the ratio J J to make it 

8 What number must be taken from each member of the ratio 
M to make it s ? 


9. Two men share Bs.20 in the ratio 5 : 3. Find their shares 
^laphically. 

10 . Divide (uj graphically so that the tvvi) parts may be in the 
latio 9:14. 


11 . Show graphically that, ^.are unequal, lies 

ui \alue between the greatest and least of them. 


12 . The marks gained in an examination-paper for which the 
maximum was 65 were 52, 40, 38, Find by a diagram what these 
^\ould be if the maximum were 100. 


III. PJROPOBTION. 


405 . When two ratios are the four quantities composing 

them are said to be proportioual to one another. 

{I (' 

Thus, if the four quantities a, c and z/ are propor- 

tionals. This is expressed by saying that a is to b as c is to zf, and 
denoted thus, a \ b \ \ c \ d Oix a'. ^ - z \ d. 

The first and last terms in a proportion {viz. a and d) aie called 
the Extremes, and the other two b and z) the Means. Also 
d is called a fourth proportional 10 zz, b and c. 

406 . When four quantities arc proportionals, the product of 
the extremes is equal to the product of the means. 

For if 7= j, then multiplying both sides by bd, 
b d 

we have ^.xbd^ ^.y.bd, or ad^br.. 

0 a 
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Hence, if three terms of a proportion are given, we can find the 
other ; thus 



407- If the product of two quantities be equal to that of two 
others^ the four are proportionals^ those of one product being the 
extremes^ and of the other the means. 

For if ad^^bc, then dividing both sides by bd^ 

, ad be a c 
we have T:,or ~ ~ ; 

bd bd b il 

and a \ b w e : ef, in which proportion a, d are the extremes, 
and c the means. 


408. Four quantities are said to be inversely proportional, 
when the first is to the second as the reciprocal of the third is to 
the reciprocal of the fourth, /. e. as the fourth is to the third. 


Thus, <2, c and d are inversely proportional 

when a\b\\ : ,t. e. d : for : = - =id : c. 

c d c d c' d c 


409. Quantities are said to be in continued proportion, 
when the first is to the second, as the second is to the third, as the 
third is to the fourth ; and so on. 

Thus, a, d^ &c. are in continued proportion, 

, a b c „ 
when ~ =&('. 
bed 


410. If three quantities a, c form what is called a continued 
proportion, so that a\b^b\c^ we shall have ac — b'^) or the 
product of the extremes is equal to the square of the mean^ and 
conversely. 

In this case b is said to be a mean proportional between a 
and c ; and c is said to be a third proportional to a and b. 


If three quantities are i?i continued proportion., the first 
has to the third the duplicate ratio of that which it has to the second. 

b . a a b a a a® 

hor, if 7=*-> then - = 7 X - = 7Xt=t5; 
be c b c b b 

a : c is the duplicate ratio of a : b. 


Also, if four quantities are in continued proportion., the first has 
to the fourth the triplicate ratio of that which it has to the second. 
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.^a b € , aabcaaac? 

or, if 7 = “ = :>, then ■j= , x x >< 7 X 1 “ « ; 
b c a do cabbbir 

\ a \ d is the triplicate ratio oi a : b. 


412. Propositions regarding four quantities c and d in 

piuportion, may be obtained, like those on ratios, by the use of 
fiartions, and of these the most useful are the following : — 


^ c . a c b d 

^ b d b d^ a c 

that is, h \ a- d \ c. (Invertendo;. 

n c 


a ^ b 
c~d^ 

that is, a : : tl, (Alternando). 


a b b e 

y 


(ii) If ^ = then or 


(iii) If 1=^, then ?+l=^+l, or ^ 


iZ-\-b c d 


that IS, a-{-h \ h^c-\-d \ d. (Componendo). 

4 ' - a c a-b c-d 

Ov) If then or - , 

that IS, a-b , b=^e-d : d. (Dividendo). 


a^^-b C'\‘d ..... 


t* T- LTf*- ,.-.v j 

(v) Since ^ ^ (ill) and ^ 


a-b c-d 


(iv), 


d ^ C’^-d 

X -- X ,,or — ; 

d c-d a-b c-d 


(lA-h b c + d 

• . y = 

;• b a-b 
that \% a -\-b : a -b^f. + d : r-d. 

(Componendo and Dividendo) 

(vi) Since - ^ (iv) and ^ (i), 

a-b b c—d d a— b c—d 

\ -v-x = -- -X , or = ; 

•'bade' a c 

that is, «-/> : rt — c-ci : c. (Convertendo;. 

^ a c ^ m a 7H c ma fnc 

(vn) lf^=^.then^x-^=-x^,or 

that is, ma : nh =mc : nd. 
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(viii) If^^=^,then 





that is, «’* : : d*K 


413. If a \h=^c . dy ami h . e=d : /, t/u^n a : e = c : /. 

a 


. h d , a h 
‘or = and = - -x = 
b a c f be 


c d a c 
?>“■ .=/• 


I’his is the proposition ex aequali referred to in Kuc. V. 


414. If a : h — e \ and r : /=f/ : 7^, then <ie : hf^Cfj : dh. 


^or . = ,, and .= ' ; . . , x *> oi 


/ 


a 

b'‘ 


f d‘^ h 


ac ^ Cil 
bf dh ■ 


rhis is called compounding the two proportions, and so v\l* 
may compound any number of such proportions. 


415 . If four quantities foim a proportion, we may derive from 
them many other proportions all equally true. 

-c c . ma c , 

I hus, if == ,, then ,= ,, or ma : mh^c : d ; 

o d mb d * 

similarly, 

ma : b — me : d, a : tab - r : m>d, a : b= me : tml ; 

, . a b b d 

and, in like manner, : . d. a : =r : : 

that is, either the first or fourth terms of any proportion may he 
multiplied or divided by any quantity, provided that cither the 
second or third multiplied or divided by the same. 

Hence we may get rid of fractions, when occurring in propor- 
tions, by multiplying the first and seiond^ or first and thirds ikc.y 
terms by the L. c. M. of their denominators. 

Thus, if l-u : (multiplying ist and 2nd by 36, 3r(l 

and 4th by 200), we have 4a : 3^=15 : 16. 

Ex. 1 . Find a fourth proportional to 4 ’, ^ and i. 

Since (Art. 406), this is— ^ = 


Ex. 2 . Find a mean proportional to 4 and 16. 

Since b'^=ac, (Art. 410), this is ^f{4X 16) = '/(64)«»8. 
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Ex. 3 . If prove (c. E. i88|^i902). 

1 la\^ a a a u b c a a 

We have (-J = -x 3= ^-x or 


Ex. 4 . If <2 : b^c\ d, express (a-^^f)-(b + c) in terms of b^ 
and c only. 

Since ~= /, ad^bcy and /, . 

0 a a 

Then (rt+^-( 3 +c)= (« + ^) = 

^ a{a — b)— c{a — b)^ {a - b){a — c) 
a a 


Ex. 5. lia\b — c-. d, show that if a be the greatest of the 
four quantities a, b^ c, d, then ^ is the least. Hence show that a — b 
r — d or a + d> b-\-c. 

Since a!b^cjd and a the greatest of the four, 

/, a/b is an improper fraction, as also cjd. 

/, c is greater than d. Similarly, it may be shewn that b is 
gi eater than d. Thus b and 6 ' are both greater than r/, and d is 
the least. 

A • ' r A t' K ""b c-d 

Again since from Art. 412, (iv),-“ = , 

/, ^ improper fraction. 

/, a- b > C’-df ”) by addition, 

and b+d^b’^d j a-\-d > b + c. 


Exercise CXIiIX. 

1 . Kind a fourth proportional to 

(i) 3 . S. 6- (>i).» 2 . 5 . (iii) t, 5 , 2 - (iv) 2a, 3(5, 

2 . Find a third proportional to 

(i) 4, 6. (ii) 2, 3. (iii) 5, (iv) {a-bY, a*-^* 

3 . Find a mean proportional to 

(i) 4, 9. (ii) 4, H- 0") U, Itb- (iv) Zd^b, i2abcK 

M.A.— 28 
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4 . If (c : b^h : prove that 

( 1 ) 

(3) \ a-c, 

c 


( 4 ) a-^b-^-c— 


(2) a® + ^^ = a(a + ^}(^*-^ + ^). 


( 5 ) md’~nb^ : ma — ?ic=pd + qb^ \pa^qc. 

( 6 ) a-\-b+c : a — b'^c=^{a + b-\-cY : + + 

fr 

5 . If prove that 

( 1 ) (a + ^)(^ 4 rf) = ^ (^ + ^)“ = f(a 4 bf. 

6. If a : and 7?i : n^p : shew that 

7 na + nb : ina --nb^pC’^- qd : pc — 


7. If ^7 : : d^e : /J then a — c\ b-f--=c ; 

* 8. If iiy b^ c be in continued proportion, shew that 

^ + TT*' " = {iV^ + ~ + r"). 

• 9. If = show that A' is to in the duplicate 

ratio of x and (c. F. a. 1867). 

, 10. If jv is a mean proportional between a and show that 
xy+yz is a mean proportional between x-^ +y^ and y-* 4- (i’JL 1890). 

. 11 . P'ind in its simplest form a mean proportional between 

6+ ^/27 and 8 - ^'48- (P. K. 1903)- 


416. Many questions in Proportion may neatly be solved by the 
method explained in '\rt. 40J. 

Ex. 1. If a \ b=c : d^ show that 

7 na-^nb : i 7 ic+nd= Jipd^+qb^) : ,^f(pc'^ -{-qd*^). 

Let ci-^bky and c~dk. 

, ma-^nb_^ 7 nbk^nb ^ h{ml ’\-n) _^b 
• • mc^ nd" mdk + nd~ dijnk -vn)^ d' 
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. J( + qU^) s'( + qb^) b J (pk^ + iO _ ^ 

K/{pc^ + q^h^ Jkp'd^/^^qd'^r d^{pk‘^-\-q)'^ d’ 
ma’^nb J(pa^-¥qb') . . . w ^ 

Ex. % \i a : b = c \ dy prove that 

7a-^\2b : yi-\-^b~yc-^i2d : 36 *+ 5 ^/. 

Let =/%ihen a — tk\ and c = dk. 

0 a 

• J + 1 2 ) _ 7 /' + 1 2 

•• 3a+5/J>“ 3/,/t4:5^'~ /!^(3/t + 5) ■' 3>fc-h5 * 

- 7r + 1 2/^ 7t'//t 4- 1 2 d dink +12^ 7/- + 1 2 

and -- -- ,= ,, -T= -vr-L = / ■■- ■ 

3^4-5^ Zdk^r^d ^A3'^+5i 37-15 

7r7 4-r2/; 7^4-12// , , . . 7k-\-\z 

’ 3^ + 5^^ 3^ + 5^7’ ^ ^ 3/’ ■ - 


Ex. 3. If <2, /;, t: and ('Z are in continued proportion, prove that 
{ah Vbc-^cdf^^{d^-k-b"-Vc-){d^-Vc^-^d:^). (C. K. 1887}. 

Let';=''=^W-. 

b C d 


.Again, k 


.p. , b- r ^z-4-^-4-r- , V 

iib bi. cd ab be + i'd 

. . , ab be ed (ib-\- beared , , 

Aga<n, -j.,= p = ^ f-) 

. a-4-/f-4-r (ib-¥br-^cd - . . , , , 

• iv- -r,- ,.7- , from (i) and (2). 

ab + bc-^cd b- + d+d- ’ ' ^ ^ ^ 

Hence {ab-^bc-\-cdr — {d* -{-b'^ + t%b- 4-t- H-r/-}. 

Oiherijlsc iJius ; Let ^ —k. 

b c d 

Then c—dk ; b = ck = dk'^ ; a^bk^dbd'. 

Now, [ab I cdf = {dk'^ x dk‘^ 4- dk'^ x dk 4- dk x dp 

= \kdVd^ +k'^+i] K- = /^-dVP +k'^+i p, 
and (cf- 4- b‘^ + j(^- + 4- d-) = Uf'k^ 4 - + d-k^pd-k'^+dV 4- d^) 

= d-kVP +k-+i ),dHk^ + IP 4- 1 ) 

=^/U"(>t<4-/’-4-i)2. 

Hence [ab-kbc-\-cdf==-{d“-k-b'*^-\-c^,{b'^-^P-^cP\ for each is equal 
to the same quantity. 
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Exercise OL. 


1. \i a \ b^c \ (f^ prove that 


(1) a±b : a^c'^d : g (c. e. 1862). 

(2) a : b=^a±c : b±d. (c. E. 1872). 

(3) ma-nh : a + b=^ 7 nr-nd : c+d. (c. E. 1893). 

(4) ma-\-nb : mc-\-nd=f>^c : ad^. (c. K. 1876). 

(5) ‘Id v^b \ 4rt4-5^ = 2f + 3rtf : 4^ + 5^^. (a. E. 189#). 

(6) a : a + c=^a-{-b : a-tb + C‘\-d. (a. e. 1894). 

(7) + 1. j 33 ^) 

(8) ; bd. (c. E. 1877). 

(9) + -b^ — ac^rbd : ac — bd. (c. p:. 1879). 

(10) c^d-bc^=^ac[b-d). (c. K. 1890). 

(ri) + + (a. e. 1890). 

( 1 2) Jid'^ 4 - (^- 4 - d^) - via 4- nc : vih^ nd. ( c. R 1 880). 

(13) d^±d : /r±d^—(a±r)^ : (b±dy^, (C. K. 1872). 

(14) (a + cy : (b’\‘dy^a(a^cf : b'^i-^df, (c. K. x888). 


(15) {a^ + b^y^ : {c'^ + d^y==a-b :c-d, (c. K. 1895). 

(16) x/( 3 ^^ 4 - 4 ^^) : ^{sa'' ~ 6 d)~ Ji3b*^ + 4d^) : ^{sb^- 6 d^). (C.E. 1900) 

(17) ^{a + 6 ){c + d)~dd(^^Y + "-^y. (C. K. 1874). 


(18) *-+ *i + i- +-^= .* (**+ x+ -+-)• (li. I’. F„ 1884). 
via nb pc qd bc\q p n rri J 

( 19 ) - -“-£^ = (« + rf) _ (^ + f;. (15. p. K. 1 886 ). 

(20) inversely as ~ (M. f. a. 1884). 


{21) iz^ + ab + b'^ : -ab + b’^c^ + cd+d'^ : c-^ — cd+d'^. (c. E. 1S94). 

(22) pa^+qc^ : pd^-k-qd^^^^viar : mb^ — nd^. (c. E. 1899). 

(23) : c^Vi.d^ + b'^) ; V(cr* 4 -^*}, 

( 24 ) + + + js + j). 

<25) «i*^-3ar2 : : ^*4-5^/*. (a. e. 1902). 
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2. If <1, h, c and ^/.are in continued proportion, prove that 

J{ad)- J{dc)+ w(cd)= J{{a- 6 +c'X 6 -c+^\. (m. k a. 1890).^ 

3 . If It : ; c=c : d, prove that 

a : d^it^^-b' + c' : P+L^+d'. 


i. 

5 ’. 

6 . 

7 . 


.^a h c y A-rc^ . o r»\ 

b= r d' .r pb^^-qPVrir^ • 


If.r : f^ ■*,)%: b=^a \ prove that 

' ,y^ ir r.- 

! + A'-i 7 i ~ i,! a. h 4 ./-V-! • '■■ 


1901 ;. 


■ b'^ ‘ (aA-bA-c)'^ 

U c : d~x \ then will cd : xy^c'^A-d'^ : .r '+y-. (r. K. 1892). 

\i a \ b^b \ shew that a^ArtibA-b'^ : b'^ A-bcArc^=ci : t’. 

(\. F.. 1895). 


8. U (I \ b : : c r/and p : q \ : r \ s, prove that 

apA-cr'. bqA‘ds ;: J{acpr) : ^f{bdqs). (a. K, 1896). 


417 - The fallowing examples will illustrate the converse theorem 
• oiisiderecl in Art. 407. 

Ex. 1 . If {aA-bA‘CArd)\^a — b — cA-d)=-[ii — bA-c — d){aA-b — C'-d)y 
'.0 prove I hat a, d are proportionals, (c. F. a. 1893). 

We have \^^aArd)A-{bA'C)\{{aA‘d)-[bA-c)\ {{a - d) - {b - c\){{ii - d) 

+ ^ 0 }j oi' + df - (/5 + cf = {n-dp -{b- cf, Art. 1 24 

or {aA-df- [a-- dy^^^ibA-cf -{b — c)^, by transposition, 
A^d=AbCj or ad— be. Hence a \ b = c \ d. 

Otherwise thus : — Wiiting the equation in a fractional form, 

, ii\bA-cA-d iiA-b-c-d 

we have 1/™ i r~:j • 

a-bA-c-d a-b-cA-d 

__ , ^ + ^ a Arc bArd 

Hence, by Comp, Divd..^ i~j=^ 4 — :>» o*" * a 

Again, by Comp. <Sr*» Divd., " — ^5 : b=^c : d. 

Ex. 2 . If aA-b : i 5 + £-=-ir+r/ : rt?+a, prove that 
- a — c or aA-b +c A- d=o. (c. E. 1891). 



438 


MATRICULATION ALGKHRA. 


{a-\rb){d+a) = {b-\‘C){c + d). Art. 406. 

/. a^-^{b + d)a + bd=:^c^- + {b + d)c + bd. 

Transposing and reducing, 

d^- c^-\-{b-k-d){ii- c) = o^ or {a - c){a + b + c + d) = o. 
either a-c — o z>. « — r, or a + b-\- c^-d—o. 

418 . The following is an example of theorem explained 
in Art. 401. 

Ex. \i a \ b — c \ d^e \ show that 

Each ratio= + : W + d‘'+/-). (c. E. 1882) 

Since “= ‘='’ ' ' 

^ ^ /’ •' d~ f" P + /i-'+/' 

Each ratio= ^ 


Exercise CLI. 


1 . If 3 a + 4 /^ : 5 <'z + 6 ^ = 3 ^: + 4 ^/ : then will a : b==c : d. 

(c. K. 1897). 

2. I f {2a 4- 3^ + + 4 d ){2a - 3^ - 5r + 4d) = {2n + 3b - 5r - 4^) 

X (2rt ~ 3 ^ + 4<: — 5 ^), then will a : b — c : d, 

3. If {pa-\‘qb-\-rC'\- sd){ pa --gb — rc 4- sd) — {pa-gb-\- rc — sd) x 
{pa4rqb -rC’- sd\ shew that bc^ ad^ ps, q7' arc in proportion 

(15. P. K. 1890 ). 


4 . If ^ = r ; d=e :/^ show that 

(1) Each ratio = (/J^z"4-$'6'^4'J^r”)^: {ph’^ + qd" (a. e. 

(2) Each ratio = (a^ - 3t7rr4-i’')^ : {b"^ — 3bd/+/^)^- (m. f. A. 

, r /a4-2c4-3c\^ ac-Vcc , „„ . 

(3) .^Ty) = td^df 

(4) <T*+c*+£* : b‘^-\-d'^\f--=ce : df. (c. k. 1876). 

(5) a^ + c'^ + e^ : b^ + cP +/^ — ace : hdf. 


1893). 

1 887). 


. 5 . 


If ab = cd—ef^ show that 
ab + ce + ea 


bdfp 4- ddrf) ” zzy « + fH^ + d^d^' 


(n. p. f:. 1889). 
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6. If X y^y : S', find the simplest value of 

1892). 

(xy+yz+xx)^ 

7. What number must be added to each of the numbers 3, 5, 7, 
10 to give four numbers in proportion, (c. E, 1893). 

'8. If and 5/ be unequal, and x have to j the duplicate ratio of 
.r + s' to j+r, prove that s is a mean proportional between x and^. 

9 . If c and ^ are in continued proportion, show that d + r 
IS a mean proportional between a + d and 


10. 

If ^ is ; 


or 

a~^ 

11. 

If ; b 

12. 

If/ = -' 

a i 

13 . 

U a: b 


If ; /^ = r : r/, prove that 


«2 + // i 4.^2 + ^2 


,,^nbcd. 




x+a ^ y-Vb 


(.v-h/) + (<« + //) 

(A. E. 1899). 


If a \ b w c \ and if x be homogeneous with c and 

r/, then a^+x^' : b'^c^ :: r+.r"/^?'^ : d^. (m. ]M. i860). 

14 . If r-\-2y : <'? + 3^ = y + 3A' : a-\-^b^ prove that x = : 

2 a + 5Z», and that y 4 - 2 X : x + 3 j' = 4^ + 1 5 ^ : 7 a + 20b. 


IV. PROBLEMS IN RATIO AND PROPORTION. 

419 The follow'ing are illustrative examples. 

Ex. 1 . Divide 39 into two such parts that the greater increased 
by 6 shall be to the less diminished by 3 as 5 to 2. (c. K. 1859). 

» 

Let X be the greater part, 

then 39 - X is the less part. 

/, By the question, ;r + 6 : 39-.r-3 = 5 : 2. 

' . 2{x + 6) = 5(36 - A'), or 2,r 4* 1 2 = 1 80 — ^x. 

/. 7.r=i68 ; /, .r= 24 , and 39-.r=:i5. 

Hence the parts are 24 and 15. 

Ex. 2 . A certain number consists of two digits ; the left-hand 
digit is double the right-hand digit, and if the digits be inverted. 
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the ratio of the number thus formed to 6o is 4:5. Find the 
number, (c. E. 1874). 

Let A* be the right-hand digit, then 2x is the left-hand digit, 
and the number =.i 4- 2:ir x io=2i.r, and the number formed by invert- 
ing the digits = 2A + 10 x,r= I2;r. 


by the question, 


I2jr__ 4 
60 5 ’ 


Hence the number=2i X4=84. 


.r = 4. 


Ex. 3 . Two vessels contain mixtures of wine and water in the 
ratios of 8 to 3 and 5 to i respectively. In what ratio must liquid 
be drawn from each vessel to give a mixture in the ratio of 4 to 1 ? 

Let X be the number to be drawn from the first, 

andj/ second. 

Since 8-1-3=11, in first, wine = /r and water = 
and since 5 -hi =6, /, in second, wlne = -,'; and water = 

Now, X quantity drawn from first, will contain i\x wine and 7V1 
water, andj/ quantity drawn from second, will contain wine and !y 
water. 

By the question, : iV + 6^~‘'4 : !• 

= + or = 

and .*. x : 24. 


Exercise CL 11. 


1 . Solve the following equations : — 

(1) 6.v-a : 4 x-d 3.r-l-^ : 2jr + a. (m. m. 1859). 

(2) X : 27 :: y 2 : x-y, 

(3) x-^-y+i : x+y + 2 :: 6 : 7 ) 

y + 2X :y — 2x :: i2x + 6y-~^ : 6j/ — I2.r- i j 


(4): 


(5) 


ax-^-by ^ cz-\-ax 


by 

a . b 

X 


by cz 
ax 


tz-\-b-\‘C 


c a 


z X 


(C. F. A. 1871). 


2. What number is that to which if i, 5 and 13 be severally 
added, the first sum shall be to the second as the second to the 
third ? 
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^ 3. Find two numbers in the ratio of 2J : 2, such that, when' 
diininished each by 5, they shall be in that of : i. 

4 . A’s present ^e is to B's present age as 8 : 7 ; 27 years ago 
their ages were as 5 : 4. Find their present ages. (a. k. 1900}. 

5 - Three numbers are in the ratios 213:5, and the sum of 
their cubes is 4320. Find them. (P. K. 1900;. 

6 . 'Fwo numbers each consisting of the same two digits are 
in the ratio of 4 : 7. Find the numbers. (P. E. jSy6). 

7. Find two numbers in the ratio i.J : 2?, such that when 

increased by 15, they shall be in the ratio la : 2J. (P. E. 1899). 

8. A and B trade with different suras ; A gains /\’j‘. 2000, 
/>* loses A'r.soo, and now A*s stock : B's : : 2 : i ; but, if A had 
gained Aj. 1000, and /? lost A\9.85o, their stocks would have been as 
^5 • 3 i* Find the original stock of each. 

9. In a certain examination the number of those who passed 
was 3 times the number of those who failed. If there had been 
i6 fewer candidates and if 6 more had failed, the numbers would 
have been as 2 to i. Find the number of candidates. 

10 . A 4\uantity of milk is increased by watering in the ratio 
of 5 : 4, and then 12 seers are sold ; the rest, being mixed with 
J seers of water, is increased m the ratio of 7 : 6. How many 
seers of milk were there at first ? 


V. HARDER RATIO AND PROPORTION. 

420 . The following are typical solutions of some harder ex- 
amples in Ratio and Proportion. 


Ex. 1. If 


^ -p c — f ? c-i-fl —'b 
{b - c)x + (/: - a)y + {a - b)c. 


“ , find the value of 

(C. K, 1878 ). 


Let each of the given ratios = ; then 

-r -■= ^ )Z’, 9/ = (r 4- a - b)bj s — {a-\"b- c)k. 

• ' 

/, the given expression =={(/>- + r- «) + (t - 

+ {a - h){ci -h - c)\k 

= - a{b - c) + c' d' - b'^ -c[a- b) )k 

= [A- - - fz® -ha'-* - b‘^ ~ {a{b - c) + b[e: - a) -H c{a - b))]/: 

= ox>& = o. 


Ex. 2 . If then 

c b a a 


y. 

b 
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Let each of the given ratios^/-; then 

ny — hx^ck \ /. acy — multiplying by r, 

cx — as = bk ; hex — abs = b-k^ : h 

bz’-cy — ak \ abs - ncy = ‘ . a 

Now, adding the equations, we have 

o=^{a^ + b^^c^)k, k^o. 

, av-bx , , X 

. , =o, and . . or ay=^br ; , , 


cr — as , . 

Also -- - =o^ and . . ^r.r— '-i5'=o, or cx — ns ; , 

Hence ^ — . 

a n c 

Ex. 3. If /'^( r + = + + prove that 

V — s _ cr — .r _ X — V 
a{b — r) b{c—a) c{n—b)‘ 

Let each of the given ratios-/’ ; then 


a=i 

k 

/. b--c--k 

( 


1 =/’ 7 


j' + rr’ 


Xr+.r 

.r + y^ 

' U' + vX^+.r) 

/; = 

k 

9 

1 

11 

v> 

Ll.. 




s + x ’ 


^ r +.)' 

y + i:l 

(.r+ r)( v4-r) 


k 

/. a-b-^k\ 

( j 

I \ 

X — V 

c— 

+ V ’ 


i+x) 



. .. . y-s r-s rv+i/)( v+7X:3'4-.r) 

' ’ ^ '(.r + y)fr4-r)(r4-.v) ' a{b-c) 

e- -I , (x-\-y)( v-\-s)(s+x) 

S.m.larly, 3 ^--- p ■ ■ 

, r-v (x+y){r + s)(s yx) 

an a ' , ~ ' l\~ ■ jn “ 

e[a — b^ /’" 

H - IrL == JLzJL 

Kc-a) .c(a-b)' 

Otherwise thus : — 

, k k k 

We have V b ’ ^ * 

..y . ’> a{h-c) abc 

Similarly, the others = . 
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Ex. 4 . If — f— shew that 

2 ^+c- 2 i:+£i’ 

3(« + /^ 4- c){x 4- 4^ + 2 ts) = (7^* + 8/5 + c)c){x +y + s). 


Let each of the given ratios =/' ; then 

^ _siimjDf numerators __ x+y-^r; 

sum of denominators” 3^<7 + ^ + r) 


Also k= 

p{2a+~b) + (;{2b ^c)’¥r\2C‘\- a) 

= -'p)+c[ 2r-f^ ) 

a{2p-\-r) + k{2^+p} + c[2r + (/) 

where q and r are any quantities. 

Now, give such values to p^ r, as to make 2/^ - - i, 2^ — / 

-4 and 2^ — ^ = 3, so that the numerator of (2) Leromes .r + 4^' + 3-* 


Solving the above equations, we find / = 2, 


from*' (2) /’ = 


.r + 4 1' + 3- 


^ K 4 + 3) + k ((> + 2} + <;\^6 -h 3) 


q-=3 and r==3. 
'" + 4 r_-f. 3 " 

7 « + 8 /^ + 9 r“ 


Hence, 


X +y + _ > r-h 4 v + 37 


, from (i) and (3). 


3(rt + ^ + + 4 J' + 3:r) = {ya + 8^5 + qr)(.r + r + 


Exercise CLIII. 


1 A • *1 + k — c k + c — a C’\-o. — h , , , 

1. Assuming that — ~ , and that ^^-^/5 + r 

" ayb b \ c c-\-it 


isnot = o, show that a = b^c, (c. K. 1873). 

2 jf* , . . __L_ . — - y 5 . . . . 

{b-c)\b + c- 2 (i} {c - (i){c-\ra- 2 b) \a- b){a-^ b ~ 2 r 

Ihe value of x+y-^z, (C. K. 1889). ^ 

— a a -^b-^-c 


find 


3 . If 


a - b 


b-c 


ay-\‘bx bs + cx cyyas ax + by-\-(Z' 


, then each of these 


'atios= , supposing a-\-b-\-c not to be zero. 

x-\-y + 3" 

4 . Shew that if — — - + ~ — ^+^^^==1, and a-b-^c is not = o. 

c a b ^ ^ 

''""a = 5 '+^ (C-E. 1875 ). 
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5 . If .r : ax by cz— y : bx-\‘cy-\‘az^z : cx -^ray -^rbz^ shew that 
each of these mtios = — supposing .r+^+5r is not = o. 
(C. E. T902). 


6. I f rt( f r) = ^ (a- 4 - x) = c{x +y\ prove that 
<z^b __ b-c __ c-a 

~ j/2 — 3'2 2^ — 2 * 


7 . 


If 


a b 
y~-^z^ z^-x 

— 


b[ c -d) __ c{a — ]}) 


(M. F. A. 1887). 


.. a — cC h — h^ c — c' , , - , 

^ // - //' ^ c*- c'' ’ 

__ <^/// — a*b _ be' — b^c c<i' — (r'<T 

■" rtV/''- rt'7/ '' - b’'c' ^ 7a" ~ ‘ 


(^r + ^ 4 - c){yz + zx 4 - xy) = (.t' 4 -jF -f- z)(ax + by 4 - cz). 

10 . If .r : (byc)^y : c-^a^z : (a-hb), prove that 

a : (vyz-x) --b : = ^ (.r +/--). (C. E. I 903 \ 

•'■ / 11. If (<2 4- ^ + c)x = (^ + — a)y = ((:-{‘a- b)z —{ayb — cYi-V^ 

show that "+ - 4 --' = - . (c, E. 1905). 

y - 7v X 


12 . 


If i±2r 

- c 3 /^ - /I 2>^-b ' 


show that 


3(.r 4 -.^ + s)(()a 4- 8/5 - 1*) = 2(^ + ^ + ^)(6;r 4 - 1 ij' + 7 - 3 ^)- 




.y-' 


13 . If 


I -yz i-zx^ 
then*atios is equal to .r4-^4’ 


and X and y be unequal, then each 
z ox x''^’^y~^-\-z-\ (b. p. e. 1S92). 


ot 


14 If „ 2 x-y-\-s x -'iv+ 2 s 

Sa+i$b-i2C 4«-3/54-4^ 3(rt - 6^ 4- 2 /:) ’ ^ 

<7x+y- 3z){ga - 75 ^ + 380 = (3.r - i6j/ + 1 ^z){ i - 6^ - 2O. 


that 


15 . 


If 


a-;- 




c 


0 


i - J 

ae 


, a->rC 

, prove that ““*■ 


2 a 
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10. If (i> + c)x — {c+a)y=ia+d)s^ show that 
.v — y_^ y — s—x 

* ;^r^2 • 

17. If (rt + <^)( y + - x) = {b-\- c)iz + X - y) = (tr + ^){x + y - xr), then 
x-y _ y-s _ S’-;!: 


18. If 7—^ - = T" ‘7= 

b + c-a c + u — d a-yb — L 

(fl + ^ + c){x{y + xr) + y[z +x)+ z{x +^) } = 2(a- + j f £r)(rt:.r + ^.y + cz). 


19. 


I f a{x -y) + — b[y-s) + b- — f;{z — ;r) + 1*-, then 


each = 


a + b-{-c 
^-i + /ri+V-i* 


i, 2_^2 ---r> 

20. If (2+ - -r -— - -, then each =^: 4 . 

c-a a — b 

21 . I f ^ lx + bmy ’\-cfiz=^ apx + bgy + crz — ax- + by^ + cz^ = o, 
prove ?hxit x{mr-nq)’^y{np-h‘)-\‘Z{lg - mp)^o. (p. K. 1887 )- 


VI. VARIATION. 

421. When two quantities are such, that their ratio is constant^ 
that is, remains the same, whatever values we ^ive to the letters 
liiey contain, one of them is said to vary as the other. 

The sign used to denote variation is ©c (read varies as). 

422. Hence if A B, (where A and Z> are used to denote, 

not numerical or amsiant^ but algebraical or variable quantities, 
such as admit of different values by giving different values to the 
letters they contain) then, according to the above definition, the 
^'ilue of the ratio ;/> will remain whatever may be the 

'alues of the quantities ^ and B themselves. If then we put w 
to denote this consfattt value, • 

we have ^ =» ;//, or = mB ; 

^o that, when one quantity varies as another^ they arc connected by 
constant multiplier, 

423. Hence also \{ A cc B^ and a, b be any pair of values of 
A and /?, then for any other values of A and />\ 

we have A : B^fn^sa : b 
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that is, when one quantity varies as anotkery if any two pairs of 
values be iakcfi of tkein^ the four will be proportionals : 

or since A : a B : b^ 

we may state this by saying that if one of them be changed from 
any one value (A) to any other value ia\ the other will be changed 
in the same proportion from the value (/?; corresponding to the hi si 
to the value {h) corresponding to the second. 

424. 'Fhe following terms are used in Variation : — 

(1) If A=mBy then A is said to vary directly as B. 

(2) If A — then A is said to vary inversely as B. 

(3) If A — mJ}Q then /i is said to vary jointly as B and C. 

(4) If A — n/^y then A is said to vary directly as /> and 

inversely as C. 

425. The following results in Variation are deser\bng of notii e. 

(i) If A ^ B and /> oc C, then A oc C. 

For let A=m/f B — nC; then A^mnC and A 6 ", since 
niy 71 y being constant, so also is ;////. 

So also, if A oc /> and B «=c ^^y then A 

(li) If A oc Cand B oc C, then A±B oc C and V(^/y) C 
F or let A = m C, B = /iC ; 

then A B — niC±,nC—{m±.n)Cy and /, A^B ^ C \ 
and s!k ^ ~ Ck7iC)~ V {f7in 6'-) = s/{mn)Cy 
and therefore J(AB) oc C. 

(iii) If .<4 oc BC, then B =c and C oc 'y . 

C /> 

For let A^niBCy then B= or B ^ so C ©c . 

771 C c B 

(iv) If ^ oc By and C oc Z>, then AC ^ BD, 

For let A^j7LBy C^nD ; then AC^m/iBB, or «= BD, 

(v) U A ^ By then /i’* oc B‘*. 



VARIATION. 


447 


(vi) li A By and P be any other quantity, 
then A P ^ BPy and • 

426. 7 / A ^ B when C is constanty and A ^c, C when B is 

onstanty then A ^ BC when boBi B and C are variable. 

Since A oc By vvlien C is constant ; 

/. A = niBy (where in does not contain B as factor) (i) 

Again since A C, wlien B is constant ; 
m B ®c Cy when B is constant ; 
m oc C \ 

/, m — nCy (where ii doea not contain C' as hictor) (2) 

Also iiy being a factor of ///, does not contain C. 

Hence, troin (i ) and { 2 )y we get 
/, A^nCBy (when n is independent of B and 6’). 

A ^ BC. 

Not©. "Hie lollowing is an illu>tratiuii of tlic .ibovc. 

In a triangle, die area die base when the altitude is constant, and «c 
.IS the altitude wlien the ba.se is constant. When both base and altitude are 
uniable, the area «c base x allitude. 

£jX. 1. If ‘>c //, and lo wnen find b when V* 

Here a^mby in bcMiig a constant. 

'rhe statement, that c;=io wlien b = ^, enables us to find in. 

From (i) iO“;//X4; /, iii—\. 

Thus the relation between a and b is //= \b. 

Hence, when <i = Vi 've have V ~\b. 

. . ^ — -'4 r. — i- 

EjX. 2. lfj' = the sum of two quantities, one of \yhi('h .i\and 
-'lie other c-c a'% and when = when .r = 2, j/ — 20 ; express y 

in terms of x. 

Let j/=/ + y, of which p oc x and «-< ,i-. 

Also let p = mx and g = nx\ where m and n are constants. 
y — mx-k-nx^. 

Putting y — C>y ,r = i , we have ( i ) I 

Also, putting / = 20, ,r = 2, we have 2o = 2w + 4« , .. . (2) / 
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Dividing (2) by 2 and subtracting (i), we get 
. 77 = 4 and 

Hence + is the required relation. 

Bx. 3 . The wages of 100 men for 6 months amount to Rs.ioZoo. 
How many men can be employed for 7 months for /?j.4536. 

Denoting the number of men by a, of wages by w, and of 
months by d, we know that w ^ when is given, and w when 
a is given. 

w ^ ad \ /, w — inad. 

The first statement gives 10800= w x 100 x 6 ; 

;«=i8and /. u*^\Zad 
Hence when 7/^=4536 and //=7. 

The no. of men= =36. 

18 X7 

Exercise CLIV. 

(> 

1 . If « oc /JV, and when ^=1, ^ = 2, ^ = 3, express a in terms of 
h and c. 

2 . If .vy oc r® 4-y^ and 3, 4 be contemporaneous values of x and 
r, express xy in terms of x^yy^. 

3. If a oc and when ^ = 3, fl=* 4 , find the value of a when ^=5 

4. If V ^ i/v’, and when .t'*8, ^=10, find the value of y when 
.r= 9 . 

5 . If X p oc_y and q oc i/v, and if when j=i, .r=i8, 

when y = 2, a'=I9j, find x when ^=11. 

6. If y = the sum of two quantities, whereof one is constant 
and the other ^x inversely, and when .r=:2, y = o, when A:=3,_y=i, 
find the value of when jr = 6. 

7 . If y = the sum of two quantities, whereof one is constant, 
and the other oc 4'^', and when x = 2 yy^- 2 i, when ;r=— 2, j'-i, 
express y in terms of x. 

8. If^ • the sum of three quantities, which vary as .r, a*®, .r*^ 
respectively, and when .r=i, 2, 3 ,y= 6 , 22, 54, respectively, express 
y in terms of .r. 

9 . If y=:ihe sum of three (Quantities, of which the first oc x-y 
the second oc .r, and the third is constant; and when 4r= i, 2, 3r 

II, 18, respectively, express y in terms of x. 
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10 . Given that s oc. x-yy^ and y and that when ,r= i, the 

values of y and z are J and i ; express z in terms of x. 

11 . If X varies directly as y and inversely as and x = a, when 

1/ = ^ and z = find the value of x, when ^ = and (C.i .a. 1877). 

12 . If X oc and ^ , shew that .r oc i oc ~ . 

y^ X y z 

13 . If ^ or — prove that a-yd^a-d, 

14 . (iiven that x-k-y varies as z+l ^ and x--y varies as - — ^ » 

tind the relation between x and z, if z~2, when x — ^ and y= i. 

(H. pi E. I 

15 . If A*, y, z be variable quantities such that y4-"*-.r is 
umstant, and that {x-hy - z)(x -\-z —y) varies as yir, prove that .r + - 
varies as 

16 . If .r + y varies as -ST when y is constant, and if ;i varies 

.IS y when z is constant, shew that when both and xr vary, then 

1 +j + i? varitis iisyz. (C. V. A. 1871). 

17 . I'ind how soon 20 men will earn /v'j.30, if 3 men earn AV.9 
Jti 16 days, (ai. e. a. 1885),* 

18 . N ine horses havinj^' 4 feeds a day can be kept for 3 weeks 

for £t 2 . 8.r. o',V/. ; what will be the cost of 15 horses for 36 days with 

3 feeds a day ? 

19 . With a capital of /\j.45o a man gams A'.v.qp in 11 months. 
What profit does he make in 10 months on a capital of AV.iooo? 

20. Prove that the volume of a sphere whose radius is 6 inches 
IS equal to the sum of the volumes of three spheres whose radii are 
3, 4, 5 inches respectively. [Given the volume of a sphere (radius)^]. 

31 . If " varies as {x -h aX y + d), and is equal to + when 
x -d !indy = a, find the value of z when x~=a-\-2dyy--2a + lf,' 

« 

22 . The area of any triang^le varies jointly as any side, ^nd the 
perpendicular let fall upon it from the opposite angle ; express the 
area of the right-angled triangle ABCm terms of the sides AC, BC, 
containing tlie right-angle, it being found that, when the sum of the 
two sides is 14 feet and hypotenuse 10 feet, the area is 24 square feet. 


M.A. — 29 



CHAPTER XIX. 

ELIMINATION AND SPECIAL ARTIFICES. 

I. ELIMINATION. 


427. Elimination is the process of obtaining from a given 
system of equations containing one or more algebraical quantities, a 
new equation free from those quantities and involving only the otherb. 
The result thus obtained is called the Eliminant of the given 
equations. 

Thus, to eliminate x from the equations 
ax^rb^o (1) and 

we have, from (i) :r= ^-bja^ and from (2) .r= - ///«'. 

Equating these values of x^ we get 

— - = — or db^ad ; /. e. db~-ad 
a d 

Thus, we obtain an equation free from the quantity :r and 
involving only the other quantities which occur in the given equations. 
The result db^ad^o is called the Eliminant. 


Ex. 1 . Eliminate x from the equations 

Ax'^’\-Bx^C^o (i) \ 

A*x^ + B'x + C^o (2) / 


(C. F. A. 1864). 


From (i) and (2), By the Rule of Cross Multiplication^ we have 
.r* jr r 

CA' - Air^ A^B ’ 


0 ^ i 

• • BQ-BC* AB-A!B~ \CA' 
{BC-B'C){AB'-A'B)=(.CA'-CA)\ 
which is the required Eliminant, 



Ex. 2 . Eliminate x andjf from the equations 

ax^byssc, a'x + dytmc^ d^xArd*y^d\ 

From (i) and (2), we have ax^by-^c=^o 
dx-^-dy-^d =0 f 
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By the Rule of Cross Multiplication^ 

y T 

— be* + — a* c ac*"^ ab* — a' b * 


Hence x 


yc-bc' ^ 


ad - a^c 
aR-db' 


Substituting- these values of x and y in (3), we have 



or d*{]b'c - be*) + b'*{^ac' - a*c) = c**{ab* - a*b\ 

... a**[Jb*c - be*) + b'\ac* - dc) + c**{db - ab*) = o. 
i,e. a** {be* - b'c) + b*\ca* - c*a) + e''{ab' -a'b)^ o. 


Ex. 3. Eliminate .r, y and s from the equations 

ax^by-¥c 2 =s^o (i) "j 

a*X’\-b*y + c*z^o (2) r 

a'*x»^b**y + c*’z^o (3) J 

From (i) and (2) by the Rule of Cross Multiplication^ we have 

Hence x^k{bc* -b* c\ y=k{cd -da)^ z=k{ab* — a*b). 

Substituting these values of x,y and z in (3), 

a** {be* - b*c)k + b**{ca* — c'a)k+c"(ab*' - a*b)k = o* 

a'*{be* — b*c) + b*\cd — e* a) •Vc**(ab' — alb) dividing out by k. 

Bx. 4. Eliminate x and j/ from the equations 
ax-Vby^c^ bx--ay^d^x*^’>ty*^^\. 

Squaring (i) and (2) and adding the two results, w% get 

aV + b^y^ + b^x^ + a^y^ = i:* + 

{a^ + b^)x^ + {a^+b^)y^^c^ + d^; /. + 

But from (3) +>'®= i, /• d^ + b^ c^ + (P. 

Bx. 6. Eliminate x from the following equations 
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( I \ s I 1 ^ 

.r + ^j =w, /. + (3) 

{^~x) ( 4 ) 

Adding and subtracting (3) and (4), we have 
2x — and 2/x = . 

Hence 2;r x “ = {/ni + ni ){mi — ), or 4 = . 

Ex. 6. L21iminate x and_y from the equations 
x+j/=a^ x^ +_y* = dy x^ = c. 


Squaring (i) and subtracting (2), we get 

2xy = a^ — by or xy = — b) (4) 

Again, cubing (i), .r'' +- 3^^(.r 4-j/) = (5) 


Substituting (i), (3) and (4) in (5), we have 

H- 3 X — b)a — a\ or — ^ab + 2 c = o. 

Ex. 7. Eliminate x^y and from the equations 

x\ y-\- 3 r)^ a, y\z + x) = b, z-{x -i-y) = c, xyjsr = a. 

Adding (i), (2), (3) and twice (4), we have 

* a 4 - ^ + ^: + 2 d^x\y -\-s) y'^is x) + z\x 4-jj/) f 2 ,r^ 5 ' 

= ( JK + 2')(5r -{’XXx -hy) (5) 

Again, multiplying (1), (2) and (3), we have 

abc = x'^y^ 3 \ yys){ 3 -\ x){x 4-j/) 

^d\a-\-b + c + 2 d)^ from (4) and (5). 

Ex. 8. Eliminate x and y from the equations 

X'^y + z^a^yz-V^^x + xy^^by xys — c. 

We have identically ^ (sr - x){s == o> 

or — {x + j' + z)s^ + ( 4 - xy )3 — xyz = o. 

Now, substituting from the given equations, we have 
3^ — as^ •^bs — c=>=o. 
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Exercise CLV. 

1 . Eliminate .r from the equations : — 

(i) .r+-=fl+^ (2) + ^ 1 (3) « + £:=- -//r 

X X X 

x--^^a-b 3.r+ „-c=>-^-bx 

2. Plliminate x and j/ from the equations : — 

(i) .r+ji/=^, xy=ac^, 

{ 2) ax + dy = c, a!x + b'y = c\ x' -^y^ = r . 

3. Eliminate x and>' from the equations 

ax •\‘by=^x •\‘y + xy—x*^ •\‘y^ —1=0. 

4 . P-lirninate -f, y, 3 from the equations ; — 


, ^ y — 3 3‘~x , x—y 

( I ) - = a, --- = b, ^ 

y+3 3+x x-i-y 

( 2 ) y^ + 3^si!ay3, 3'^+x^ — b3Xf x^+j 

(3) 

y + 3 ’ 3+x ’ x-hy 

, \ y 3 3 X . X y 

U) ■ + - =^i + ' 4* ' 

3 y " X 3 y X 

(5) 1. 

^ by + C3 c3^-ax , x+y 

6. Eliminate x^y^ 2 from the equations 

ax-Vby^z^ by-hcz^^x, cz+ax^sy. 

6. Eliminate x from the equations 

ax^ + ^x + 1' = o, a\x^ + b'x + c' = o. 

7. Eliminate x from the equations 

c fx\^ X /a\‘ a /a\^ a /x\^ 

^\-\u) +-°a + 5(.v) ’ +‘°. + sW • 

8 . Shew that if fl.r- + by^ + C3*^ ^ax + by + cz ^yz + zx ■{•xy = o, 

then abc = (^ + r — a){c + « — b){a + ^ — t). 


9 . Eliminate x,y, 2 from the equations : — 

(IJ x^{y-z)=a,y‘(,z-x) = b, z^{x -y) = c, xyz = d. 

(2) X -^-y -^rs =a,, yz ■^zx-\-xy=b., x^+y^+z^=t:, ityx^^d. 
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10. Eliminate from the equations 

bz^^cy—a^ az-^cx^b^ ay-^-bx^c. (c.F.A. 1870 & A.I.E. 1893). 

11. Eliminate / and m from the equations : — 

/*r + m^y = a, /* + =» i and - /jr + my^o. (P. E. 1902). 


II. SPECIAIi ARTIFICES. 

428. The following are typical examples with their solutions. 
Ex. 1. If x{b’-c)‘hy(c-a) + zia-b) = o^ 


prove that 


bz — cy ^cx — az __ay — bx 


b — c c — a a~~b 
\Vc have ^l(^ — — — ^) = o, (identically) 
and x{b -c)-^-y{c~-a) ■\‘Z{a — b) — o, (given) 

/, by the of Cross Multiplication^ we have 

^IT-f c^a a — b 
bz — cy cx — az“~ ay bx * 

Hence "" 

b — c c — a a — b 

Ex. 2. If x^cy-\-bz,y — az+cx^ and z—bx-\-ayy 

x^ yS ^3 

shew that ■- — „*= ■ vi^ , • 

i-rt* I— i-t* 

From the given relations, we have 

X — cy - bz^o,..{i \ cx--y ’\-az=^o..,{2\ bx-\-ay - z=o.„{^) 
From (i) and (2), by the Rule of Cross Multiplication^ 

( 4 ) 


X _ ^ 

aC’^b~“ bc’\‘a'“ i — 


Similarly, from (2) and (3), 
and from (i) and (3) 


I -a^ ab-\’C ac-^b 

X ^ y z 
ab + c~~ I -b^^ bc^-a 


....(5) 

( 6 ) 


Hence, from (4) and (5) we have 


(rttf+«)(i -a*)" (I -c*){ac+6) ’ i -a* 

# 
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Similarly, from (5) and (6), we have 


( I - ){ad + c) {ad + ^r)( I - » 

Hence the result. 


or 




Bx. 3. If ax^djz-^-cz^o, and alx’^diy + c/z^o^ prove that' 
ax^ + dj^ + cs^ + {a-hd + c)(jy + z)(z + ;r)(jr +j/) 5* o. 

From the given relations, we have 
ax-^dj' + cz^o ) 

and aj^z + dzx + cxjy = o J 

liy the Rule of Cross Multiplication^ we have 
x( jP — z^) y{z^ — .r*) ** £{x^ --y^) ** suppose. 

a = kx{y^ “ 5'’*^), and = kx\y^ — ). 

b=^/cy{s^ —x\ and /, dy'^=^ky\z*^ 
c—k,%{x^-y'^\ and /, cz^^kz\x“ 
jjy addition, a + d + c = k{x{y^’^z*'^)+y{z^ ^x^)+w{x'^ ■~y'')\ 

= liy-z){z-x){x-yy 

and ux^ + dy'^^cz^^k{x\y^-^z^)+y\z^-x^)^z\x^-y^)\ 

= - k{y^- - z^Xz^ - ;r‘-^)(:r‘'' -^y^). 

, ax^-\-lfy^ + cz^ , . N/ . X/ . N 

•• ■ a Vd + } {y+^)(^+x),x+j^). 

Hence ax’^'\’bjP’\'Cz^ + {a + b-^c)'^y + s)[z + Jr)(.v +j/) -« o. 

EiX. 4 - Having given .ir=d>'+c^+rf«, y^^ax+cz-^du^ 

s^aX’^'by-^du^ ^i^aX’^rby-^cZy 

1- 4.1 . a ^ b ^ ^ d 

show that - — — ,*“.1. 

1+^* 1 +^ i+r i+zi? • 

Assume aX’Vby’VcZ’\‘du^k^ (5) then, 

from {i)x+axor x(i +a)^k ffrom (2)y{i +b)^k ; 

from (3) z{\+c)^k and from (4) u{i-^^l) = k\ 

/. ;r(i +a)=^(i +^)ns^(i +c)«i/(i +d}=k, 

. k k k , k 

•’ 1+/*’ 1+^’ i+c 1+^ 
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„ ak hk ck , . 

Hence - - - , h A ,^k, from (5) 

i+a lA'/j i+c i+d ’ 

a , b , c d 

i+rt i^b^ i+c^ 


Bx. 5 . If .r, j', S’, are unequal, and if 2^1-3/ = and 

( V — 1/)2 ( 1/ — 

2^ - 3S' = - - then will 2 ci - 3.r = " - - - , and x +J' + s' = «. 

ST X " 

We have from (i) 2ay-2,y^ = (z — xf^^ 
and from (2) 2az-‘^z^^{x-y,'^. j 
by subtr. 2a(y -z)-s( “ 2“*) = (" - 

= -(y-z)(y + s-2x). 

Dividing by^^ — s’, which is not — o, we have 
2 a- 3 (jl' 4 -S’)= ~(y ■h 5 ~ 2 jr) ; 


/, 2 a = 3 (y + z)-(y + z-2x)==2(xA‘y + z); a^x+y + z. (a) 

Again, since, (z-x)'^ or z^-‘2zx+x-==2ay-3y‘^, from* (i) 

==2(x+yA-z)y’-3y\ from (a 
= 2xy — + 2yz, 


/. - 2 yz +z^ or (y^- zf — 2xy + 2xz - = 2,r(;r -A-y + s') - 3.r- 

= 2^r.r — 3.1-^, from (a) 

=x{ 2 a- 3 x). 


. 6. Jf 


prove that 


i{mb A- nr - /^z) ;;z(/z^: ^la — mb) n{la + mb^ 


Xiby Arcz- ax) y{cz + -* by) z[ax + by - cz)' 


We have 


X 

7 


y 

in 


then k » 


mb + nc - la nc +la- mb la + mb - nc 
7/z I ?n 


= /i’, suppose ; 


2la * 2mb 2 nc 
ny’A-mz Iz + nx mx + ly 
2lmna 2lmnb 2 lmnc * 
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^hnnax 7 .lmnby 'ilmncz ’ 

__ nxy + mz x _ lyz + nxy _ mxz -^lyz 
ax by cz ’ 

__ — 2mxz 2nxy_ 

~ by + cs-ax^ cz+ax-by ax-^by-cz' 

_ 2lxyz __ 2 mxyz _ 2nxyz 

"" x\by -^-cz- ax) y{cz + ax - by) z{ax -^by -cz)’ 

Hence dividing by 2xyz^ we have 

/ _ m ^ n 

x{hy -^-LZ - ax) y(cz + ax — by) zjax -i-by — cz ) ' 

Ofhenmse thus : Let each of the given fractions = /(?, 

, A _ by + cz- ax by + cz - 

- {mb - ncf {la + nc — mb){la + mb — nc)'* 

also /t= - — -,-7- -.-r, 

l\ 7 nb -V nc -- la) 

• • l{la -Vnc- mb)\la 4 * mb - nc){7nb + nc - la) ’ 

. ( ^ \ 

" * x{by ^cz - ax) k'^{mb -{■nc — la){nc 4 * la — f 7 ib){la + mb - nc) 

similarly - 7 -7= same thing, &c. 

y{cz-\-ax-by) 

Exercise CLVI. 

1. If {bx - ay)^ = - ac){x^ - az\ prove that 

— lxY — {b‘^- ac){y^ - r^r). 

2 . If .r(y- 2 -s:-) = (/^-^r)j/ 5 ' and_y(^- = 

prove that z{.x‘^ —y‘^) = {a — b)xy. 

3. If ax + by + cz:=o, and ajx + bty + cjz = o, 

then will ux^ + by~-\-cz'^’{‘{a + b-^c){yz+zx-\‘Xy) — o. 

4 . If bz+cy^a, az-¥cx^b and ay + bx^^c^ 

h'^ c^ 


prove that 


i-y^ i-z'^' 


5. If 7—7 —+'—, — \ H — r^-r"7-L prove that either 

\+l-\-lf7i \+?n + 7nn i +«-!-/?/ 

/;««= I or (i ‘^l){i+7n)(i +«)= - i. (B- P- E. 1889). 
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6. If prove that each 

of these quantities is equal to 

( a ~ c)(a - d){b - c){b - d) 

{a^ b-c-df 

7. If ab-^\{a’Vb){p^rq)^‘pq^o^ and + 

shew that (^)*= 

& If (HzZrf?. each = .^"f--f-.^j! . 

X y ^ z 

9. If ^2 - cS = „ ^2, shew that 

ab^i^ he ca — b^ 

a-b b-c c-a ^ ^ * 

10. If a{hy 4- f-sr — ax) “ b{cz 4- ax — by) = 4- by — <*5'), 


prove that 


y + z-^x z-*‘X-y_x-\-_y--z 


11. \i ax^=^byP‘^cz'^ and i/;r4- i/j'+ 1/^«= i, find t^e value of 
^(ax^’¥by^+cs^). 


12. If f 4- - — ^4- ^V-4=o, prove that two of the quanti- 
l4-^<r I '^■ca I •\-ab ^ ^ ^ 

ties a, b, c must be equal to each other. 

- 13. If (^4-^4-^)^ '=a^ + ^*4*^r^ shew that 

= tt being any positive integei. 

^14. If -•yz^y^-zx^ and if x and y be unequal, then will 
each of the expressions = i(;r2 4-/* 4- - 2 :*) = s’" - a>'. 

16. If -j/*, prove that each= ~“ -r®, being 

y-k-z z^x ^ x-\-y ’ 

given that x and y are unequal. 


16. 


Having given 


X _ r4-g 
I — .r® m+nyz^ 


_y_ _ z-\-x 

1 -^y^^ M+nzx ’ 


that,' if x^ y be unequal, 


T-<r2 m+ftxy* 


prove 


17. If a, c be unequal, and + - 

ab e'^ 

then each^r‘4-- h . and if a-^b + c=i, then each of these 

^2 4.^2 ^^2 » 

expressions vanishes. 



CHAPTER XX. 

INEQUALITIES AND MISCELLANEOUS THEOREMS. 

I. INEQUALITIES. 

429. Inequality is the method of determining which of the two 
given algebraical expressions is the greater oi the two. This is best 
done by shewing that if a and b be real quantities^ and a >■ then 
a - b is a positive quantity. 

430. Most of the results in Inequalities may be obtained by the 
application of the following general theorem : — 

The sum of the squares of two unequal quantities is always 
cater than twice their products 

That is, + > 2 a 6 . 

For, a and b be two real unequal quantities ; then « — ^ is 
positive or negative, according as ^ > or c b. 

Rut since the square of every quantity, whether positive or 
negative is always positive, 

{a-bf^ or - i.ab is a positive quantity. 

/, + r> zab. 

Note. If ^1 = ^, then d^^U^ — zab. Hence + is never less 
than zab. 

Ex. 1. If rt, b and c be any unequal positive quantities, prove 
that {b + c){c-\‘a){a’^b) ^abc. 

Since > zbc^ b'^-k-c’^ + zbc or (b + c^ > ^bc. 

Similarly, (O-aY > 4ca and (a + ^)“ 4*2/;. . 

Hence, by multiplication, we obtain 

{b + cf{c^aY{a-^bf > 64.jW. 

Ext. the sq. root, (b-^c)(e-\>a)(^a + b) > Sabi. 

X y 

Ex. 2 . A man receives -ths of A’j.io and afterwards - ths of 

y .V 

A’j.io. He then gives away Rs.20, Shew that he cannot lose by the 
transaction, (c. E. 1881). 
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The total sum received = + of AV.io. 

= a positive quantity, 
he cannot lose by the transaction. 

Bx. 3 . Which is the greater, ^/5+ V? or ^/3+ Jio? 

JS + -v/7 > or < v/’s + Jio, 
according as 12 + 2 ^/(35) > or c 13 + 2 Jiso\ squaring, 

„ » 2^(35) r> or < 1 + 2 <v/(3o), 

„ „ 140 > or <: 121 +4 n/(3o), squaring, 

„ „ 19 > or c 4^(30), 

,, 361 > or c 480, squaring. 

Now, we see that 480 > 361, therefore n/3+ ^/lo Js + v' 7 * 


BxerciBe OLVII. 


1 . 

2 . 

3 . 


(All the quantities below are real, positive and unequal). 


Prove that : 


2a/f , , a 
. , , and that ...-f - : 


I I 
- + 

0 a 


Shew that the sum of any fraction, and its reciprocal, is r> 2. 
Shew that 


(i) + (i-b'\-ab'^. (2) Ar > be ’\-ca-\‘ab. 

(3) ab{a + b) + ac(a + ^:) + beij) 4- r) ^ (^abc. 

(4) a^-^b^ + e^ :> i{ab{a + b) + acia+c) + bc{b‘{‘c)}. 

( 5) <*0 + a*b ^ + > {a^ + b^f. 

4. If .r- = 4- b^ an d 4* sh e w th a t xjy >■ ac 4- bd or aa 4- bc^ 

5. If > b, shew that a*~b^ c. /!^d'{a-~b) and > ^b"{a'-b). 

6. Shew that {a + b + c)^ 2yabc, 

7. Shew that abc > 4- ^ - a){c 4- a - b){a 4- A - ^r). 

8. Which is the, greater : — 

(I) 3+ x/5 or' 44 - ^'3? ( 2 ) V 5 +>^Mor v^3 + 3n/2? 

(3 ) a'^ 4- I or 4-.r ? (4) 2(1 4- 4- a*) or 3(^4- a®) ? 
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9 . A man receives (;i- + 2^z)/y of A’j.5 and again yl{x-\-2a)Q{ 
A’j.5. He then gives away jRs 10. Show that he cannot lose by the 
transaction, (p. E. 1889). 

II. MISCELLANEOUS THEOREMS. 

431. Meaning of A/o. By actual division, we get 

A 

- = A +A.r + A;t:2 + Ajr’’ + A;ir^ + ...to an infinite number 6f terms. 

\ — X 

If in this result x be made equal to unity^ the left-hand side 

A A 

becomes or — , and the right-hand side becomes 

A+A+A4-A+A-t-...to an infinite nuniber of terms 
5= A X 00 = 00 . 

Hence A/o = oo, {an infinitely large number). 

432 If the sum of the squaf'cs of any number of real quantities 
he zerOy then each of the quantities is separately equal to zero. 

Let A2-i-B'-^ + C2+ .. =0, where A; B, C,...are all real quantities. 

Now the algebraical expression for which A stands may be 
either positive or negative, but its square is always positive ; hence 
A* is essentially positive. Similarly B‘^, C“,...are all essentially 
positive. Now, since none of the quantities A'^, B'-^, C2,...is negative, 
their sum cannot be equal to zero, unless each of them be equal 
to zero. Hence A^ — o, B^ = o, C‘-*=o, &c. and /, A = o, B=o, Ce=o, 
&c. Hence the result. 

Ex. 1. If a^^-b'- c* — bc’\-ca+alfy ,xn^ «, and c be all real, 
then a — b — c. 

Multiplying by 2 and transposing, we get 

2 d^ + 2b- -h 2c- - 2bc - 2 ca - 2ab = o. 

Ke-arranging terms, we get » 

{b'^ — 2bc + 0 “^) + {c'^~ 2ca -f a^) -P {a^ — 2ab + b'^) - o, 
or {b - {c - a)* + {a — bf = o. 

Hence b — c=o, c — a^o and <7 — ^ = 0 , ox a=^b^G. 

Ex. 2. If {ax-\-by^-czf^{c^^rh^’\-c^){x^‘Vy'^^rz^\ prove that 
xla^ylb^zk. (c. F. A. 1^869). 

Multiplying out and cancelling like terms, we have 

2a6xy + 2acPi s + 2b'cy3 = a%y^ + 3 ^) + b\s‘^ + .r?) + c^{x‘^ +^^). 



462 


MATRICULATION ALGEBRA. 


Transposing and re-arranging terms, we have 
(ay — 2abxy + - 2 acxz a*sr*) + ( b'^z^ — zbcyz + ) = o, 

or {ay — bx)^ + {cx - az)^ -f {bz — cyY =» o. 

Hence ay^^bx^o^ cx^az=so and bz-^cy=»o, 
ay=/5.r, cx^^az and bz=scy. 

/. ylb=*xla^ xja^zjc and zjc^ylb. 

Thus Xia==ylb=ssjc, 


433. If A xB=ao, then either A=o or B=o, but not necessarily 
Aaro and B =*o. 


For, if A as a, and B=o 1 
or if A=o and B = b ) 


then AB «o. 


Also, if A=so and B«o then also AB=o. 


434. If in finding the value of an expression, it assumes the 
form 0/0 (which rs indeterminate in value) for any particular 
value of any symbol, we must by suitable transformation change 
the expression into another of equal value, such that, it may not 
take the form 0 / 0 , for the proposed value. Fractions which assumes 
this form, are called vanishing fractions. 

Bx. 1 . P'ind the value of , when x=a. 

.r-a 

Here the expression assumes the form 0 / 0 , when a is substituted 
for .r. Now, to avoid this form, we proceed thus : — 

- + a^: + a® = a * + a® -f a* 


Bx. 2. Find the value of 


3.y^~8.r-f-5 
;i;S-4;r® + 6.r-3 * 


when ,r ** I. 


The expression = 


(,r -i)(3;r-5) ^ ,3^-5 

{x- 1)(.**-3^+3) ■'i^’*-3^ + 3 


3“-S 
1-3 + 3 


- 2 . 


Exercise CLVIIL 

1. If a®+^*+2*s2(a+3), prove thatas^a*!. 

3. If {a^by-{-{b+c)'^’h{c + d)^^4{ab+bc+cd), then a^b^c^d. 
3. If a^"+^*+c*= 2 (a + ^- 1 ) prove that and c^o. 
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4. What is the only solution of + +>'-=» o? (p. E. 1889). 

6. If I s/{(i +:»r“+y)(i 

then x=x^ and/»ey. 

6. U{a--cfHl>-df + - i )(^;“ + - 1 ) = o, prove that 


7 . 

a 

9. 


If .r-+j/2+2«(i +.r)(i +;/}, prove that ^=j/«i. 

If ^ show that either a'\‘b + c=^o ox a=^b — c. 


Find the values of, (when x=^a) 


(0 


r3-,22 


(2) 


— a*‘ * 


( 3 ) 


.r^ - 


( 4 ) 


JT* - a* * 


10 . Find the values of 

r . fjr 


(r) 


.r’ - 4 .^-* + 8 ;ir - 1 5 


when A' =3. 


(2) 


2 x^ - 3;r2 4- 1 

(i-xY 


, when ;r= I. 


REVISION PAPERS IV. 


* . Paper I. 

•« 

1 . w'l^esolve into factors :~n 

A ^ i r 

(i)^ i2;r‘'*+2^- 12. 'V (ii) 4a* + b’^- c*- - + 4<^<^ + 2cd^ 

2. J 3 ivide - (a* - 3^^ + 2^®)® by (a - b)^, 

3. Find the G. c. M. of I5.r"-4A:®~ 53^ + 30 and 

“ 3i.r- 15. (c. F. a. 1882). 


4. Simplify 


x^'’{-{a-\-i)x+ab * 


(C. F. A. 1863). 


5 . Prove th at (ji: +>') 7 = +y + +>')( r® + + ^*)®- 
If 2j=s« + ^+^, prove that 

{s-^ayHs-b)^ + {s-c)^- 3 is-a){s^b){s-c) 

-i{a^ + i^+(^--Sabc), (C. F. A. 1878). 
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^ 7 . SoljM<fhe equations : — 

8 . A number has three digits, the sum of which equals 10 ; the 
first and third exceed the second by 4, and the first and second 
■exceed the third by 8. Find the number, (c. F. A. 1867). 

Paper II. 

1. Multiply by 

2 . - f5i V ide {x’^ + 2 xy - 3 ^*^)- - (.r** - ^xy + 3 /-^)" by {x —y)^. 

'•"*^^3. If prove that 

{bc-{‘Ca-\-abf-\-{a^'~bc){b'^-‘Ca){c^--ab) — o. (m. f. a. 1888). 

4 . Find the O. c. M. of 6 a'^- 7 a '2 + 2 and 2.r - -f 6.r^ - ;r - 3. 

(c. F. A. 1878). 

5 . Resolve into factors the expression , 

(y+i)(.r*^+.r+i)(.r+i)-(,r«+iXy+J'+i)(j'+i). 

(M. F. A. 1887). 

6. Prove that {y+azy^ + {z + axY^-{‘{x-i-L 7 y)^-‘^{y-^-a 3 ){s-{-ax) 

X {x + ay) = ( I 4- Qi^)(x''' + j'' +z^-~ 3xyz). 

7 . Solve the equations : — 

(I) ~ ° ~ >869). 

f=) ;,r3-x-l+.ir-6- 

8 . A bag contains 160 coins consisting of half-crowns, shillings, 
six-pences and four-pences, and the values of the surr^^ of money 
represented by each denomination of coin are the same ; how many 
of each are there ? (c. F. a. 1 874). 

Paper III. 

1 . Find the value.of ^ ^ {’-7t} 

+ ^f(a^ - 2ab + 4^'-*), when a » ^ 
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2 . 

4. 

5. 


Multiply together ;c - i + >/ 2 , t4‘2+ JSj ^r-i - j^/i, 
and ;rH-2- ^/3. 

If prove that 

{a •{‘3+ c){3 + ^ - ti){a + r - ^)(a + ^ - 1:) « k. . 

6jr^4-Tijr+3 ^ 2;r*»f9r4’4 


Simplify -s— 


2;r*-5;r-i2 x^-i6 

Divide - ^(4^ + 3)x + (a + 2 h)(a^ + 3^*) by ;r +« + 2^, 


' i 


6. F rom the equation 
value of xjy. 


_3_^._4 M 

^-5 2-.v*'(A'-2)Cv-.5) 


«o, 


find 


the 


7. Solve the equations :— 

(i) ^+-^.-=5 ^+?=7. (2) -+--29, (p. T. E. 1889). 

^ 2 3 3 I ' ^ ^ X y X y 

(c. F. A. 1887). 

( 3 ) -s’- 2 jr«i, .r+>/+ 5 's= 25 . (C. F. A. 1879 )- 

8. Take any number, the one next to it, and a third equal to 
the product of the first two. Add together the squares of the three 
numbers and p»^ove that the result will always be a perfect square, 
whatever the number 70U choose to start with. (a. i. e. 1893). 


Paper IV. 

1. Prove th at {x = x^ +^*)- 

2 . If (:r+^^ =3, prove that o. (c. F. A. 1883). 


3. ,j|/. 

I -7’ 

tion between x and v. 


I 

t ■■ , 

I — .7 


- -- - and nr* , find the rAla- 


4. Extract the square root of the expression 

(xf^y^)(x^y^-y + 2 x^y-i) + x^y+x^y'^. (m. f. a. 1893 ). 
6. Eliminate x andy from the equations 




6. Solve the equations 


(I) 


x-7 ■y~9 _x^\z £-Jt5 


jr-~9 ^-11 4r-!5 


•17 


(P. I. E. 1891 I. 


M.A .— 30 
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(2) ^/(4:-^)= V(j+i), (c. F. A. 1883). 

(3) bZ’{‘Cy^a^cX'\-az^b^ay’Vbx=^c. (c. F. A. 1870). 

7. Prove that x'^ -V ax' bx^ €x d will be a perfect square for 

all values of if 64^ and — (a. I. E. 1891). 

8 . A merchant buys goods at 24 guineas the cwt., and by 
retailing them at 5J. 3^/. the lb. makes 10 per cent, more profit than 
if he had sold the whole for £,1^0. What weight did he buy ? 
(a. E. 1897). 


Paper V. 


1 . Resolve into their simplest factors : — 

(i) %{2x+yf + {x-2yY. (2) (2a — b)*--{a-2by. 

2 . Prove that ix +>')(.r + — 1 )(-v - 2 ) 

=:-x{x - 1 )(:r - 2) + ^x{x - 1 ) v + 3xy{y -i)+yiy-i)(y-' 2). 

3. Determine m and n so that x^ + ax^ mx^ + cx + n may bt 
an exact square. (M. F. a. 1895). 

4 . Resolve into four factors the expression rt®(^ + L) + ^*(r + «) + 

+ 2 (b^c‘^ + M^+a-b'^) + 4abc{a + b + c). (M. F. a. 1888). 


5 . Plot the points (10,10), (15,18), (30,22), (39,10). If the 
quadrilateral joining them represents a field, each square unit re- 
presenting one- tenth of an acre, find the area of the field. 


6. Solve the equations : — 

3±i£_5 + 2^^j_ . 4^’-2 
' ■' 1+2X 7 + 2X 7 + i64;+4.r*' 


(P. I. E. 1890). 


.(,) + . (C.KA.. 863 ). 

'jL. 4 5^ + 3 'SA -i ^ ' 

( 3 ) x+y + z^o, a^x + b^y + c'z^o \ 

d^ — b'^ 


.1. - _ i ^ 

“ .1 _v ” Aa”'J 




7 . . Eliminate x and j from the equations : — 

( I ) a^-^-bx^ bk^ ky-\rhx^ b'^^ and x^ +y ^ = 

{t) x^ — ’^ax^by^ ^xy ^bx + ay y and x^ + — j 

8. A and B travel together 120 miles by rail. A takes a. return 
ticket for which he has to pay one fare and a half. Coming back 
they find that A has travelled cheaper than B by 4fl. 2/. for every 

00 miles. Find the fare per mile. . (P. E. 1890). 
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Paper VI. 

># 

1 . Draw the graphs of + i? y-x = 2 . 

What do you deduce as to the three simultaneous equations ? 

2 . Plot the points given by the table below, and deduce the 
equation of the graph which passes through them. 


^“j -5 

- I 


11 

IS 

j 7 

4 



- . - 1 

“5 

-■8 


3. If x^pa — b — c^y=^pb — c — a and z—pc-a-b^ prove that 

X' + y"' ;^vyz =(p-\‘i)^{p - 2){a^ + b^ + r - sabc). 

4 . Prove th at (x +yY = .r*^ -\-y^ + ^xy{x- + xy +y’^Y + 

4x-y\x^ +xy '\-y^f + 2.1 

6 . Simplify ^^’‘.:5^^-3-.3 r»+A-4 ^3(3.v»_- ly- lo) 


6 . 


23 r -3 

Solve the equations : — 


32: + 2 


^,) = (c. K. A. ,876). 

' ' x-a-b x-c-d * ^ 


(2) s/(2: + 2) + - 3) = 5 - (P. I E. 1 890). 

7 . If 2 ;ir = 4J!+~ and 21 / = ^+^; find the value of 

a 0 

xy-\- >f (x^ - i)[y^ - 

8 . Eliminate x,y and z from the equations : — 

( 1 ) + z\='2tiyz^ -r x^ = ibzx^ ;r- = 2cxy, 

(2) I /.r + 1 / J/ + 1 /2r = I / rt, .r + 5 r = ^, A- + + 2 -^ = c", .r" ■\-y'‘‘ + -Jr® = rt?®. 


Paper VII. 

1 . Find the values of 4-r - 3^;'^ for integral values of x from - 3 
to 3. Tabulate your work. 

'2. D i vide (cr + by + {a^ - )® + (^i - by by 3<3® + 

3 . Find the L. C. M. of 3{x*-x^y^)^ 6(;ry + y*), . 

9(:r® - x^y + xy^ )• 
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1 

* 5 . 

6 . 


Simplify +5}- • 

Solve theequation 4 ^!± 8£+6 

Test your solution. 

Solve the equations 5^ +4;'+ 14=0, Sx~‘ 2 j' + 6 -o. 
Deduce the solution of the equations 


+14 = 

]X ^ 


■ o. 6^0. 

.r j' 


7. If four positive numbers are in continued proportioiv shon 
that the difference between th^ extremes is at least three times as 
great as the difference between the means, (p. E. 1900). 

8 . I bought a horse and carriage for /?j.S6o. 1 sold the horse 

at a profit of 20 per cent., and the carriage at a loss of 4 per cent., 
and found that on the whole transaction I had gained 5 per cent. 
What was the original cost of the horse ? 


Paper VIII. 

1. M ultiply + 4^*^ + 8 aS'^ + 8^ by - 4aV 4* - 8^’’. 

2 . Extract the square root of 

x'^(x^^y’^ + ff^) + 2 X(j'^ff)(jfX-X*')+J^*sr^. (M. M. 1890). 

3 . Resolve into factors : — 

.r* + 6;r- 187 and 5A'*+9T*-7;r + 2 . (R. M. 1901). 


4 . Find the G. c. M. of 

x ^ - 2<wr* - $ a ^ x - I2<2* and .t* ~ yax* + i ^a'^x - 4 a^. (A.F^ 1 891 )- 


5. Simplify ■* 

6 . Solve the equations : — 

ax +J x+a^ ax + 1 


(2) 


a + c if 4 r€ a-c 
x-‘2h x-2a X4‘2b 


h-c 

x\ 2 a 


. (M. M. 1888). 


7 . A man -row*! to a place 48 miles distant and back in 14 hours. 
He finds that he can row 4 miles with the stream in the same time 
as 3 miles against the stream. Find the rate of the stream. 

(P. E. 1897). 
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S. A man spends Rs.700 in 45 days ; make a graph and read 
off from it his expenditure in 17, 32 and 41 days, to the nearest 
rupee. • 


Fapel^ IX. 

1. Divide or* 4 -,r* + 4 .ir^ + 2i;r2+23;ir-40 by ,r-+4Jr4-5, using the 
method of detached coefficients. 


i. Find the H. c. F of - 8 .r^ + 1 3 ,r* - 3 o;r 4 - 8 and .r*- 4 ,v^- 

I 50 .r 4 ‘i 6 . 


3 . 


Simplify 


I _ I 2a 

x-~a .r+g + I I 

I x'^^ax+a:^^ 

x^-d^ x^ + d^ 


1. If ab’\-bc-{-C(^^o^ prove that (a + /^ + 4rf 

(M. F. A. 1894 }. 

5 . If -r~= shew that each of these fractions is 

b-^c c-¥a a’k‘0 

equal to i pr - 1 . (M. F. A. 1895 ). 

0 ; Solve the equations : — 

Ix — a\^ X- 2a -b ax bx . 


(3) 3x/-*-i- 


3 Vjr + 7 


X^ b A* - a ' 
+ 6 . (P. I. E. 1891 ). 


7 . Simplify the expressions 
' ' - — Ara * ^ ^ \y xfXx-^y 


a - bX' 

T 




8 . A man travels part of a journey on a bicycle, gind then for the 
last 72 miles takes a train which travels four time^ as fast as he did 
on his bicycle and arrives at his destination in 3^ hours from the 
start. If he had travelled the whole way in the train he wotrtd 
have saved ij- hours. P'ind the length of the journey in miles., 
(B. M. 1902). 

X. 

L If the coefficients of 7^ and of x in the product of 2 x^ + pf^ 
and 3x^ - ax^ - lox -f- 4 are equal to one another, find the 
value of a. 
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2 . Find the G. C. M. of 4.V® — 209^-® + 1 5 and 1 5 .r* - 209;^* + 4. 
(m. f. a. 1891). 


3. Prove that \{ x + - sr+ ^- = c, then 

(l -dc)x + {i -ad)x-^ + 25 — {i -cn)y + (i - dc)y"'^-^ 2 c 

= (i -ad)z + {j -ca)z"^+2a, (b. p. e. 1891). 

4. By addition or subtraction, after multiplying by a numerical 
factor if necessary, prove that the expressions 5;r* + 2;r** + 2;r* + 2;r + 5 
and 2,r* - 5 .r^ - 5JI'* - 5 jr + 2 have no common factor in x, (n. P. E. 1895). 


5. In the same diagram draw the graphs of 
j/=s.r+3, 2r-^ = 8 , and 2 r 4 ' 5 Jr = 20. 

What do you deduce as to the roots of the different pairs of 
equations ? 


(I) 


6. Solve the equations 
(x+a)(x‘\-d) x-i'-d 


(a. e. 1900). 


(.r + r)(.r4-//) x-a-6' 

(2) .x' + 2^ + 32'=tf, r + 22' + 3.r=^, £' + 2A: + 3 r = f 


(m. f. a. 1894). 


7 . If 


^1± ^Iz ^ 

CL — b — d Cl b c "V d 


, show that a + ^ss^ + ^f and 


ac — bd ^ ad -be 
a-b-^'C-d^a-b-e + d' 


(m. f. a. 1892). 


8 . The denominator of a certain fraction exceeds its numerator 
by ot\e. Two other fractions are formed, one of them by adding 
9 to the denominator, and the other by subtracting 6 from the 
numerator, of the original fraction. These two fractions are equal. 
Find the original fraction. 

9 An old clock increased uniformly in value from in the 

year 1890, to /^.f.85 in 1899. Find graphically its value in 1893, 1894 
and 1897, to the nearest half-rupee. 

10. A, B, C, D are four railway stations. From B to C is 25 
miles more, and from C to D 5^ miles less than from A to 6. A 
train starts from A and travels at the rate of 14 miles an hour. At 
B an accident happens to the engine, which causes a delay of 6 
hours. After this the train proceeds to C at half speed. There 
another delay of t an hour occurs and then the train moves on to 
D at a speed further diminish»-d by one mile an hour. A man starts 
from A at the same time as the train, and travels straight across 
country to D, a distance of 58 miles. Including stoppages he 
averages '3 miles an hour and reaches D just with the train. What 
is the distance by rail from A to D? (m. m. 1880). 
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435 . Equations in which the square of the unknown quantity, 
and no higher power, is found, are called Quadratic Equations 
or equations of the second degree. 

436 . Quadratic Equations are of two kinds : — 

(i) Pure Quadratics, in which the square only of the unknown 
quantity is found, without the first power. 

Thus, .r*-9 = o, 12 are Pure Quadratics. 

(ii) Adfected Quadratics, where the first power enters, as 
well as the square. 

Thus, - 3-r + 2 = o is an Adfected Quadratic, 


I. PURE QUADRATIC EQUATIONS. 

437 . Pure Quadratics are solved, as in simple equations, 
by collecting the unknown qu.antities on one side, and the known 
quantities on the other. We shall thus find the value of and 
thence the value of x (taking the square root), to which we must 
prefix the double 'iJign (±). Such equations therefore will have two 
equal roots, with contrary signs. 

Ex, 1 . Solve the equation .v*-9 = o. 

Here, by transposition, .r^ = 9, /. x—±^. 

Note. If we had 'put ±x — ±3, we should still have had only 
these two different values of .r, via. +3, x^ -3 ,♦ since —x^ +3 
gives ;r= —3 and --.r= — 3 gives :r=s +3. 

Ex. 2 . Solve ^[(3;r2 + 5)-i(j^sq.2i) = 39«5j:a. 

Multiplying by 24, the L. C. M. of the denrs. 8 and 3, we have 

3(3^® + 5) - + 2 1) = 936 - I20,r^ or - 1 53 = 936 - 1 nox^ ; 

By transposition, + I20jr^ =936 + 153 or 12 1 at®* 1089. 
jr2=--V5V-«9and /. ;r=:±3. 
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Ex. 3 . Solve 

or-*- II 2x^-g 

By division, (5+^J + (7-^) = 12. 

/. 4(2Jr*-.9)=.3(A'2-ii), or 8 jr‘-i- 36 * 3 jr 2~33 ; 

/. 5 -^*= 3 ; /. and /, ± V?. 


Exercise CLIX. ' 

Solve the following equations ; — 

1 . ix^r-14-3^- 2 . ;r‘^ + 5 =-V-V^-i 6 . (^- 5 )®= 25 . 


3 J_- 


6 . 8 ;r+ 7 = 65 £. 

^ 7 


7 . (2A'--5)^=a;r*-2o;r + 73. 

9 - ( 2 a-- 3 )(^+i) = 3 ( 2 -»^-i)- 

11 2 -t*+ro^ So+'^* 

■ 15 25 

M 4 **-^S 2 ^^-S 7^’-25 


ft -?-+._3..=g 
i+x i~x 


ft jr’‘+ 7 -i^= 7 (^ + 3 )+ 4 - 

10 . (.v-2)(;r~ 5)=»io. 

-•« S^r* i5jr* + 8 

12 . — = 2 ;i:-- 3 . 

4 o 

-- 14^1:“ + 16 2.r^4-8 ix^ 


10 

15 20 * 

'' 

21 8.1:“ - 1 1 3 

4 

„ _i. =1. 

jr +3 

xa 

£± 3 +^r 3 ^?:!LrJ 

;r + 2'*’jr-2 ,i'- i ’ 

AT+I 

;r - 1 

x~2 -r- 3‘ 

la 

;r,+ i x 4‘2 iij:+ 18 
;r-i .r-2 ii;r-i8 


19 . x{x - 5 )(^ - 9) = (-^ - 6)(.r^ - 27). 

20. (jit + 7 )(jr2 -. 4) a* (;r + 1 + 14^ + 22). 

21. 25 

.r— 4 ^ 4-4 9-.r 9 +,r 

23 . . 5 iflz£)=„. JM 

r-4 2;r + 3 


i-;r i+Jr i +jr** 

3,r+i x — 2 __ 5 
4 ^^ 3 " 4 ^- 3 '" 9' 
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11. PURE QUADRATICS INVOLVING SURDS. 

438. The following are illustrative examples. 


Ex. 1. Solve 


X+ X- s/{2-X^) 

^Simplifying the first member, we get 


=ax. 


2r X „ 

« or « ^ax. Hence, ,v«o; 


and 


• a or x^^ “ I s 




Ci-hl 




Ex. 2. Solve 


V(a^+x^)-x'^? 


liy Divd. 


y(f +£"_) 

X 


b-k'C 

b-c 


Squaring, or-,+ i 


lb ’k‘C '^ , ^ 
\b-c) » 


. x\ jb-c)^ . . X_^ b:^ . a{b-c) 

• • ■ 4bc ’ • • a~^2~’sl(bc) • • '''~^2 'ji,bc)' 


Exercise CLX. 

.Solve the foilowing equations : — 

X J(;r^+&T*+8^r*+4Jr + 49)' 

5. ■/(3a:®+i6)+ s/(3^'-i6)=8+4>/2. 

« x-io . x-is . 

v/(^-5)+v'5 '^U + 5)-2 n/S ■/( 2 jr- 5 )- 2 </ 5 ' 

a+s/id^-x"^) P s/(.r®4'T)+ -/(y-* - I) 

a- ^ v^(.r“ + i>- i}“ 


£ 2/^^ 

^+v'(.V^+l) ■ 


2r — 2C 
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9. 


11 . 


12 . 


- 4 1 A g+^4 J{ 2ax + x^) ^ .2 

X 4- v'{ JT* - I ) ‘ a + x- J{ 2 ax + x^)^ 

V(2«‘;* - ^2) + ^ J{2a - X) ^ Ja + 3 

>/( 2a^ - -3 Viza-x) »Ja--3‘ 

N/ (.r^ + T) 4- ^/(^^- t) + « _v 

V 4 0 - T) V’ + 0 + / Cr*-* - i ) * ^ ‘ 


13. v/U'“ + 2 ^.t +a“)+ >/‘(.r*'t-- 2 /^.r + <’i -)=2 J(;i: 2 -/A’). 


u. 


.r+ 


5 ^ 2 .r 


1R Jiarx^- 
ax— 


0 

I) 


1 6 . 


III. ADPBCTPJD QUADRATIC EQUATIONS. 

439. An Adfected Quadratic may always be reduced to the 
form, Jf* +j'iX + </*sO, where the coefficient of r® is +i, and /, q 
represent numbers or known quantities. 

Now, in this equation, we have .r^ and, adding 
to each side, w’e get r^+/.v + |;^® = ; (by this ste'p, the first 

side becomes a coirtpifie square^^ and taking the square root of each 
side, prefixing, as before, the double sign to that of the latter, we have 

.r + i/»=± and /. x=-\p± J{\p'--q\ 

which expression gives us, according as we take the upper or lower 
sign, two roots of the quadratic. , . 

440. From the preceding we obtain the following Rule (called 
Completing squaips) for the solution of an adfected quadratic 

Reduce if to its simplest for in ; place the terms involvini( x^ and 
X on one side^ {the coejjicienf of 3ein^ +/,) and the known quantity 
on the other. Then., if we add the square of half the coefiQ,cient 
of ‘X to each side, the first side will 3c come a complete square ^ 
and takino the squ>ire root of each., prefixin^^ the double si^n to the 
second., we shall obtain., ns before., the two roots of the equation. 

Ex. 1. Solve + 7 r = 8 . 

'Here, .r^ + y.r + (. 1)2 = 8 + -V'=-V- 

Ext. the square root, ,r + .* = i 

whence .r= — J+ :}= I or - 8 . 

Ex. 2. Solve y.r®- T 3 ,r= 2 . 

Dividing by 7 , the coefficient of .r®, we have .r2-V--*^ = T- 

Completing the square, --V-^ + {Tj)®“T + Tffs =HS- 
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Extracting the square root, = 

/. tJ = 2 or — 4. 

Verification. When .r=2, 

the left-hand side = 7(2)*^ —13x2-28 — 26 = 2 
= the right-hand side. 

/, 2 is a root. 

When x= - the left-hand side=7( -4 )®- 13 ^ - t 

1 I T n 1 4 __ X, 

— T + -T“ T’ ==2 

= lhe right-hand side. 
/, - Y is also a root. 


441 . The general form of an adfected quadratic is 

where and c are any quantities whatever, positive or negative* 
integral or fractional. 

We now proceed to solve the above equation. 

Ey transposition, ax^^rbx— -r. 

Dividing both sides by a, -a'= - 


Completing the square, .r'^ + 


h 

x-t 

a 



a 


b'^ - 

4«*“ ' 


Extracting the square root,.r-f -- = ± - 

2 a a 


^ac 




2 a 


The above formula may be used for the solution of any quadratic 
equation. 

Thus, in the equation 25.r* — 7;ir — 86=0, 

rt = 25, ^=-7, i:=-86; 

- _ + 7 ± - 4x2 5_x ( - 861 

50 


7rfcx/8649 7 ±93 


50 


50 


= 2 or - 3 


442 . The above formula may be simplified when the coefficient 
of X is an ez'en number, as 2b. 


Thus, fic = 


- 2b i ^H2b)^ - 4ac - 6 ± V - ar 


2 a 
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Exercise C 1 <XI. 


1 . 

4 . 


7 . 

10 . 

13 . 

16 . 


.Solve the following 
iat:+ i6 = o. 
I4=»i3;r. 

1 9:1=20. 
7 x ^-26 x=s 1008. 
y**+iii:r = 34oo. 
x^ + ^a^»4ax. 


equations : — 

2 . -r2 + 6 r+ 4 :* 59 . 

6 * X'^-X=42. 

8 . :tr2 + 32.t'=32o. 

11 . 2;t-‘'^-3:r=*54. 

14 . i2.r^+.r= 1740. 
I7 .;r®-3a,v + 2<i'^=o. 


3. :r*-.r= 2 io. 

6. ;r*+4:r=“ 140. 

9 . x^-\-iyc— - 12 . 

12. i3:f‘‘^ -22.r= 1911. 
15 . 3:r® 102. 

18 . x ^ + 2 ad ^ 3 ^ + 2 ax 


443. Solution by factorization. Transpose all the terms to 
the left-hand side^ and resolve into linear factors. Equate either of 
the factors to zero. 

Ex. 1 . Solve r‘^ + 4.i' = 5. 

Transposing all the terms to the left-hand side, we have 
.tr^' + 4;r- 5 — 0. 

factor j^dng, {x + 5 )(;r - 1 ) = o. ‘■ 

Hence, :r + 5 = 0, /, -5 or .r- i =0, 

Ex. 2 . Solve 2.r®- 1 i.r+ 12 = 0. 

Here, factorizing, (.r-4)(2:r-“3) = o. 

Hence, .f- 4=0;, .r = 4 or 2.r- 3 = 0, ar=|. 

Verification. When.r=4, 

2 .r- - I i.r -h 1 2 = 2 X 16 - J I X 4 + 1 2 = 32 *7 44 4- 1 2 = o. 

4 is a root of the equation. 

When Ar=i, 2;r*- ii:r-|-i2 = 2xj-ii x| + i2 

• 4- I2SS - 12 + 12 = 0. 

/, I is also a root. 

444. It is important to observe if x — a is a, factor of both 
sides of an equation.^ a is a root of the equation. 

Ex. 3. Solve 6:r(4:r + 5) + 7(4:^ + 5) « O. 

4;r + 5 is a common factor ; /, +r -1-5=0 gives a root, 
whence AT =—J. 

Again, dividing by 4^: + 5, we have left 
6 a- 4*7=0 ; whence — 

Hence the required roots are -{ awd -J. 
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Exercise 0£<XII. ^ 

Solve the following equations 


1. 

2A*®- 5 ;r 4'2 = 0. 

2 . 

7x^ - 3-1' == 1 60. 3. x ^ = 4(.r + 8). 

4. 

2(52:- I2)«=.r* 

5 . 

$X*+lOX=\ 

57. 6. 5^*=37o-i3-v- 

7. 

;r2-i3.v = 68. 

8. 

I +2x* = 3.r. 

9 . ,r^- 44 r- 4 (.r- 4 ). 

10. 

5.r(2;r-3) + 7 ( 2 .r- 

3 )»=o- 

11. 

.r* + 4-8;r + 2*87»o. 

12. 

4jr*4- I3;r= 12. 


18. 

acx*^ + {be — ab)x — b"^ = 0. 

14. 

{cfl — b%v^ — 2<j.v 4- 1 

a*0. 

15. 

abx'^ — {n^ + b'^)x + = 0. 

16. 

.r* + 2(^ - f ).r -h c^= 

2 bc. 

17. 

abx^ - (<* + b)cx +(^=:o. 


445. Sridhar Acharja’s or Hindu method. An equation 
of the general form + 0, may, however, be solved as- 

follows, without dividing by the coefficient of .-v*. 

Transposing, we have + —c. 

Multiply every term by and add to each side ; 
then + ^abx + ^2 . 

Taking the square root, 2ax-\-b^ db 

. , 2ax— -b^ wb^- 4ar, and x= • 

Ex. 1- Solve 2 x^ + 3;r 4- 1 = o. 

By transposition, 2;r® + 3;*r= — i. 

Multiplying both sides by 4x2 or 8 and adding the square of 3 
or 9 to both sides, we have 

i6r^ + 24;t' + 9=:9-8« I. 

Extracting the square root, 4^ + 3= -b i. 

/. 4.r- -3ii= -2 or-4 ; /. r= or-i. 

Ex. 2. Solve 3;r*+ I4;r + 3=0, 

By transposition, yc^ + \^x= —3. 

Multiplying both sides by 3 (for here the coefficient of the 
second term is a multiple of 2), and adding the square of V or 7, 
/. e. 49 to both sides, we have 

9jr2 + 42.r + 49 = 49 - 9= 40. 

Extracting the square root, 3^+7*= ± 2 ^f{\o)» 

/. 3^= -’7i2^(io) and /. »Jio), 
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m When the exact values of the roots of an equation cannot 
be found (as above), we may approximate them, to anji degree of 
accuracy. ' 

Ex. 3. .Solve the equation 5r--9^'-4=:o. 


We have .i-= ^ , Art. 

1 ’ 


441 . 


9d=Vi6i 9 ±i2'688 


10 

21-688 


10 


, approximately 


3*688 
or- , 
lo lo 


5=2*17 or — *37, correct to two decimal places. 


Exercise CIiXIII. 

Solve the following equations : — 

1, 9r^-24Jf + 16 = 50 . 2 . 21.1*2 - i7,i;+2 = o. 3 . 4). 

i. 5,r2 + i4;i,.= 55. 5, 3.r»-iLY-2o=ao. 6. 8a''-*-Vr + 1=0. . 

7. 141.1-*- 88a-- 45=0. (M. M. 1895). 

B . 129.1-2-34^-80=0. (m. m. 1896). 

9 . 150^2=299^ + 2. 10 . 9r2=i8,i'+i6. 11. 70,1-2 = 35 +A. 

12 . 7a'** + 32a-=i5. 13 . 2 5,1-2 -7,1- = 86. ^4 ii,v.-=3(2;r-^ + 1). 

15 . 3 (.i-- 2)2 = 8(a- + 2)+3. 16 . (,v + io) 2 =i 44 (ioo-a-). 

17 . (.r-irO(.r-2i) = i(-^''- 0 (i+ 3 -r). 18 . (5-^'-3)(3^r+i)=i. 

19 . A* + 1 2 A^ + 3,r** + 7,r + 1 = (a^ + 7A + 4)(a’-* + 5A - 4). 

20. (a+i)(3a- i) = 28(a-+i)- 16(3,1- i), 

21. .1^ - <2.1 + had + - ^) = o. 22. 2 (a - 2a)^ = (3.1 -2d){3a - d). 

23 . a(d — c)x^ + Kc-~a)x 4 ‘C{ti-'d)—o. 24 . A^-2«A + a®- 3 =o. 

25 . 4 (a‘H^H.i“) + i 7 «^=io;^+^).^^. 

J86. iJ--d'^){x^-i)=4al>x. 27 . (P-a^Xx^ + i)=-2(a^+d^^)x. 

Solve the following equations, giving the values of the roots 
correct to two places of decimals \ — 

28 . A* =2(1 -a). 29 . 8a‘^-24a=5. 30 . 3a‘-*-4,i=i56. 

31 . ii8A-2iA‘'*i=2o 32 . (a + i)(a-4)+(a + 2)(a-3)=o. 
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IV. ADFJBCTED QUADBA.TICS INVOLVING 
PBACTIONS. 

417 . If the given equation involve fractions or brackets, they 
should first be cleared away, as in the followipg Examples. * 

Ex. 1 . Solve the equation I 3) ==|(a:- 3). 

Clearing of fractions, we have — 3)=;r — 3. 

/. 15 = 0 ; (3^'- 5)(2.i^ + 3) = o, (factorizing). 

3A -5=0, which gives a- = 5 or 2 a* + 3=so, which gives — J. 

Verification. When x=lj the left hand side= j; V -3)= -r* 

the right-hand side = i(J — 3)= — J. 

/. I is a root. 

When x= - 5, the left-hand side= — 3)= - 

the right-hand side = i(- -f- 3)= — W 

. /. 2 's also a root. 


Ex. 2. Solve 7 -="- 5 = 3 -"-_ 7 . 

4 x + s 2;r 

Multiplying every term by 4.t', we have 


7 x- 


— 20,r 


60.-14, 


.r-|-i4« 


8 .r-^-20 .r 

^ + s~' ■ 


Multiplying crosswise, (or-t- i4)(or-l- 5) = 8.r‘'^— 200.'. 
x^ + 1 qjT -f 70 * 8,r‘^ — 200:, or 7-r- - 39,1: 70. 

/, A ^---V^ + (^)" = IO+V^V=^V«V■ 

Ext. the sq. root, .r-45= ; /. 0 := ? v± tt = 7 or- i?. 


Ex. 3. + 

3^-5 ^->^-3 

tlearing of fractions, we have 

2{(2.v - 3)'-* -1- (3.r - I = 5(3r - 5)(,2.r - 3), 

or 26x^ - 84o"^'68 300'^ - 950- -1-75, or 40:^ - i ior= - 7. 

Ext, the sq. root ; /. •^■= V-±S— *4 or i.' 
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Otkmvist thus \ Let Xhtn 

3 JT — 5 2;ir — 3 _v 


and the equation becomes >'+ " . 

/. 2>^-5y-h2«o, or (2>^-i)(j/-2)«o; /.>'=* 2 or 


(i) When 


(ii) When — ^ i, 

then 2;r-3«6.r- lo, or 4-^** 7. ^^en 4^-6=3.r- 5, 

/. ^=1. 


Exercise CLXIV. 

Solve the following equations : — 

1 . 2 . ~ 5 -^“ »;V(^ 3 . — 3 -^“^ 


4 < 


2:tr+il 


= 5 -t'- «• 


. 24 

4 : 4 * — - = 3^-4. 
.r - I ^ 


jr+22 4 94--6 

■-3 2: 2 ■ 

10 . ^ttZ+S-^= 4 A-. 

19 3+-»' 9 

19 =■*" + » 

12 - ^rr+ 3 F+ 2 “®- 

I ^ I ^ 

x^2'*' ;r+4“ lo ' 


A 40 . 27 

8 . ;=. 3 . 


9 - r- , 


2-»-8 

. v ’‘+ s ' 


11 22:-3_ , 

”-;F -3 


13: -4- + - 


12 


14. 


15. 


jr + 2 .r + 4 ;r + 6' 

I I I 


16. •ri^+ 


32 


5-2: 4-2: 2:+2 

I I 


X +2 X + j 32:4-1 ■ 

17 2^ + 4 , 7-^^ 4a+7_ 

“3 ” 2^-3“ 9 

52: 3J--2 


.a * .=. 1 10 ^ 90 48 >65 

■ 2:-l 2-4-3 ^•*•4 22'-3 ■■ s.:»^-h3 x+10 


31 . 3 £r :7 4 £:ii?_ 3 .. 

X 2:4-5 '^■ 


32 . ^. 4 -"il- 5 -«i. 
.i :-4 -r -3 


22:4-9 , 4 ^- 3 ^.. , 34 ---I 6 2- il±Hl±§ , g 

4^+3 ^ »* ■ ;r’‘4-2--6 


35 . Ji^+ 36 +..,.Ji^. 
lair-8i 52r-8 


30. =!£:i» + 3 3£-I.*3 

32:- 1 ^ 2 X-l 2 
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27. 

.f 4" 5 4- 6 /.t“4-8\ 

28. 

7+x,7-x_,„ 

29. 

/Sx-iY 4x-i 

V+jr-i/ x-i 

30. 

X-2 X + 2 

31. 

^-4+ , 5 _ 3X+7 32 

.r + 6 2.r+4 3j:4-4‘ 

^+>6+ «1= 4^--f7i. ,893). 

5 3 

33. 

2 + 3;ir 6-5^1: 1 6 - 

I - 4.r ^ 7;i - 25 28-r - 193 

34. 

.3 q. (m.M. 1893). 

5-;ir 4-x x-i-2^ 

35. 

x-i _f 7.3 ^ 2 ( — 

jt-2 ;r-4 \x -3 x- 

ly 


36. 

- = 5 (M. M. 1897). 
2;r4-3 7^' +12 

37. ^:z.3+^-_4+. # 

.ar — 2 X — i ^ 


-X+1 x‘^—2X-hl 

"T ■ ~ — -• t 

X-1 X -2 X-\ 


39 +’^±2 = ry.±ll 

X - I .r - 2 .r 4- 1 


(M. M. 1898) 
+^2 _ 2X + 1 3 

-2~ rr'+lT' 

(m. m. 1899). 


40. 3^iil+^-±i= .. (M.M.,899). • 

3;r-9 A' -7 .r^-io;ir + 2l 

Solve the following equations, (giving the values of x correct to 
two places of decimals ) : — 

41. ^:±J+-L-.3 = o. 42. 2 (;r-,)= 4_55 43 . 3^_3£ri = 2 . 

;i' -f 2 ;r - 4 .r 4* 1 3 ^^ - i 3 v + 1 

__L. + . 1 . 4 — ^ — 45 

;ir4-3 .v 4-6 ;r4-9 ’ ' ;r“4-3-v + 2 .r®4-5A'4-6 ,r4-2* 


448. Literal Equations. The following are typical examples 
vith their solutions. 

" ^ • 

Ex. 1. Solve the equation -- 4-— 1--, . 

^ a X a b 

T, ^ .. x-h /i i\ x-~b 

By transposition, "*“'“^1 "ix ' 

Hence, x-b (being a common factor) = o ; /, x = b^ 

and dividing by;r — we have • 

/, bx — a’^y and /, x^^a^jb. 


M.A.— 31 
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Ex. 2. > Solve =ra + 6. 

x—b X— a 

Clearing of fractions, we have 

a^{x — a) + b‘^{x b){x — a){x - b\ 
or {ti^ + b'^)x — — b"^' {a + b)x'^ — {a + b)^x 4- ab(a + b). 

Transposing, {a + b)x- —2{a''+ab-{-b^)x-r{a + b){a" +^®) = o. 
Factorizing, {{a b)x — (a^ ‘hb‘^)){x— (a-\-b)\ = o. 

X — {u + b) — Of and /. x = a + b. 

Also (a + b)x—{a‘^+b‘^)=o^ and /, . 


Exercise CLXV. 



Solve the following equations :■ 

— 


1 . 

a X b X 

. 2 . 

.A+.z 

X — C X — 

b^“‘ 

« b-\-c ,c-\-a 

0. - + —2. 

x-- a x — b 

4. 

_i_+...L = 

X — a x — b 

a b ' 


6 . 

* — ^ ^ ^ 
x-a-b X a b' 

6. 

y-'a^V-T 

a b 
b^~a * 


7 . 


8 . 

tS-:)'-'! 

[K-a 

+ 6=0. 

9. 

x^a x+b ; 

xTb-xya = ^“-^^- 

10. 

a — bx a-^bx 

2 = p-. + I. 

ax ' b ax-\-b 


11. 

^ 4 . ^ 

X+a x+b c+a c+b 

12. 

X’¥a j^X'^tb _ 

X— a x~b 

X — a 

x + a 

x-b 

'x-\-b'^'^’ 




V. ADPECTED QUADRATICS INVOLVING SURDS. 
449. The following are illustrative examples. 

Ex. 1. Solve v^(.r + 3)4- x/(.r + 8)= 5 
Squaring, ,r + 3 +;ir + 8 + 2 V(:r + ^)(x + 8) = 25^:. 

Transposing, 2 ^/(.a: + 3X.:r + 8)«23.r- 1 1. 
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Squaring again, 4r^ + 44-r + 96=* 529.r®- 506^' + 121, 

/• 525'i^®-55cwr + 25 = o, or 2i.r2-22;r+ 1 =0. 
Factorizing, {x- i)(2i,r- i) = o ; = i or 

Ex. 2 . Solve J{-^a^x)+ = . 

Multiplying every term by ^/(5rt+r), we have 

^a+x+ J{2Sa^ -x^)=J2a^ or -x^) = 7a^x. 

Squaring, —x^ — I4rt.r 

/, 2.r‘^ - T4^7.r = - 24^2^, or .r - — yax + 1 2a^ = o. 

Factorizing, (.r - 3<2)f,r - 4^1) = o ; /. x^^a or 4a. 


Ex. 3. Solve (T9 + 8 ^/ 6 )r*+ 2 (i 7 + 6v/6);r=53 + 2o^/6. 

Multiplying both sides by the coefficient of ;r^(for the coefficient 
of X IS even), we have 

(19 + 8 4 - 2 (i 74 - 6 v/ 6 )(i 9 + 8 ^/6).r 

= (53 + 20 n/ 6 )(i 9 + 8 >/’ 6 ). 


Add the square of 17+6 V6 to both sides ; then 

(19 + 8 v^6)‘'*.r‘‘' +2(17 + 6 J6 )(i9 + 8 ^/6 );l' + (l7 +6 ^/6)‘^ 

= (53 + 20;v^6)(i9 + 8 v'6) + (i7+6 = 4(618 + 252 ^/6). 


Extracting the square root of both sides, we have 
(19 + 8 s/6).r + (i7+6>/'6)= ±2(18 + 7 v^6). 
/•(i9 + 8v/6jA'-= -(17+6 V6) + 2 (i8 + 7 v/6), 

= 19 + 8 -/C or-(53 + 2o*/6). 

53 + 2o<v/6 


A'= I or- 


i 9 + 8 v "6 


Exercise CLXVI. 

Solve the following equations : — 

1 . jr+ v/(Ar- 2 ‘=iJ. 2 . J( 2 ;ir + 3 )x ^( 3 ^ + 7 )=l 2 . 

3 . 3N/(ii2-8.r) = i9+ V( 3 .r + 7 ). 4 . v/(^ + 3 )+ n/(-^+6) = 3 

5. N/(3''t^-3)+ ^/(5^-I9)=^(2^ + 8). 

6 . ^/{2x + 1 ) + Jiyx - 27) = J{3x + 4). 

7. 2V'(4;r+5)- J(8.r-4)= ^/(2 ;i:+ti). 
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8. 7-/(a^-5)- N/(i^+45)=iN/(io-ir + 56). 

9 . 2 ^;r+ ■/4;ir+ -/{7-’^ + 2)=i- 10. Jix + 4 ) + 2 J{x-S)= . 

11 ■J-^+9 _ 3J^-3* 12 il= — 2— 

ijx 9->/x ’ S 2+.^(i2-x) 

IQ 20 Jx + 4x 21*2 

Sjx-x 3 - (5 n /-^)' 

14 . (4 + 2n/3)-^^ + ( \/3 + 0'^=2. 15 . (3 + 2^/2).!-^ + (4^2 + 1).!'=: 

16 . (6-2 ^/5);»:2 + 5-( V5- i);ir+l=o. 

17 . ^/(;i:’^“ 8 .r+I 5 ) 4 • V'(,r2 + 2;r- 15)= ^(4^*2- i8^ + 18). 

18 . - c) Jab -(a-b) Jcx — o. 19 . {aP- - b)x‘^ + 2 Jb.x -1*0. 

20. a-\-x-¥ J ( 2 ax + .r‘^) = V (ax — x^) + ^/(2a^-ar- x-^). 

21. 3 - .r + ^/(3^^ - 23.r - x^) = Ji^b^ + ^bx + .r-^) ~ J{b^ - x^). 

V ^^ 0 . Nature of the roots of a Quadratic Equation. 

From the general form of the quadratic ax^ + bx + c=o, 

, - <5 -fc Jb'^ - 4ac 

we have — (Art. 441.) 

1 . Hence four cases may arise as to the nature of the roots. 

(i) When b^ = 4 aCj the quantity within the radical sign is sero^ 

and the roots become — , z.i\. ~ ^ . 

2 a 2a 2a 

Hence, in this case, the equation has a pair of equal roots. 

(ii) When *V^-4^it' is a quantity and 2l pa'fcci square^ the 

roots are real, unequal and rational. 

(iii) When b^-^^ac is a positive quantity, but not a perfect square^ 
the roots are real, unequal and irrational. 

(iv) . When b'^ — ^ac is a negative quantity, the roots are im- 
aginary. 

Hence, if any equation be expressed in the form + + 

the roots will be real and dijaferent, real and equal, or im- 
possible, according as ft* >, =, or < 4 ac. 
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So also, in the form +/>a 5 + (/=0, the roots will be real and 
different, real and equal, or impossible, according asp* *», 
or <: iq. 

2 . Also it is clear that if ^=0, t/te roots are equal in magnitude 
but opposite in sign. 

VI. EQUATIONS SOLVED LIKE QUADEATICS. 

451 . Many equations, though not actually quadratics them- 
selves, may be put into the form of quadratics, and thus solved. 

452 . Equations reducible to the form aj 5 *’‘ + &x"-I-c= 0 , 

where n is either positive or negative, integral or fractional. 
Assume then = and the equation becomes 

ay^-\-by-\rC—o ; whence y and x. 

Ex. 1 . Solve — 25=0. 

Let'-;r"=_y, then y‘^-2('^' + 25=0, or i)=o. 

/. .y-25 = o orj/-i=o, .\y^ 2 S or i. 

Hence x= Vy^ ± 5 or ±1. 

Ex. 2 . Solve Vx + 7 v/,r = 1 16. 

Let Vx=y^ then Jx^y^^ and we have 
^ + 7 j/*=ii 6 or 7j/*+j/— 116 = 0. 

/. (j^-4 )(7 ^ + 29) = o ; whence = 4 or - V*- 
Hence .r=^* = 4* or (--V-)*=256 or 294^ J 5 j. 

Ex. 3 , Solve .r"* — 9.r' 2 4-20=0. 

Let then j*- 9^ -f 20=0, or (^- 4)(>'- 5)“0. 

/• o*" 5 - Hence or i/.r* = 4 or 5. 

/• or I and /, x=±i or i i/JS- 

Exercise CLXVII. 

Solve the following equations : — 

1 . .r^-25;r*-H44 = o. 2 . ;r* — 5;i'* + 4=o. 3 . ;r'’-6;r®= 16. 

4 . 2:1:"^=* 8. 5 . 3jr+2 I =0. 6. ;t:- 5 ^;r- 14=0. 
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7 ., 

3 >Jx= 

JT— 10. 

8 . ar-"- 

4 r -»-5 

II 

P 

2X^ + 2x' 

II 

10. 

3 ;r^- 5 ;r^ 4 *i 4 '“ 0 . 

11. .r'^- 

~x~^^ — 

6. 12. 

x^ + 7 x'^^ 

=44. 

13 . 

^ 3 

=756. 

U. x^- 

x-=^6x~ 

15 . 

X + 27% 

■’=28. 

16 . 

(at* - 9 ) 2 . 

= 3 +n(;rS- 

■2). 17 . (.r^ 


■2) + ix^- 

3 )(^‘^“ 4 ) = 

=2:“+ 5. 

18 . 

4 ^- 3 (.,.§ 

- 2) =. gx^ — 

4. 19 . (.r- 

+2)(.r' 


"I4-8. 


20 . 

x-^+x' 

. 3 

^ = 2. 

21 . (.r4‘i)^-.;r‘ 

X.r"—i) = 

(-r- 1)^4- 2 

W+i)- 


453 . Any equation which can be put into the form 

' + h‘X^ 4- c)® 4* + c) + C = 0, 

may be treated as a quadratic, of which the roots are the values of 
+ + f ; whence x may be found. 

Ex. 1. Solve x^ + 6 s!{x^ - 2;r + 5) = 1 1+ 2X. 

Observing the quantity under the radical sign, we miiy put the 
equation in the form, 

- 2.r 4 - 5 ) + 6 v^(;r2 - 2.1' + 5 ) = 1 1+ 5 = 1 6. 

Assume - 2.r 4- 5 ) then 4- 6^ = 1 6 ; 

y**4-6y-- 16 = 0, or (j-2)( j4-8) = o ; /, y = 2 or -8. 

(i) Let .r‘^-2.r4-5=y=4 (ii) Let .r’^ — 2.r 4- 5 =y = 64, 

/, - 2.r 4- 1 = o /. x^ - 2.r 4- 1 = 60, 

/, (a'- I ‘^ = 0 and ;ir= J, I. /. r- i = ±2 ^^15, & ;r= i ±2 a^iS. 

Ex. 2. Solve 9;i:*4-42.r3 4-55.r2 4- I4;r = 728. 

Here, completing the square with the first two terms, 

(9^:^ 4- 42.r^ 4- 49.r2 ) 4- 6.^- 4- 1 4-^ = 7 2 8, 
or 4* 7.r)2 4 - 2( 3,r2 4- 7.r) - 728 = o. 

Assume 4- 7 1 then y 4- 2^ - 728 = o ; 

/• (^4-28 )(j/- 26 ) = o ; y= -28 or 26. 

(i) Let 3;r*4-7.ar=j=26 (ii) Let 3;r2 + 7;jr=j/= - 28. 

then 3 j;^4-7A'-26 = o /, 3;r2 4-7jt:4-28 = o, 

/. (.r-2)(3;r4-i3)*=o ' . ^ n/(- 287 ) 

Ar=2 or, 6 „ ’ ^ 
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Ex. 3 . Solve(i+.rf + r5(l --v)'^ = (i-Ar‘*)* ^ 

a 

Dividing both bides by ( i -.r) ", we have 

Assume "A> theny-* - v + t-; =0 ; y = x or .j. 


u) Let J;|7^=y =(,?)"--= tV/4 
By Comp. Divd. 


I 4- IT 

vii) Let ^ = = 

Coinp> Divd. ^ 

' X - 1023 ’ 


Exercise CLXVIII. 

Solv(^ the following equations : — 


1 . 

V(.r+I3) + 5^/^(.r + I3)=22. 

2. V(.r+ 7 ) + W(^+ 7 )‘ 

3 . 

SX - y.rS ~ 8 - 54: + 1 ) = 8. 


4 . 

x^ - 3.r + 7 I Lt - 2.r^ + 2) = 'ix + 21. 


5 . 

24 '- - 2 r + 2 24 - - 7 x + 6) = 5,r - 6. 


6 . 

3,r(3 - .t) = 1 1 - 4 - 3 ^ + 5 )- 


7 . 

.r-* - -r + 5 ^ ( 2 4 “ - 5 4r + 6) « 4 ( r + 1 1 ) . 


8 . 

9,r - 44:^ + V (4A'2 - g^r + 1 i) » 5. 


9 . 

,r'^ +.r-“ q-.r + r " ^ = 4. 

10 . X* + X'^+X-X-^ — 

11 . 

1 54: - 3;r2 + 4 J{x^ _ 5.r + 5) = 16. 


12 . 

y(i+ 4 :) 2 - ^(i- 4 r )2 = 3y(l-,r2). 

* 

13 . 

.r2 — 2.r ^/.r + 2.r — /^.r = 6. 

14 . 4 *- 2 A'“+ 4 :‘-' = 36. 

15 . 




3 x/(-r 2 + 4 :+ 6 )” ~ 

’ 


454. Consider the equation 

(ic +2^)(i» + r/)(x + r)(x + s) = /c, 

where /, 5^, r\s are quantities such that the sum of two them is 
equal to .that .of the /-ayt?, / + r = 5^ + .y. 
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We have {x+fi){x+r)x(x + gf)(x + s)^X:, 

* /. {r^^(fi+r)x+pr}x{x^^{g+s)x + gs) = l^, 
or (x^ 4 - ffix + pr) x (.r® + mx + = >i', for ;> + r =* ^ + j =* w, suppose. 

/. (x^ + fnxY + (/'' + gs){x^ + ntx) + pqrs = k. 

Assuming :r^4*/W;r=j/, the equation becomes 

qs)y -vprqs = X’, or + {pr + qs)y -Vprqs - « o, 

which is a quadratic in^. Whence x can be found. 

Ex. 1 . Solve (jr+ iX.r + 2X-r + 3)(;r + 4) = 24. 

H e re, (.r + i ' (x + 4) x (^ + 2)(jr + 3) = 24, 

or {x’^ + 5;r + 4) X + 5^ + 6) = 24. 

Assume x^ + ^x=yy then (^+4X^ + 6) = 24. 

/, y-'^- iqy + 24 = 24, or^(_j'+ io)=o ; ^ = 0 or - 10. 

(i) Let ;r 2 4 . 5 .r=j/ = o (ii) Let ;r* + 5;r= - 10, 

then •*-(;r + 5)=o, jr=oor -5 then ;r® + 5-r-t' 10=0. 

;r=}(- 5 db v/'-Ts). 

455. Next, consider the equation 

{x + ay + (a? + i>y =a 2c*. 

Let x + a—y^ then x-\-b—y-{-b -~a—y-{-p^ suppose. 

Hence the equation becomes j/* + (j/+;>X = 2t-*, 
or y* -hi y^-h Ay^P + (yy^p'^ + ^yp^ +p*) = 2c*^ 

Adding p\ 2 {y* + 2 yp + 2 ,y^p'^ + 2 yp'^+p*)^p* + 2 (P, 
or 2(y^ +Py +p^y =p* + 2(;*, 

Whence y^-\-py+p^=^ ± Jh{p^ + ‘2c*\ a quadratic in^'. 

Hence four values of j/, and therefore of x^ are determined. 

Ex. 2 . Solve (r + 2)* + (.i^— 1)*=257. 

Here, expanding and adding, and dividing by 2, we obtain 

;r* + 2A-3 + i5,r* + i4j:- 120=0, or (;r* + ;rX+ I4(;r*+jr)- 120 = 0. 
Assume ;r*+ AT =^, then y+ 14^- 120=0 ; /, ^=6 or -20. 

(i) Let ;r®+.r =^ = 6. (ii) Let .r 2 +;r=_y= -20. 

/. x^-\-x- 6 =Oy /• ;r*+;r + 2o=o^ 

/. (;r + 3)(;r-2)=o, /. ;i: = 2or -3. /. Ar=i(- i ± 
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1 . 

3. 

5 . 

6 . 

8 . 

9 . 


10 . 


11 . 


12 . 


11 


15 . 


Exercise CIiXIX. 


Solve the following equations : — 

.r* - + 2.1:2 + 4.v= 15. 2. x^-2x Jx -6-0. 

;r* + 4 .r 2 + 3 .r ^(jr2 + 4 ) = 4 - 1 2 ^(;l:*+.r + 9)-31:2-3.r=6• 

4^ J{x^ + 2^.r + ^‘0 + 2.r* + 4<2.r = 


.r® + I . .r + r 
^ +.i. /;- = I3 


7 . 


63__22 oJ 


+ y = ”i"+ 49.^'‘"-"96 


* s/x 

\/{x +5)4- s/x + 2 J{x^‘+^x) = 2^- 2X. 

J{x + ii) + >/’.r = 2 «y(.v2 + ax) + 2X + a. 

2,r + 2 V((,r + ^z)(^ + ^)>+ ^(x+a)+ J{x-^b) = c-a-b. 


Sx ^ - 3o.r + 27^1 2^2 -35^+18’ 

.r 2 - 4^' >/’.r + 5.r - 2 = 6. 13 (.r- 2)* + (.v-4)* = 272. 

(12.r-1X6.r- 0 ( 4 -^- 0 ( 3 ^- i) = ^>- 


--ro = i(i 2 r 2 - 29 .r+i 7 ). 


“- 5 -V -2 = 


■S-'f 


16 . x^ + 3 .r - J 4 - 52 " 1- =o- 
x^ 4 - 3 .r 


456 . Resolution into Factors. Many equations of higher 
powers than the second can conveniently be solved by using factors. 

Ex. 1 . Solve 2.r" — I. 

By suitable transposition, we have, 

.r** - = - ;r^ 4- 1 or .iX^r- i)= -(.r*- i)= -( a'- iX'V^ 4 -.r 4 -i). 

/, .r - I = o, or ,r = I and x^= - (x'^ 4 -;r 4 - 1 ). 

/. 2 X^ 4 *-r 4 - 1 =0, which solved gives jr=^(-i± J - 7 ). 

Ex. 2 . Solve jr^ - 2 px'^ 4 - 2 px— i. 

By transposition, (a® - i) — 2 /jr(A’- i) = o.. 

Now ;r- I being a common factor, .r - i — o and /, ;r=i. 

And (-r’* 4 -A- 4 * i)-2/.r = o, /, x^-{ 2 p- i)a-+ i =0, 
whence x = i{ 2 p- i ± >/( 2 /- i}^- 4 > = 
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Ex. 3 . Solve + = + . (c. F. a. 1874). 

Ry transposition, — 

' (^'-.0 {(■"’+!) +^-°= •'• , r ° '■•"• 

+ “^ + 2flA' = o, wh i ch solved gives x ^ - (Z ^ ^ . 


Exercise CLXX. 

" Solve the following equations : — 

1. ,r^ — Si' + 3— -o. 2 . 3a‘^ — 22.t*— 15. 3 . x^ - 6 at^+l 2 a^x^Sa^. 

5. U'-i)H(2.r + 3 )‘'-= 27 ,r' + 8. 

8 . ;r®+jir 2 + 4 = o. 


4 . 25.r^ + 5jr^-;i'~ 1 ■= 

6 . (Ar 4 -l)-(-r 4 - 4 ) = 2 . 


9 . ,1,2+ 


7 . Ar’* + 7r = 49(;r+i). 

10 . . 

_ 5 . 2 , 7 


4 .r 


13 . 


3 


2;r - 5 ~ .r'-* -17* 
15 . 76a: + 240=0. 


12. - 3 ..+ +-J- = ^ + r.+ 

a:-i .r + 2 x-3 .1^+1 x-2 Ar + 3 

14 . 27.1® + 2 1^: + 8 = 0. 

16 - V'2(^+jr) + 7 --.r2)“ V'2(fZ+.r)+ v'2(^z-r). 

17 . {a - A')® + (^ - -V ■= (^^ + /^ - 2.r)^ 18 . {^t - -r)« + (/y - .r)^ ^{a + 6 - 2 xy. 

19 . ^(a-x)+ ^(a 4 -lf- 2 x). 

20 . V(rt - r) + ^ r (/5 - a:) = ♦/■(a + ^ - 2 A'). 


467 . Reciprocal Equations. An equation is said to be 
reciprocal which is not altered by changing x into i/x. 

E 3 f. 1 . Solve + 6Ar^ - 23Ar2 + 1 2 a: + 4 = o. 

12 4 

Dividing by a:^, a-® +6a"- 23+ ^ + ^g=o. 

“^3=0, or (•*'+^) +6^^+!^ -27=0. 

2 

Whence a: + ^= -3 + 6 = 3 or -9, and /. a:^-3a: or A^+9Ar= -2. 
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(i) Take -2. (ii)' Take ■\-gx= -2. 

/. x^- 3 x + 2 = o. ;ir^ 

/, (,r- i)(jr-2) = o, and /. .r=-'ior2. J -= J( -9 -t- >^ 73 )- 

Elx. 2. Sol ve 4 - 2x^ - 3.r^ - + 2.r + i = o. 

The equation may be written (.r^^ + i ) + 2r (;t:^ + i ) - + i ) -— o, 

where each bracket is plainly divisible by r+i ; 

Dividing, the original equation b> .t +j, we have 
x^-]-x^’-i\x^+x+i=o, a reciprocal equation of the 4th degree. 

Dividing V)y - 4+^-b ';jj = o, 

+ + (^+.v)'+(^ + .v)-^ = ° 

/, x 4 ? = - ^ -t J =r 2 or - 3, and /, x^ 4 1 — 2.r or - 3;r. 

(i) Take jr^+ i =2.r | (il) Take ,r‘-^ 4 - 1 -- - 3.r 

/, .r 2 - 2 ;i‘ 4 -i=o I /. .r’* 4 - 3 ^+l=o 

(;r-i)2 = oand /, .r=-i,T. 1 /, .v-- i-( - 3^ v'S)- 

Also corresponding to the factor .r + 1, we have i = o or ri= - i. 

458. Exponential Equations. Fhe following are illus- 
trative examples. 

Ex. 1. Solve 2‘^*'*'^ + i = 32.2*. 

We have 2^*'‘'® — 2.2®'*'^4- 1 =0, since 32 — 2. 2^ 

Taking the sq. root, 2®^^- i -o : 2*+^ = 1 = 2^ 

Hence A' 4 - 4 = 0 and /. X—-4, 

Ex. 2. Solve 3* + 3”® = 9J. 

W e have 3® + =-- V-, or 3^* - -V-. 3* + 1 o. 

/. 3 * = -V'±-%‘- = 9 or ^-=32 or 3 ’ 2 ; /, a = 4 . 2 . 

459. Binomial Equations. The following- are illustrative 
examples. 

Ex. 1. Solve A'^ + 1=0. 

Here, (x+i)(x^-x-\’i)=^o; /, either ;ir4i=o, z: e. a— - i, ' 

- or .ar2.,-,r+ 1 =0, which solved gives ;»:= i(i ± >f -3) 
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1 . 

3. 

5. 

7. 
9. 

1 . 

3. 

5. 

6. 

8. 

9. 

11 . 

13. 


Ex. 2. Solve 1 =o. 

Dividing by j:» + ~=o, =2- 

Taking^ the sq. root, .r + ^— A: v^2, and /, ^^ 2 .x+ i =o, 

U ±l± s/-~l 

whence x= — . 

^/2 

Exercise CLXXI. 

Solve the following equations : — 

X* + 6 x^ + 6jr + 1 = 2. 4x* - 4.r^ - yx^ - 4.r + 4 = o. 

x^ + 4- 3 x^ + 4-1^ + I == o. 4. x* 4* yx^ 4- 8.r‘-^ 4* 7.tr + i = o. 

i2(.r^+ 1)- 56(A'^4-.t‘)4-89.r-=o. 6. 4;r*-' i6;r®4-23 A'‘'‘- i 6 ji' 4-4 = o. 

^’ + ^2 + 6-f+*^ = 23- 8. 4;i:’-20-S^a:+^^^ = -|i. 

6*-^4-6’*= li. 10. 4- 1=0. 11. ;r®-i=o. 12. 


Miscellaneous Equations. 

Solve the following equations : — 

jr^-2;t:'’-2A‘^4-3Jr= 108. 2. i/{x-[‘2i) + J(x-^2i)^i2. 

34 . 4. 5 +4U 10. 

x^-4 x^ + 4 15 / 

_;ir-l8 J(,x-ii) . Jx 

J'i& Jx '' \/{x'-l&)- 

„ 841 17 232 I m >2 4 I7.^~8 

27-^^- ^4- = 54-5- 7. .r-*4-4-^4--2= * 

3-^** 3 3'^ 3^^ x^ X 

5 . . _4. _2i 5. ._4_^ Ji_ 

x-’h x + 2 .r -3 ,r4-i .r-2 a' + 3 

(a4-.r)^“ = -4(^-^‘)^- 19. 4;r*4-i^=4^’* + 33. 

6;r II;^^4-6^/’:r— 1=0. 12. 2X^ ~~x — 2 X‘/{i —x*) = li, 

3{(^- i)®--^P + 2.r = 34i 4-2(.r- i)^ 14. 4- - lyx-B. 
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15 . 

T 

243 + 324 

i6x-s 

17 . 

3 / ax \* 
sW^aV+x^)-' W^x^) ‘ 

18 . 

x‘-4x — S , 

19 . 

x^-3x=^d^ + ^^. 20. = 


. 21. x^ + — — 2 a‘x. 

a* X 

22. 

7X + 10 2 X + 4 




x^-4x + S X^-2X + 2’~ 



23 . 


(P. E 

. 1901). 

24 . 

.r® + (a‘ + I )® + I = 2 (.r^ 4- jr + 1 )^ 


25 . 2*+i + 4* = 288. 

26 . 

(.r+ i)'’’= I9{(;r+ i)^ + (Ar 

-I)*}. 

27 . 3*+ ^+9* -108. 

28 . 

(2,r - I ){x + 1 ){2X + 5 )(.r + 4) = 70. 



29 . 

V ( 2 x^ + 9A' - I ) + V i 2 x^ - 7 x + 7) = 

= 6. 


30 . 

.r(r-i;(.r~2)=9.8.7. 

31 . 

{x + 2)(a + 3)(.*' + 4) = 34 -S' 


VII. PROBLEMS PRODUCING QUADRATIC 
EQUATIONS. 

460 . in the solution of Problems, depending on Quadratic and 
Higher Kquations, there may be two or more values of the root, 
and these may be mt/ quantities or In the foimer case, 
we must consider if any of the roots are excluded by the natuie of 
the question, which may altogether reject fracHona/^ or ne^attve^ 
or surd answers ; in the latter case, we conclude that the solution of 
the proposed question is arithmetically impossible. 

Ex. 1 . Divide I2 into two parts so that the square of one of 
them may be four times as great as the square of the dlhcr. 

Let X be one of the parts ; then 12 - .r is the other part. 

/, By the question, a'^ = 4(i2-x)2 

Taking, the sq. root, i2(i2 -.ir) = 24-2;r or =* -24 + 2^1:. 

ThQ former gives ;t' = 8 and /. 12 — .r = 4. 

Hence the parts are 8 and 4, which is the arithnieiical solution. 

The latter gives ;r = 24 and i2-;r= -12, which answers the 
condition sytrbolicMy, 
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Ex. 2 . What number, when added to 30, will be less than its 
square by 12? 

Let X be the number. 

By the question^ 30 +x=x^- J2 ; or ;r 2 -.r- 42 = 0. 

/. (a' - 7)(.r 4- 6) = o ; whence .r = 7 or -6. 

Hence the reqd. number is 7. Here the latter root is excluded. 

Bx. 3 . A person bought sheep for ^33. 1 5J. which he sold 
again at £2. 8 j. a head, gaining thereby as much as one sheep cost 
him. How many sheep did he buy ? 

Let .r be the number of sheep bought. 

't o 

Then is the price of a sheep in £, 

and 2 lx is the selling price of the sheep in £, 

/. By the question, 2Lt -33^= , 

5 4 

, I r 

which reduces to 48.1 ^ - 675.1' — 67 5 => o ; whence .r 1 5 or ~ - 

Hence, the number of sheep ])Ought= 15. 


Ex. 4 , A person bought a number of oxen for Air. 120 ; if he 
had bought 3 more for the same money, he would have paid A’j. 2 
less for each. How many did he buy ? 

Let X be the number of oxen bought. 

120 

Then — is the price actually given for each in AV. 


and 


120 
-r + 3 


is the price of each, if 3 more be bought. 


. X. 1 120 120 

. . By the question, 

which reduces to y^ + 3.r- 180=0 ; whence ;r=i2 or —15. 
Hence the number of oxen bought=i2. 


Ex. 6. A’s rate of travelling is one mile an hour less than B’s, 
and B can go 21 miles in 20 minutes less than it takes A to go 
20 miles. How many miles an hour can A travel ? 

Let X be A’s rate of travelling in miles per hour. 

Then -r+i is B’s rate 
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Now A takes hrs. to travel 20 miles, and B takes - hrs. 

X .r -h I 

to travel 21 miles. » 

<70 2 1 

/. By the question, J » min. = ^ hr.) 

which reduces to +4 a' — 60=0 ; whence x=6 or — 10. ' “ 
Hence A’s rate of travelling per hour is 6 miles. 

Ex. 6. A reduction of 2(i. a do/en in the price of eggs will 
give 6 more for 3.V. 6d. ; find the price per dozen. 

Let X be the price of a dozen eggs in d. 

1 2 

Then we can obtain x 42 eggs, for 3.V. 6d. or 42^2?. 

X 

Also, when (a* 2)d. is the price of a dozen eggs, 

1 2 

we obtain ^ ^ x 42 eggs, for y. 6d. or 42//. 

» '> j 2 

/. By„the question, ^ x 42- — X42 = 6, 

which reduces to .r" -2x— 168 = 0 ; whence .r = 14 or — 12. 
Hence the price of a dozen eggs is 14c/. 

Ex. 7 . A person invested AV. 10660 in the 3J per cent. (}overn- 
ment Securities when they were at a certain rate j)cr cent, premium. 
If he had invested them at a price percent less, his annual 
income would have been increased by AV.5. 4a. Find the price of 
the (rovernment Securities. 

Let X be the price of the Government Securities in 
Then, the first income = AT. -^^.^^X3.J, 

and the second = AT. **^^^^X3L , 

a'-i4 

, ,, , 10660 , 10660 , , 

By the question, -- x 3 J x 3i = 5 i. 

-w ~ 1 2 -V 

which reduces to 2y'^-- 3.1' — 21320 = 0 ; whence .r=io4 or — T02L 
Hence, the required price is I^s. 104. 

Ex. 8. A number of two digits is less than four times the 
product of its digits by ii, and the digit in the tens’ place exceeds 
the digit in the units’ place by four. F'lnd the number. 
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Let X be the digit in the units’ place. 

Then ^ + 4 is the digit in the tens’ place. 

The n umber ** I o(,t‘ + 4) + ;ir = I ijr + 40. 

Four times the product of the digits = 4;i:(.r-f 4). 

/, By the question, ^{x + 4) - ( 1 i;r + 40) = 1 1 , 
which reduces to 4-r® + 5.r ~ 5 1 = 0 ; whence .r = 3 or - -V-. 

Hence 3 is the digit in the units’ place, and 3 + 4 or 7 the 
digit in the tens’ place, and therefore 73 is the required number. 

Exercise CIjXXII. 

1 . There are two numbers, one of which is of the other, and 
the difference of their squares is 81. Find them. 

2 . The diffeience of two numbers is | of the greater, and the 
sum of their squaies is 356. Find them. 

3. Determine two magnitudes whose difference is i and the 
sum of whose squares is ( 1 )'^, 

4 . There are two numbers, one of which is triple of the other, 
and the difference of their squares is 128. Find them. 

6. What number is that, the sum of whose third and fourth 
parts is less by 2 than the square of its sixth part ? 

0 . What two numbers are those whose difference is 5 and their 
sum multiplied by the greater 228 ? 

7. What two numbers make up 14, so that the quotient of the 
less divided by the greater is yV of ^he quotient of the greater 
divided by the less ? 

8. A labourer dug two trenches, one 6 yards longer than the 
other, for A\y. 356, and the digging of each cost as many rupees 
per yard, as there were yards in its length. Find the length of each. 

9 . Bought two flocks of sheep for J\s. 360, in one of which 
there w'ere 5 more than in the other : each sheep in each flock cost 
as many rupees as there were sheep in the other flock. How many 
were there of each ? 

10 . By selling a horse for /\’.v. 240, I lose as much per cent, 
as it cost me. What was the prime cost of it ? 

11 . There is a number such that the product of the numbers 
obtained by adding 3 and 5 to it respectively is 4 ess by i than the 
square of its double. Find it. 
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12 . There is a rectangular field, whose length exceeds its 
breadth by i6 yards, and it contains 960 square yards. Kind Us 
dimensions. 

13 The plate of a looking glass is 18 inches by 12, and it is 
to be framed with a frame of uniform width, whose area is to be 
equal to that of the glass. Find the width of the frame. 

14 . Two partners, A and B, gained AV. 140 by trade ; A’s 
money was 3 months in trade and his gain was A’j 60 Ics-. than 
his stock, and B’s money, which is A’.y. 50 more than A’s, was in trade 
5 months. What was A s stock ? 

15 . A person bouglit 38 sheep for A\v‘. ji. 4^^. ; but having lost 
a certain number n of them, he sold the remainder for n annas 
a head more than they cost him, and so gained upon the whole Re. i. 
How many sheep did he lose ? 

16 . A and B distribute Rs. 50 each in chanty ; A relieves 5 
pel sons more than B, and B gives to each Sci'. more than A. How 
many did each relieve ? 

17 - A and B take shares in a concern to the amount alUtgether 
of Rs. 5000 ; they sell tail at fa 7 \ A at tfie end of 2 years, B of 8, 
and each rec eives in capital and profit Rs. 2970. How mui.h did 
each embark ? 

18 . 'fvvo trains each run a distance of 330 miles. (.)ne o 
them, whose average speed exceeds that of the other by 5 miles 
an hour, takes half an lioin less to tiavel the whole distance. Find 
their average speeds. 

19 . In 100 minutes a boat’s crew row miles down a river 
and back again. If the river runs at 2 miles an houi, what is the 
pace of the boat in still water ? 

20. A battalion of soldiers when formed into a solid square 
])resent 16 men fewer in the front than they do when formed into a 
hollow square 4 deep. Find the number of men. 

21 . Mr. (iladstone was born in the year A. p, 1809. In the 
year A. D. .r" he was a' — 3 years old : find x. 

22 . A and B set out at the same time ; A from C to go to D 
and B from D to go to C ; they meet on the road, when it appears 
that A has travelled 30 nides more than B, and that at the rate he is 
travelling, he wall reach D in 4 days, and B will arrive at C in 9 days. 
Find the distance of C from D. 

23 Ten minutes after the departure of an express tram a slow 
train is started, travelling on the average 20 miles less per hour, 
which reaches a station 250 miles distant 3^ hours after the arrival 
of the express. Find the rate at which each train travels. 
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24. A rides from P to Q in one hour at a uniform speed. B rides 
for one-third of the way 2 miles an hour faster than A, and for the 
rest of the journey i mile an hour slower, thus taking 40 seconds 
longer. Find the distance from P to Q. 

25. The men in a regiment can be arranged in a hollow square 
4 deep ; if the number of men be increased by 129 they can be 
arranged in a solid square having on each side 10 men less than 
were on each outer side of the hollow square. Find how many men 


VIII. THEORY OP QUADRATIC EQUATIONS. 

f 

461. A quadratic equation cannot have more than two roots. 

If possible, let the general quadratic equation 
ax^ -Vbx-Yc^o 

have three di^erent roots, a, jS and 7. 

Since, each of these values of x satisfies the equation. 


we have 

aa^'\-ba + c=o,„ . 

(I) 


aH^’^b^-^c-o 

(2) 


af^-^by + c=o .. 

(3) 


Subtracting (2) from (i), - /3) = o, 

Dividing by a-iS, which by supposition is not equal to zero, 
<z(a + /8) + ^=o (4) 

In the same way, subtracting (3) from (i) and dividing by a — 7, 

«(a + 7) + ^=-o (5) 

Subtracting (5) from (4), — o ; 

either rt = o or iS — 7 = o, 

which is impossible, for a is not equal to zero, nor is /3 equal to 7, 
by hypothesis. 

dence the quadratic cannot have more than two roots. 

462. If a and 0 are the two roots of the quadratic equation 
ax'^-\‘bx-\rC=^o,, then 

a + fi= -- and o/3=^. 
a a 
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Solving the equation, we have 


-b- s/ (^-4ac) 

2 a 2 a 

Let a=: --- — ---— , and /3= — - • 

2 a 2a 

• a + /3= I -b- J{b'^-4ac )^ -2b ^ 


and ai8= 


( - Iff - - 4 ^^^) c 


4^^ 


4tf^ 


Since the equation can also be written in the form ,r^-^ -x + ~ =o, 
, a a 

we may express these results as follows : — 

When the coefficient of in a quadratic equation is unity ^ 

(i) the sum of the roots is equal to the coeflacient of oo 
with the sign changed ; 

(ii) the product of the roots is equal to the constant term. 

Note. If a and /3 be the roots of the equation x^-\‘px + ^ = o, then 

a + fi— and afi^q. 

e 

463 . If a and H are the roots of ax^ ■\-bx-^c^o^ then 
axr + bx + 1: = a{x — a){x — /S). 

^ b c \ 

We have ax^ ■frbx ’\-c — a\x'^-\- x^fr \ 

V « tx} 


= a;Ar‘^-(a + / 3 ),r + a/8], Art. 462. 
=^a{x-a){x-(I). 

Note. If a and /3 are the roots of .v^4-/jJ'+^=o, then 
x^f -\rpx + y = {x - a){x ~ jB). 

Ex. 1. The quadratic whose roots are -4 and 7 is 
(^ + 4)(.r-7)=o, or 28 = 0. 


Ex. 2. If a and 0 are the roots of x^-hpx-{'q=^o, find the values 
of(i)a-i8, (li) a‘^ + / 3 -, (iii) + 

We have a + /5 = — / and a 0 ^q. (Art. 462). 

(i) Since (a - 0 f^{a + 0 f - 4a0 ^ ^q ^p*^ ^ ^q^ 

/. a- 0=±^if-4q). 



500 


MATRICULATION ALGKRRA. 


(ii) a2 + / 3 ^= — 

(iii) a® + ^“^ = (a + - 3a^(a -ir pf + 2>P9 ^ + 3/^/. 

Ex. 3. If a and /3 are the roots of ^.r- + r + ^ = o, form the 

equation whose roots are ^ and ^ . 

/3 a 

Wc have a + /3= and a/6'-=^- . 

a 


The sum of the roots of the reqd. equation 

/3_^ + (a+iPj^-~2ai3_ \ 

jS a fijS 0/6 \(r af'a 

_ //■* — 2 ac 
ac 

'riie product of the roots=~ x ^--i. 

^ /3 a 

Hence the required equation is 

9 / 2^i!c\ •>/;'> Ni 

.r- - I - |,r+ I =0 or /rc.i 2^iclr + af=o. 

\ / 

464. 7> //zc condition that the equations (7X^ T kv -hc^o and 

a! b' X d = 0 may /uitc a (ommon root. 

Let n be the common root of the equations. 

Then by supposition, aa'^ + ba +.i:=o ( i ) 

tda^ + b'a-{-c'=o,..{ 2 ) • 

•f 

From (i) and ( 2 ) by the /\u/e of Cross Muttifti cation^ we have 

a* a I 

~bd - b'c ca! - da ab' - a'b ’ 


Hence a? = 


bd - b'c 
ab' — a'b 


and o 


ca' — c a 
ab -a'b' 


bd-b'c tca-daV^ 

Therefore I iT-,,] 

ah- cub \ab -abf 

or {ab' - a' b){bc' - b c) — (cct'-c'a)\ the reqd. condition. 


465. Tfa is positive and a, /3 arc real ?-oois of the equation ax^ 
+ bx-^CBso^ the expression ax'^-^-bx-Vc vanishes when a or and 
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1 1 . Graph corresponding^ to the equation 
+ 6,t- - 8y - 7 = o. 

The equation may be written thus : — 

3(.r+i)--4(/+i)‘" = 6, 


• (.1 + 1 y 

2 

centre is the 
conjuj^ate axib 


— = j, which represents a hyperbola, whose 

3 /“ , . I 

point (—1, — i), semi-transveise axis 2 and semi' 
y/:. 


15 . Graph 0/^- . 

Let J'= ; then xy~a'^^ which 

represents a rec tani^iilar hyperbola, 
whosi- centre is the origin ancl 
who'ic asymptotes are the axes of 
r and j, (as shewn in Kig. 8), 

The transverse axis is the line 
AA' which bisects the angle 
between the axes of co ordinates. 



h'lg. cS. 


W.B. In a rectangular hyperbola, CN.PN»a con^rant, which 
^ives the equation xy = d^. 


16 . Gfaph corrcspondinii to the equatioti 
xy -2.r-3/ -=io. 


We have (;r- 3)( r — 2)= t 6, which re- 
presents a rectangular hyperbola, of which 
the centre is the point (3, 2) and asymptotes 
parallel to the axes of co-ordinates (as 
shewn in F'ig. 9). 



T‘ig. 9. 
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17 . Graph of 2 ^l{ax). 


Let j = 2 sl{ax) ; then =« ^ax ; 

Avhich represents a parabola, whose vertex 
is the origin, the axis the axis of the 
tangent at the vertex the axis of y and 
the latus rectum, (as shewn in Fig. lo). 



The curve is symmetrical with respect to the axis of x and lies 
•on the right side of the axis of y and extends to infinity. 


N.B. In the parabola, PN‘^ = 4AS.AN, which gives_y® = 4ar. 
ITote. The grapR^of '2jx^ &c. are all parabolas. 


18 . Graph of 2 >f{a{x-b)\, 

Let >'=*2 s/{a{x-d)} ; 
then y^ = 4a{x - b). 

If we transfer the origin to the 
point (b, o), the equation becomes 
y^^4aXy and the curve is a parabola, 
(as shewn in F'ig. ii). 



19 . Graph of 

4a 


X* 

Let^«-^ — then x^^4ay\ this repre- 

sents a parabola whose vertex is the origin, 
the axis the axis of y and latus rectu n 4 
(as shewn in Fig. 12). 

N.B. The curve is symmetrical with 
respect to the axis of y. 


Y 



Fig. 12 
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20 . Graph of 4jr — 2r2. 

Let >/ = 4.ir-2.r2= -2(;r - i)* + 2 ; 
then j-2= - 2(;r - i)*-*. 

If we transfer the origin to the point (i, 2), the equation becomes 
V= — 2jr2, and the curve is a parabola, (as shewn in P'ig. 13). 

N.B. Here the maximum value of ^ is 2 and then X’=i. 
The axis of the parabola is the line AN and the vertex A. 


21 . Graph of — 8;r + 10. 

Let ^ = Sjr® - Sjt + 1 o = + - j-) 

- 3{(^v V + J - 3(^ - + -V- ; 

then - -V- = ' 5 )*• 

Transfer the origin to the point (J, \*-) and 
the equation becomes y = 3x\ which represents 
a parabola (as shewn in F'lg. 14). Q 

Fig. 14. 

N.B. The curve does not cut the axis of x, because the roots 
of the equation 3;r2-8.r+ 10 = 0 are imaginary. In this figure the 
i>cales of X and y are different. 

The minimum value of y is -V and then x^i. 
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II. GRAPHS OF QUADRATIC EQUATIONS. 

467 . We shall now consider some graphs of fanctions of a 
degree higher than llic first. 


Ex. 1 . Draw the graph of 

Corresponding values of x and j/ may he tabulated as follows ; — 



j ' ... ! 25 16 1 9 4 ! ^ o I 1 ' 4 I 9 16 !%5 


If the above deterihincd points arc 
plotted and joini^l bv a continuous 
line drawn freehand, wc shall obtain 
the graph rcquiicd, as shewn in Kig. 15, 
which we see to be a curve. Such 
a curve is called a paraboda. 

In the above Example we notice the 
following facts : — 

(i) Weha^efrom the equation .1* = 

4- Jy ; thus f(U‘ every value of the 
ordinate y there arc two values of 
the abscissa .1 rqual itt mai^nitude 
but opposite in siy^n. Hence the c'urve 
is symmetrical with respect to the 
axis of y ; so that plotting suffn'icnt 
points in the first quadrant to deter- 
mine the form of the graph, its form 
in the second (]uadraiU may easily be 
obtained by joining corresponding 
points without actually potting tliem. 

(ii) We notice that the graph lies 

wholly in the first and second quad- 
rants ; for, whatever value we may 
give to X, we can never have y 
negative, and threfore no point on 
the curve will be found bcloiu the 
axis of X. Fig. 15. 

(iii) As the numerical value of x increases, so that of y increases 
rapidly. Hence the parts of the curve on either side of OY meet 
only at the origin and then extends upw'ards and outwards to an 
infinite distance in both the first and second quadrants. 
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Ex. 2 . Draw the graph of ^=2jr— . 

4 

Tabulate ♦^he values of x and_y as follows : — 



Plot the points (10, - 5), (9» - - 25), (8, o), v'v:c...(o, o), ( - i, - 3*25) 
..&c. ; the resulting graph is shewn in Fig. 16, below. 



N 



Fig. 16. 


In the present case only three or four negative values of x and 
y need be plotted, but more attention must be paid to the results 
arising out of positive values of 

N. B. The equation can be written in the form (,r-4)® = 
— 4(jy-4) which shews that the curve is a parabola whose vertex is 
the point (4, 4) and latus rectum 4. 

468 . The curve obtained from the ecjuation y^ax^^ where a is 
constant, is called a psffabola. If a is positive, the curve lies wholly 


M.A.— 33 
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above the jr-axis ; but if a is negative, the curve will lie wholly 
below the ;*:-axis. The greater a is, the more rapidly does the 
graph recede from the ;r-axis. 


^ Exercise CLXXIV. 

1. Draw the graph of v = 

(i) Taking o' 4 " as unit for .r, o‘i" as unit for y. 

(ii) Taking i'" as unit for o‘i" as i-init for r. 

(lii) Taking the x unit five times as large as the_y unit. 

2. Trace the graph of the equation 

(i) When the x unit is equal to the y unit. 

(ii) When the x unit is five times as large as the / unit. 

3. Plot the graph of the equation / = 4;r^ 

(i) Taking the x unit equal to the / unit. 

(li) 'faking the x unit four times the / unit. 

4. Draw the graphs of : — 

(i) (ii) y^==.r. (iii) y=“.r. (iv) 2/=-jr* 

5. Draw the graphs of the following equations : — 

(i) y = Sx^. (ii) y = - 4.T. (iii) / = f rl 

» n 6. Plot the following : — 

'j'S 2 * 

(i)/ = 2 .r + '- . (ii) /= fiii) +x- 2 . 

4 *• ' 4 

7. Trace the graphs of : — , // 

{[) y = ^x^ — x + 2. (ii)'‘/te.r*+,r + 3. “ ^.(iii) /=2.r®-.r+ 1. 

8. Draw the graphs of / = .r‘^ and .r=y, and shew that they 
have only one common chord, f'ind its equation. 

an. aRAPHio solution op quadratic 

EQUATIONS. 

469. If /(x) represent a function of ;i', we can obtain an ap- 
proximate solution of the equation /(x) = o by plotting the graph of 
y=sf(x) and then measuring the intercepts made on the ;r-axis. 
These intercepts which make /=o are the values of x and , are 
therefore the roots of the equation /'{x)=o. 
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* £x. 1 . Solve graphically the equation 2.r^+x- 
Put_y=a2;r2+;r- 15, and find, the graph of this equation. 


. 

X 

4 

' " ■ 1 ■ ■ “ i ' t 

3 

- F> 

-2" 

-3. 

. 

-4 


32 

„i 8 

2 


18 

32 

.r-15 

- II 

-■12 1 -13 1 -14 ] -15 

16 1 

-17 j 

JL18 

1 --19 

y 

21 

5 j -12 1 -IS ] 

“I4 

- 9 | 

0 

1 


I Take the unit for x twice as great as that for j/. 

Join the points (4, 21), (3, 6), (2?, - 5), (i, ~ 12), (o,- 15), (-1,1.14) 
f* (~,3> o), (-4, *3'- The resulting curve is<‘tje graph of 

v=2.r^'+.r— 15 and is shown in Fig. 17, below. ^ 



Fig. 17. 

JV. B. The equation can be written in the form >'+-}- =2(2f+i)* 
which <55hews that the curve is a parabola whose vertex is ( - i, - 
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and latus rectum J. (lenerally when the terms of the second degree 
fbrm a perfect square, the curve is a parabola. 

Now the equation 2 x“+x — is the same as the equajtion 

• 2.r® +.r — 1 5 = o, if T o. 

Hence to find the roots of the latter equation we note the points 
on the cur^^e where y — o, and these will give us the value of x 

vhich we ha ;e to find. 

11, ^ 

At the points ,? and Q where this curve meets the ;tr-axis, ^=o ; 
therefore at these points 2.r‘^4--T~ 15 = 0. 

But OP and OQ are the values of x at these points ; 

/, they are the roots of the.given equation. 

Ah P, -r = 2*5, and at Q, x— - 3. 

Hence^We see that the roots are 2*5 and —3. 

*'T1’ 

V erifleation. 2x'^ 4- -r - 1 5 = o, or {2x - 5 ){x + 3) == o. 

\ 2^ — 5 = 0 and /. x — 2 'S 

.r +-3 = 0 and /, .r= -3. 

Hence the solution is correct. 

Bx. 2 Find graphically, correct to one decimal place, the 
roots of the equation 2.i'‘^ + 6,r- 5 =0. 

Trace the graph of y = 5. 


jtr 

.T I 

1 ’ 

■ ! 

C) 1 

* 1 


^ 1 

" 4 

- 5 

^T- 6 1 

2.1' ‘-J 

t8 1 

8 1 

' ^ 1 

i 

(• 1 

2 j 

S 

1 

18 1 

1 

5” 

1 

7‘f 

(\i -5 


1 7 

1 3 

— 5 


-17 

1 

“21 

1 - 

, 

--35 

V 

X 

3' 

1 

isJljlll 

—5 

- 9 

-- 

1 ~~ 

1 

15 

31 


ftwice as great as that for^. 

from the points thus obtained is shewn 


i Take the unit 1 

Plot out the cl 
in Fig. 18 below. 

The equation is s^sfied when 2;ir2 + 6.r- 5 = 0, z ? when/=o, 
z,e,y where the curve cuts IjLe .r-axis. 

It will be seen that Itere are two points on the curve where 
y=o, namely the points P and Q. 

At P, = (nearly), and at Q, -3*6 (nearly). 

Thus the roots required are *6 and -"3*6. 




Fig. i8 


Veriflcation. When = ’6, 

7 .x^ + 6 x-s = 2(-36) + 3*6 - 5 == 72 + 3-6 - 5 = - -68 
Thus, when jf = -6, 2 x^ + 6 x-S is nearly zero. 

Hence *6 is an approximate root. Ij||||||fe J 
verify the fact that - 3-6 is an approximate 

Or thus : Since 2 X^ + 6-r - 5 = o, 


same way we can 


/. = "" 3 ^ _ 

If we take 4*358 as the approximate wue of. 4 19, ^he values 
of X will be found to be — 3*^^ g ' 

E, The ,e«ltiation to the curve is_)y y'**2(.»: + K)9which shews 
+h? * the curve 'a parabola whose vert^ is (-}, latus 

/ * Jax. %. Draw the graph of y ^ 

' ^oots of the equationjt:® + 3i~4=sor'^'1w w- 7 




MATRICULATION ALGEBRA. 


,518 


. \ 


Tabialate the values of jr a.vd j/ as follows 


\ 

3 


I 

0 

- I 

- 2 

-3 

-4 

-5 

-6 


9 


I 


I 

4 

9 

16 

25 

36 

3 -^ 

! ^ 1 

111 

'1 

I 

1 - 3 ' 

1 -.' 

! - 9] 

l.:_ll 

- 15 

-18 

J ' 1 

18 

lIj 

4 <i|^ 0 

! 

-aj 

1 1 

[_?J 

1 4 

L_ j 

1 

1 18 


Take the unit for x twice as great as that for y. 

Plot the points thus obtained and we obtain the graph required, 
IS shewn in Fig. 19, below. 



Fig. 19. 


Now, we have to solve the equation .r- + 3;r — 4 = 0. 

Since 4 = 0, " 

Hence, we must find tw^„ points on the curve where >^=4. 
The two suCi points ^e H and Q. 

At P, x-i an 4 -4. 

Hence^i ^;^fe the' required roots. 
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Plotting these points and joining them, we see that they all lie 
-on a circle, whose centre is the origin and whose radius is 5, as. 
^ s^uewn in Fig. 22, above. 

d' 

474. Distance between two pMn^s. Let P be the point 
(,v, y) and Q the point {a. b ) ; draw PN, QM perpendicular to the 
axis of X and QR perp. to PN. 


^1 
■ I 

Ml 
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ai 
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Ml 
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IR 

ai 
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■il 
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tm 
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Ml 
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■I 


li 

TT 
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ii 

■! 

Ml 

!« 

IT 
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i 
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Ml 

ii 

■1 

in 

in 

in 

mb 
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E 

H 
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Bi 


Fig. 23. 


PR = PN-NR=jv-/ 5 , and QR = ON -OM 

Now, PQ‘'*= QR 2 + PR 2 and /, PQ= ^/^(QR^ + PB 2 ). 

Thus PQ = - «)" + 0 '- ^)^)- 

Hence the distance between two points (x,^) and (a, b). 

Also OQ= ^/(OIVI* + MQ=)= s/(a= + ^®). 

475. Equation, of a Circle. We have already found^ 
equation of a circle. It is easy to find the equation of any circle 

Let the centre of the circle be at the point A («, b) and let its 
radius be c ; then if P is any point on it, 

we have, by Art. 474, (;ir — <!)*+( A (O 

which is the required equation. 

Ex. 1 . Draw the graph of x^ + y® - Sx - 6 y = o. 

The equation may be written (:r-4)® + (j/-3)^=25. 

Thus the graph is a circh , whose centre is at 4, 3 and whose 
■radius is 5. 
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; Ex, 2 . Solve graphically the simultaneous equations 

>' (i) .r 5 *+y = 6i, (ii)^3 y = 4^-2. 

1 . . ' 

The graph of (i) i ' a circle. Since the equation is satisfied 

by;r=5,j'=6 (the point P). the graph may be drawn by describing 
a circle with centre O and radius OP, 

The ^raph of (ii) is a straight line, which cuts the axes at the 
points (o, - 5), (}, o). 



Fig. 24. 


This line produced cuts the circle at P and Q. The co-ordinates 
of these points are (5,6) and (- 4*36, - 6*48) ; thus the solution of 
( equations is given by 


i 

thei 


.ar = 5, j/ = 6, and ,r=-4*36, 7=«-6‘48. 

Exercise CLXXVII. 


Draw. the graphs of the following : — 

1 . . v -+>'»= 36 . 2 . + = 3 . . r *+^2 = 8 i . 4 . 

5 . x'^ -Zy^o. 6 . =49. 7 . x^±y^ = j6. 

< 8 . .r“+_yH,= i 2 . 9. ;r*-t-y'* = 8 . 10 . x^+y'^=20. 11 . x^+y^=^S- 

Shew that the following equations represent circles and find 
their centres and radii - 

12 . x^-{-y^-4X’\-6y + 7=o, 

u 4^® + - i6;r-h 8^ + i I *0 


13 . x^-\-y^‘\-6x+4y-\-4—o. 
16 . x^+y^--6x+4y+3^o. 


FRACTIONAL FUNCTIONS/ 


527 


Find the equations of the following circles : — 

16. ‘ Centre (-2, 3), radium **5. 17. Centre (- radius = 6. 

[ 18 . Shew that the equation (where c are constants) 

represents a circle and find its centre and radius. 

19. Solve the following equations graphically : — 

i/(i) 41 1 /(ii) ^■‘‘+^‘=341 / (»>) ;r*+y= 8 s| 

! 3.r-2j/= 2// 4 :+ 2 j'=i 3 j / ’2x=j' + sf 

20 . Solve the following equations graphically : — 

.r^-hy^- 4 .x- 2 y-hi=Oy 2 X- 3 y^ 3 , 

VI. FRACTIONAL FUNCTIONS. 

476. Infinity. Consider the fraction ^ whose numerator 

has a certain assigned value but whose denominator is a 
quantity ; then it is plain that as .r diminishes the value of the 

fraction increases. 

X 

For instance 

a CL a , 

' = lOdZ, — = looo^'?, — looooooodc, and so on. 

' *1 ’ ‘ooi *0000001 3 

Thus we see that by giving to .t* a value small enough, we can-^ 
make tl)e fraction ajx larger than any assigned number, no matter 
how large that number may be ; i. e. if x be made less than any 
assigned quantity, the value of the fraction ajx can be made larger 
than any quantity that could be named. This is expiessed by 
saying that 

when x = o, the value of ^ is 00 

for any number less than any assigned number is termeil zero and 
is denoted by the symbol o, and any quantity greater than a 
quantity that could be named is termed infinity and is denoted 
by the symbol 00. 

Similarly, if x is a quantity which gradually increase.^ and 
finally becomes greater than any quantity that could be named, 
\]ie fraction a/x becomes smaller than any assigned quantity. 'This 
is expressed by saying that 

when x=s 00. the value of - is o. 

’ X 

' ' Again, when the quotient ajx is positive, ajo is said to be 
positively infinite (+00); when a/x is negative, a/o is said to be 
negatively infinite ( - 06), and sJo 
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Ex. Draw the graph of jirj/=8. Shew that it consists of twi 
infinite branches, one in the first quadrant and the other in the tnirdJ 

The equation can be expressed in the form^ ^^. 

(i) It will be noticed that when oo and when x= oo, j/aso. 

Also y is positive when .r is positive and negative when x is negative. 
Hence the graph must lie entir^ in the first and third quadrants. 

(ii) If(-r,j/)is any point dd^the curve, is also on the 

curve, for if = 8, ( - xX -J') = 8. 

Hence the part of the curve in the third quadrant is exactly 
similar to the part in the first quadrant ; or, any chord of the curve 
through the origin is bisected at the origin. 

Tabulate the values of x and y as follows 


1 

X 1 -L O 

±I 

j 


i6 

-bS 

1 i 12 

ii6 

... 

± 00 

1 „.__J 

± 00 

±8 


±2 

±ij 1 

1 



... 

±0 
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Plotting the above points, we see that the graph continually 
approaches the :r.axis in such a way that for a sufficigitly large 
positive value of x we obtain a point on the graph as near as we 
, please to the .r-axis but never actually reaching it until ;rs= oo. 
In the same v\ay the curve approaches indefinitely near to the 
axis of but never meets it. Such a curve, having two branches, is 
called a rectangular hyperbola. 

Such lines are called asyn^totes of the curve. 

£x. Solve the following graphically 

= 3 1 (ii) | 

} .rj/ = 28 J 

In each case we require the graph of 4^ = 28. Proceeding as 
above, we find that the curve is a rectangular hyperbola lying the 
first and third quadrants. 

In (i) is a straight line QS making intercepts 3 and 

- 3'on the axes. 



Fig.' 26. 

M.A,— 34 
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In (ii) is a circle. As the equation is sa.isfied by 

x=4, >'=-7, the graph can be drawn by finding the point R (4, 7) 
and describing a circle with centre O and radius OP. 

The roots of (i) are the coordinates of Q and S ; that is, 
x=7,y = 4 ; or -4, y- -7. 

The roots of (ii) are the coordinates of P, Q, R, and S ; that is, 
.r = 4,j/ = 7 ; .r = 7,j/ = 4 -7,j/= -4 ; "4,^= “7- 


Exercise CLXXVIII. 

1. Plot the graphs of the following. 

(i).ri'=r. (2) xjy=4. (3)xf=i6. (4) ^7=32. 

(5) xy=j2. ( 6 ) xj'-^ss- (7) x_v^36. (S) ri' = 4 o. 


'(4) .r4-.r=7 \ 
>xy=i2 ) 

(7) A--2)'=10 


2)'=10 1 
,r)' = 8o J 


(2) x-r = 3 I 
xjy— iS j 


2 . Solve the following equations graphically 

(0 -t 15 1 

.ry = 36 J 

(5) x^+f^ = 20 ) 

.t:r=8 f 

(8) .r»4-v*=i6 1 

.r^ = 6 j 


(3) .v’' +y 

xy 


r = 25 1 
17=12 / 

(6) .i-- 7=3 ■) 
'.1-7=8 / 

=9 I 
= 16 / 


(9) ar+7 = 9 
xy 


VII. HA.BDER GRAPHICAL PROBLEMS. 

477. The following are typical examples with their solutions. 

Ex. 1. One tap will fill a cistern in 4 hours, and a second 
will fill it in 6 hours. How long will they take to fill the cistern 
running together } 

Measure time horizontally along OX as shown in the diagram, 
ahd let OP (1 in.) drawn vertically along OY denote the capacity 
of the cistern. 

Then OA is the graph of the first tap. 

From C, the point where this meets the vertical 6 h;Our line, 
lake CD = i in. upwards. 
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J’*ig. 27. 

Then OD is the graph of the work clone bv the two taps. 
Now, examining any orclinate QN, we see that QN is the po on 
of the cistern filled by the, two taps, running together, in time ON. 

Since BM = OP; BM is the reqd. time *=2-4 hours. 

Ex. 2 . A workman is engaged for 28 days at AV.i. 4a. pei 
day, but instead of receiving anything, is to pay 8^. a day on ad 
days upon which he was idle ; he receives altogether /\s.26. 4a. ; 
for how many idle days did he pay ? 

Let OA represent 28 days and OB represent 35* rupees. 

Then OC is the graph of the money the man earns. 

Draw AD, OD being 14, the graph of his fines, from the point 
A, instead of from O. 

Now\ examining any ordinate PQN, we see that 

PN represents the money he earns in ON days, 
md QN amount of his fines in AN days ; 

Hence PQ represents the money he actually receives 
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Fig. 28. 

3 S?Thus, take CE = 26^ rupees, and draw EQ parallel to OC to 
meet AD at Q. Draw the ordinate PQN. 

^ PQ = EC = 26i. 


Hence ON represents the no. of days he is at work, 
and AN the number of days he is absent. 

From the diagram, AN*fc5 days. 

Ex. 3 . A walks round a circular track one mile long in 20 
minutes, and B motors round it in 5 minutes in the opposite direction, 
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but starting from the same point. Draw graphs to shew when and 
where they meet, distances to be measured in A^s direction. 

Measure time horizontally along OX as shewn in the diagram, 
and OE vertically along OY to represent one mile. 



, Fig. 29. 

Then OC is A’s graph for one mile. 

Take E as B^s starting point ; then EF is his graph for the first 
5 min. 

Then B is at the starting point. Hence we take LG as his 
graph for the next 5 min. 

Similarly, MH is his graph for the third 5 min. and NKis his 
graph for the fourth 5 min. 

The points P, Q, R, S, where these lines meet, give us the times 
reqd., which are 4, 8, 12, 16 minutes from the start. 

Also the distances are 352, 704, 1056, 1408 yds. from the start. 

Ex. 4 . A, B and C run a race of 180 yards.* A and C start 
from the same point and at the same time, and A covers the distance 
in 40 seconds, beating C by 30 yards. B, with 12 yards^ start, beats A 
by 6 seconds. Supposing the rates of running in each rase to be 
uniform, find graphically the relative positions of the runners when 
B passes the winning post. 

Measure time horizontally and distance vertically as shewn in the 
diagram. 

Take O the starting point for A and C ; then OE, representing 
12 yards, on the vertical axis, denotes B’s starting point. 
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A’s graph is drawn by joining O to the point F, which marks 
40 seconds. From this ppint measure a vertical distance of 30 yards 
downwards to D. Then since FD represents 30 yards, D is C’s 
position when A is at the winning post, and OD is C’s graph. 

Along the time-axis take a point P denoting 34 seconds ; then 
EP is B’s graph. 

Through P draw a vertical line to meet the graphs of A and C 
in Q and R respectively. Then Q and R mark the positions of A 
and C when B passes the winning post. 

By inspection PQ and PR denote 28 and 54 yards respectively. 

Thus B is 28 yards ahead of A and A is 54 yards ahead of C. 

Six. 6. Cl A man walked a certain distance at the rate of 4 miles 
an hour, without delay ran part of the way back at the rate of 6 miles 
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an hour for half-an-hour, then waited for 12 minutes, and walked the 
• remaining distance home in ^ hour. The whole jourriey took him 
hours. Find the distance. 

Measure time horizontally and distance vertically as shewn 
in the diagram. 



31. 

Now OA is the graph of 4 miles an hour, BG is the graph of 6, 
miles an hour (the distance run) and BE=i2 min. the waiting time. 

Take ED==J hour. Through D draw a vertical line to meet 
OA produced at C. Then CE is the graph of his walk at the end 
of the journey. 

Hence the vertical distance of C from OX will give the 
required distance. 

Thus, from the diagram, distance reqd. = 5-2 miles 
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Exercise CLXXIX. 

1. Two taps, A and B, fill a cistern in lo and 20 hours respec- 
tively. In what time will they fill it together ? 

2 . Two pipes together can fill a cistern in 8 min , and one of 
them alone in 24 min. How long would the other alone take ? 

3 . A man can do a piece of work in 5 days, and a boy in 
10 days. What fraction of the work will they do working together 
for 2 days ? 

4. A alone can do a piece of work in i t days, and B alone 
can do it in 17 days. How many complete days they would take 
to do it together ? 

5 . A cistern has three pipes A, B, and C ; A and B can fill it 
in 4 and 5 hours respectively and C can empty it in 2 hours. If 
these pipes are opened in order at noon, i o'clock, and 2 o’clock, 
find when the cistern will be empty. 

6. A labourer is engaged for 30 days on condition that he 
receives 2s. 6 d. for each day he works, and loses u. for each day he 
is idle : he receives £2, js. in all. How many days does he work, 
and how many days is he idle ? (C. E. 1869). 

7 . A travels at the rate of 7 miles an hour, and B at 2 miles 
an hour round a circular track one, mile long, starting at the same 
time from the same point in the same direction. Find the first 
three times when A passes B. 

‘8. A man walked from A to B at the rate of 3 miles an' hour, 
bicycled back without delay for 2 miles at the rate of 8 miles an 
hour, and walked the remaining distance home at the rate of 2 
miles an hour, taking 4 hours over the journey. How far is it from 
A toB? 

9 . A walks at the rate of 2 miles an hour, B at the rate of 
3 miles an hour, round a circular track i mile long, starting from the 
same point, and at the same time in opposite directions. Find the 
times of their first four meetings. 

It 

10. A man receives Rs,2 for every day that he works, but 
is fined 12a. for every day he is absent. After 25 days he receives 
Rs. 2 Z. How many days was he absent ? 

11 . A man receives Re.i, 12a, for every day that he works, 
but is fined Za. for every day he is absent. After 20 days he receives 
the same wages that he would have earned by working steadily for 
Ti days. How many day? was he absent from work? 
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12. Two sums of money are put out at simple interest at 
different rates of interest. In the first case the amounts at the end 
of 6 and 15 years are Rs.260 and ^^.350 respectively. In the secorfd 
case the amounts for 5 and 20 years are Rs.3^0 and Rs.420. Find 
graphically the year in which the principal with accrued interest 
will amount to the same in the two cases. Also from the graphs read 
off the vajue of each principal. 

13. A can beat B by 20 yards in 120 and B can beat C by 
10 yards in 50. Supposing their rates of running to be uniform, 
find graphically how much start A can give C in 120 yards so as 
to run a dead heat with him. If A, B and C start together, where 
are A and C when B has run 80 yards ? 

14. A man walked a certain distance at the rate of 4 miles 
an hour, and then ran part of the way back at the rate of 6 miles 
an hour, walking the remaining distance home in 15 minutes. The 
whole journey took him i hour 20 min. How far did he run, and 
what is the distance ? 

15. A tap which would fill a cistern in 3 hours, and a plug 
which would empty it in 7 hours, are both opened at the same 
instant, when the cistern is empty. How long will they take to fill 
the cirtern ? 



CHAPTER XXIII. 

PROGRESSIONS. 

I. ARITHMETICAL PROGRESSION. 

478. Quantities are said to be in Arithmetical Progresflion, 
when ihey proceed by a common difference. 

TJius, each of the following series is in Arithmetical Progression. 
(A. J>) 

^ 3, 5, 7, 

8, 4, o, -4, .. . 

a^ 2 d., a + ^d, 

the common differences being 2, —4, d, respectively* 

479. The common difference of the terms of an arithmetical 
progression is found by subtracting any term of the scries from that 
7 uhich follows it. \ * 

Thus, in 'the series a-^d., a « + 3^, 

the common difiference = (4Z + //) — «= V« + 2fl^)-(a4-^/)= ^d 

480. To find the «th term of an A. P. 

Let a=ist term, and d= common difference. 

Then the series will be a, a-t-d, a + 2d, a + sd, 

where the coefficient of d in any term is just less by one than the 
number of the term o|jt^ series. 

Thus, the 5t#i t^m = a+4d ; 

19th term=a+ iSd ; 

30th ' term = a + 2gd ; 

and generally, the pih term—a + (p-i)d. 

Henice, if n be the number of terms, and if I denote the last or 
.^th term, we have 

Z = a + (n-i)cl. 

£z. 1. Find the loth term of the series i, 5, 9, 

t Here = 1, ^=5 — I =4, »= lo. 

/. loth term = i+(io- 0x4=1+9x4=37. 
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Ex. 2 . Find the 13th term of the series — 48, -44, -40, 

c 

Here -48, -44-(-48)=»4, «=I3. 

13th term= -48 +(13- i) X4= -48 + 12 x 4 = 0. 

Ex. 3. Which term is 89^ of the A. P, 10, iij-, 13, ? 

Let 89 i- be the ^th term of the series ; 
then, since the common difference = i J } - 10 = i J. 

89^=io + (/>-i)xii ; i 59 = 3 (/-i); 

;*>-i = S 3 , and .'./= 54 . 

Hence the required term is the 54th term. 

Ex. 4 . Is 576 a term of the scries ir, 17, 23,,..? 

Here, the common difference = 1 7 — 11=6, 

Suppose, if possible, that 576 is the^th term of the series. 

57()=ii +(/- i)x6; i=^F= 94 i- 

- and />=g4; + i=9SJ. 

The value of p being fractional, is inadmissible. 

Hence 576 is not a term of the given series. 

481 . Again, beginning at the end of the series, we may write 
down the terms by successively subiracim^ d. 

Thus, if the last term is /, the term before it is the one 

before that is l—id^ the one before that is and so on. 

482 . An Arithmetical Progression may completely be deter- 
mined if any two of its terms aie given, for then we shall have 
two equations, each of the first degree, which solved will give the 
first term and the common difference. 

t 

Ex. The 9th and 35th terms of 'ah A. P. are respectively and 
39:}^ ; find the series and write down the 24th term. 

Let a == first term and common difference. 

Then the 9th term = a + 8^f and the 35th term=aa + 34i/. 

Hence a + Sd=i and <^2 + 34 ^= 394 , so that = - iij, d=i. 

Thus the series is— 1 1 J, — iO;J, —83, — 7J 

Also the 24th terin = a + 23flf~ - iij + 23XI— - ii| +34^ = 224. 
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Exercise CXiXXX. K 

1 . Find the 

(1) sth and 31st term in the series 13, 10, 7,... 

(2) r 13th and 20th term in the series — 3,-2, — i,... 

(3) gth and I 02 hd term in the series i, — — 2,... 

(4) i6th and 51st term in the series - 1 1, 4, 19,... 

(5) 13th and 50th term in the series — 3i,-2i, — 2, 

(6) '40th and 90th term in the series — 2*8, o, 2*8,... 


2 , Find the last term in the following series 

(i) 16, ish I5li- -to 80 terms. (2) 13J, 9, 4j..,to 15 terms. 
(3) II, 17, 23, ...to 95 terms. (4) 2 a, 3a,. ..to 25 terms. 

(5) 6tf — 3^, 4^ — 2^, 2a to 25 terms. 

, (6) 5a + 3^, 3a + 2^, a + d, to II terms. 

3 . Find the «th term in each of the following series : — 

(i) 9 +-y- + 7 J+ (C. F. A. 1884). 

“ + ~ + + (C- F. A. 1886). 

ft n ft 

, (3) (/*«-fA) + («-l)<* 4 *{(«- 2 )a + ^}+ 


, , . 4. Find the 

(r) 3bth and ;zth term of the series — 27 — 20 — 13 — 

, 1/ N, i.w — 2.« — 3 

^ (2) «th and (2«- i)th term of the series 4 + 

n ft ft 


, Which term of the series *6, i*2rT‘8, is 7*2 ? ^ 

6. Which term of the series 3J^, i, — ij, is — 21^? 

^^ 7 .. Is 544 a term of the series 64, 96, 128, 

8. Is — 389 a term of the series 9, 5, i, 

r 9 .‘ If the wth term of the two series 2+31 + 5? + 

187.+ 184? + 181I + are the same, find n. 
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10 The iSth of an A P. of which i is the fust term is 35 ; 
find Its 50th term. , , 

11 . The firstf^^erm pf an A. P is 3 and the 13th term 55 ; find 
the common diffe^ ence. 

12 . The fir^t term of an A P. is 17 and the looth teim-ifi; 
find the 30th terOT- 

The 2iid and 31st terms of an A P. are 7 i and I respec- 
tively , find the /59th term 

14 Find* I he first teim and the common difference of an A. P. 
whose 7th and h 7 th terms are i and-6J 

15 The i{2th, 85th and last term of an A P are 38, 257 and 
395 respectively* Fnd the first term and the number of terms 


483 Suir^ of the Series To find the sum of a given 
number of terms tn Ant/unctical Progression^ the first term and 
the common rente be in^ given 

Let n: denotV the fii t tenn, d the common difference, and n 
the number of %erms Also let / denote the last term and S the 
required sum. ^ 1 hen 

.S + + 2^} + , , +(/— + 

Again, wr ting the senes in the ic\erse order, we hav^ 

^ -/+(/— + (/— 2d?) +• + + — 

'^ow, adding together (ij and (2), we have 
26 = (^3 + /) + («+/) 4 -(i*+/)-F...to n terms 


/. S-. ^ (u+r) 

Also /««+(«- I (2) ^ 


* «= ”(2a+(»- i)d} (3) 

..4 ^ . 

Note- To find the sum of an -.i. ^ of a ^given numlitr of terms, 
formula (l) should be used when the first and last terms are given, but f 3) 
should be used when the first term and common difference are given. 

Bx. 1 Find the sum of 20 terms of the senes 14, 64, T14, 

Here, a^i4f d^ 64 - 14 50, « =* 20. 

/. i9X5o)*wiox978»*978o. 
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Ex. 2 . Find the 9th term and the sun 

Here, « = -I, ^==9- . 

/. /=7 + (9-0x -T-7“8x|^7-i2=:t ^ 5 . 


j^terms of 7, Sh 4 i- 


and .S'=(7-5)x.J«2X J=9. 




Ex. 3. Find the sum of 7 terms of the* series g, -p-, , 

Here, « = T, w = 7* | 

/. 5=i(2xi+6x -,\)=J(i^^i) = ixo=o. ; 

In this case, the series, continued, is J, o, - 4 , — J[,— 
..... , where the first 7 terms together amount tQ) zero. 




Exercise CLXXXI. ' 

1 . Find the last term and sum of the follo\viot, . 

(l) 2, 5, 8, to 10 terms. (2) 3, 9, 15, ' to 13 terms. 

' (3) 7 » 5 i 3 , to 24 terms. (4) 4» - 3» - io,.J....to 20 terms. 

.(5) h 2, to T2 terms. ( 6 ) 5, 8, ti, ’ to 17 terms. 

^ (7) i t'l!, t\ to 6 terms. ( 8 ) 

<*^(9) 40,38, 36, to 36 terms.y^(io) 4, -J, i, 


..to n terms, 
.to 100 term s 


. the sum of the following series : — 

to 1 6 terms. 

’ V • • -to 1 1 terms. 


(2) 1, 3, 5, to 2Q terms. 



■■ ^3 tenths. 

.V ^ i,...to 8 terms. (8) i, 4, t, to 15 terms- 


R9)\4* r to 10 terms. 

2 |, 44, to 20 terms. 


(to) .^, y, I, to 10 terms. 


(12) ?„ “U, to loterms. 

(13) 12, 9 t, 7, to 35 terms.^(i4) -17, -12, -7, ...to ii terms. 

^(15) tV» Jj to 8 terms aind 3 « terms. f 

{i 6 y.ay 3rt, s^t to « terms. (17) 2^, sVt, 45, to « terms. 

•'(iS) d, to 19 terms. 

(19) n5-3^, 2a- 5^, 3a-7^, to 40 terms and ?? terms. 

*(20) 3jr4-4jK, 5^ + 2_y, yx, to n terms and (2/1+ 1) terms 

(21) 17 J, 14J, toj, to 24 terms. (B. P, E. .1883), 

f(a2) i to 20 terms. 

a a a • 



ARITHMET 


^,23) + +7®) 4 -(i + to n tefmb 

^ (c J A 1880 , P I P 1891) 

(24) 3 + 4 + 8+9H-I3+ 14 + 18 + 19+ ..to 20 terms (c r ^ 1881) 

12“^ 

(25) «- , 3« , 5«- , to « terms 

3 bind the sum of n terms of the A P whose 

(1) 1 st and Tooth terms aie 17 and — 16 respectively 

(2) 1 2th and 50th terms aie 5 and 9J respecti\elv 

4 The 8th term of an A P is double the 13 term , prove that 
the 4th teim is double the iitli term 

5 If there aie 6 terms in an A P , the sum of the fiist and last 
lb equal to the sum of the 31 d and tth (P i 1 1893) 


484 IW means of the equations j.ivtn in ^rt 483, when any 
thiee of the quantities ^4 A ^ i,ivtn, w* may find the otheis 

Ex 1 Whit numbti of teims of the selts 10, 8, 6, .. must be 
taken to make 30 ^ ind wh it number to make 28 ’ 

(1) ^ = 30, ^z=io, 2 


/- 30 = 2 ^ 20 - 2 («- 


i)h from (3) 


= «(i 1 — n) , /, IW+ p-'O 

Bn sohiOf^ tins quadr itic, we shall obtain 
which satisfies the <juestion, since the sz^//i term of Ijie 

(11) j = 28, JO, — 2 

/, 28 = ”{2o- 2(7/- i)b from (3) 

= n{ii —n) j w*-* ii« + 28=o. 




Now, from the abo\e quadratic, we obtain or 7, either of 
which satisfies the question, since the 5th, 6tb, and 7tlr terms of the 
series, viz 2, o, -2 together*- zero 


^ Ex 2 How many terms of the senes 3, 5, 7, make up ^4 ? 

4 Here, j*=24, «=3, <^=*2 

24s»”( 6 + 2(«- l)J«»(« + 2) ; /, «® + 2«-24«*0 

Solving this quadratic, we shall obtain ««4 or -6, of which the 
first only is admiss:|ble by the conditions of the question 
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Ex 3 The sum of lo terms of an A P , whose first term s 3, 
IS 41 1 find the common difference 

Here, y=4ii,so that the equation (3) of Art 480 gives 
4ii = \(6 + 9^) or45^«iii, 

Ex 4 The first term of a series in A P is 3, the last term 90 and 
the sum 1395 find the number of terms, ind the common difference 

If n be the number of teims, then from ( we have 

1395 = 2(3 + 90) » whence «=3o 

If dhe the common diffeience, then we have 
= the 30th teim 

-3 + 29^^ /. 


Exercise OLXXXII. > 


1 The fiist term ot t s in A P is 1 and the colh 

mon ditference 2 , find the sun teims 


first term of in netic senes is 2, the common 
!7j^d the last term 79 11 1 the number of terms 

fedm of 15 terms of an arithmetic senes is 600 and the 
difference is 5 , find the fiist term 

first terfn of an A P is 13^^ the common difference 
teim •$ , find the numlier of terms 

& IJ terms of an A P is 14:;, and the common 

w I , fihrd the first term 

Fi5>4h^ many terms of the series 13, 12^, ii§, must 

i zero 

T 4 fe sum of a certain number of teims of the series— 7- 51^ 
* us I33 J find the number of terms 



% How mam| terms of the senes 7, 6, 5,. ...must betaken 
tomai5e-H24'8?^;^ 

Find n m each of the following cases — 

(i) o**»32, d^-Si j=s-2Q75 (2) rf==6, s^^oy, 

(3) am I, d^ li, ^-94i (4) /f«~ 7 , J«-43S. 

How many terms of i 2+2 4+36+&C amo\ant to 163 2^* 

%tl The first term in an A P is i, the number of terms is 3/; 
what must the con^mon difference be, m order tfl^t the sutn may 
be t49i? (C f a 1864). 



12 . How many terms of the serfes 5 + 7 + 9 + &C., must be taken 

ip order that the sum may be 480? (P. 1. E. 1889). , 

13 . The 5th term of an A. P. is -5, apd the iithterm-23; 
find the 30th term and the sum of 30 terms. 

14 . The nth term of an A. P. is 36 and the 20th term 27; 
find the first term and the sum of 25 terms. 

15 . The sum cn the 8th and 4th terms of an A. P. is 24 and the 
sum of the 15th and 19th is 68. What is the series ? 

16 - The sum of 24 terms of an A. P. is - 18 and the 7th term 
is 2. Find the series and the sum to 48 terms. 

17 . '“‘Find the last term in the series 201, 204, 207,..., when the 
sum^ifi 8217. ^ 

^“^ 18 . If the sum of n terms of an A. P. be and the common 
difiference 2, find the4irst term. \ 

* 


485 . The following are ly» i examples with their solutions. 

Ex. 1. Find the A.P. which is such that the sum of terms is 
^Ivvays i'/;(3« + i) for all values of n, — ' 

Putting n= i, the sum of one term, ?>., |stterm=s2. 

I’utting « = 2, the sum of two terms = J x 2(3.2 + l)=« 7^ the 
1st term + the 2nd term = 7, i.e. ^ 

the 2nd term = 7 -the 1st term = 7 -2=5. 

The A.P. is thus 2, 5, 8,^ ... 

Note. This methdd is open to objection, for it is based tm the assiimp^ 
tion that a .series must be in A.P.y wliich may not sometimes happen. 


2nii Method. Let 5 ^ denote the sum to r terms of the series, 
that will denote the sum to ( r- i) terms.* Then . 

the rth term = , . 

Now S^^lr^ + ir, and .S’,.. , 1)^+ J(r- i). 

/, 5 ,. - .SV - . = (^ - I)®} + J {r - (r - 0 } 

= f(2r- i) + i« 3 ^- 

Then makiiig L 2, 3, &c. the result follows. 

5 . 'Ex. 2 , In ah A.P. shew that the sum of any two terms equi- 
4 i]^ant from the beginning and end is constant. 

*‘“m.a.-35 ^ 
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Let ^jE=*=the first term, r/=the common difference and /=the 
1 /ist term, so that the rih term from the end = /— (r— i) Art. 481. , 

Also the rth term from the beginning = « + (r-- i)d 

Hence the sum of the rth term from the beginning and the 
rth term from the end 

= fl + (r— !)</+/— (r- i)d 

— a + /^ which is constant, being independent of r. 

Ex. 3. Find the middle term or terms of a series in /LP. of /i 
terms, whose first and last terms arc a and I respectively. 

First. Let n be odd^ and of the form 2/+1. 

Then, obviously, there will be one middle term, viz. the (;^ + i)th, 
there being / terms before, and / terms after it. 

Now 2/ + 1 = ; /, / = — I ) and / + i = (?/ + 1 ). 

Hence the middle term or the ^(« + i)th term 
= a+ ^ ^ - I + 

(where d is the common difference). 


Secondly, Let n be even, and of the form 2/. 

Then obviously, there will be two middle terms, v\z. the pih 
and the (/+i)th, there being /— i terms before and/ ~i terms 
after them. 

N ow, 2/ = ?t ; /, p—\n and / + i = \{ 7 i + 2). 


Hence the two middle terms, />., the /Ih and (/+ lUh terms 
are and respectively, 

(where d is the common difference), 
i.e. l{2a-\-(n — 2)d) and y,2a + ^2d) respectively, 


na * {n — 2)l 


2{n-i) ’ \ w-i/ 


Not©- The sum of the two middle terms 


Ex- 4 . In the two series 2, 5, 8, &c., and 3, 7, ii, &c., each 
continued to 100 terms, find how many terms are identical. 
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Let the rth term of the first series be identical with the /th 
term of the second series. 

Then, by question, 2 + (r- i) X3 = 3 + (;^- i) x 4. 

3r-i=4;J-i, or 3r=4;?> ; S, r=p^lp. 

Let J^==;7z, th^^=3w and /, r=^fft. 

Now, since r and p must each be a positive integer not greater 
than TOO, therefore in must not be greater than 25. 

Hence 25 terms are Identical. 


Ex. 6. If the sum of n terms of one A.I\ be to the sum of 
n terms of another as i +277 : 54-377, find the ratio of their 4th terms. 

Let ^7 = first term and /7 = com. difif. of the ist A.P. 

and — and /> = 2nd 


\n{ 2 il-h(ll — l)lf\ __ _ 14-27/ 

!,n{2 A 2A+{n- i)B~' 5 +37/ 


Now ^ to obtain the ratio of the 4th terms, we must find the 


value of 


/>., of 


2a -t bb 
2A+6B ’ 


Therefore, making ,7 — 7 in (i), we have 

2a 4- 6 /^ *'*' « 4- 3<^ I -+- 1 4 1 5 

2/1+(>'B A~+3/r 5 + 27“ 36 ' 


Ex. 6. Find tlie sum of the series in the nth group of 
4 4-(6 4- 8) 4- (to 4- 12 + 14; 4- (164- 184-20 3- 22) 4- 

The no. of terms of the series 4,6,8, 10, ...in the first (n—i) 
groups is evidently the sum of the series 1 +3 4- 3 -f ...to (n—i) terms 
= 57/(7/ — r). .Similarly, the no. of terms of the above scries in the 
first n groups = \ n{7i 4-1). • 

Now, the sum of the series 4, 6, 8, 10. ..to ln{n+i) terms 

== in^n 4- 1 )[2 X 4 4- { i»(« 4- 1 ) - I } X 2] = in^(n + i )* + }n{n*+ 1 ). 

Similarly, the sum to hn{n^ i) terms 

=s ^7/2(7/ — 1)^4 - J-«(7/ — t), (writing n— i for //), 

Hence the sum of the series in the nth group 
=» W\{ji 4- 1 )*-(«- I 4- hn{(n 4- 1 ) - (« - 1 )} 

= i7/2 X 47/ 4- f 7/ X 2 = «(//'•* 4- 3). 



548 


.MATRICULATION ALGEBRA. 


^XBxercise OLXXXIII. 

y 

1 . If the first term of an arithmetic series be~i, and the 
common difference = the sum of n terms of the series is 

2 . Trove that the sum of the rth and («-r)th terms of an 
A* P. is equal to the sum of the first and {n- i)th terms. 

. 3 . If the sum of // terms of an A. P. is always equal to 
for all values of find the first term and the common difference. 

4 . 'fhe sum of the latter half of 2;/ teims of any Arithmetical 
series = one-third of the sum of 3/2 terms of the same series. 
Trove it. (c. F. a 1876). 

5 . The sum of ti terms of an A. P. is 222^ ; find the first term 
and the common difference, (c. v a. 1878). 

6 . If the sum of n terms of an A. P. be for all values 

of «, prove that its «th term is always (22/— \ 

7 . The sum of « terms of two series in A, P. are as i+3;2: 
17 -2/2 ; compare their fifth terms and their rth terms. 

8 . If the ;;2th term of an A. P. be n and tlie /nh term m ; of 

how many terms is the sum + ;2— i) and what is the 

last term ? 

9. The />th term of an A, P. is a and the yth term is b. Show 
that the sum of the first {p-\-q) terms is 

+ (M. r. A. 1887). 

10 . If the sum of the first n terms of an A, P. be one-third of 
the sum of the next n terms, prove that the common difference is 
double of the first term. 

11 . If the (p — q)th and {p+q)ih terms of an A, P. be 7 h and 
n respectively, find the^th and <7th terms. 

i 2 - The sum of the first ten terms of an A, P, is to tlie sum 
of the first five terms as 13: 4 ; find the ratio of the first term to 
the common difference. 

13 . The sum of n terms of one A. P. is to the sum of n terms 
df another as 2«+ i : 3/2—1 ; find the ratio of their 9th terms. 

If the sum of n terms of an A, P, be Tg ”(5 " 3^)5 the 

7th term. 
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15 . The sum of m terms of an A. P, is /i, and the .sum' of n 
terms is m. Find the sum of {m^h) terms and also the sum pf 
(w-w) terms, 

/ I6. Sum to n terms the series whose rih term is 5?^ +4. 

17 . ‘ The sums of n terms of two arithmetic series are 'as 
3« + 3i : 5«-“3 *1 shew that their ninth terms are the same. 

Vl8. Find the sum of ii terms of art A. P., of which 121 is the 
j^fdddle term. t- 

y^l 9 . Find the first term and common difference of an A. P. in 
^lich the sum of n terms is equal to + 5//. 

20 . Find the sum of the series in the «th group of 

(i) 2 + (7 + i2) + (i7 + 22 + 27) + (32 + 37 + 42 + 47) + 

(2) I +-(8+I5) + (22 + 29 + 36) + (43 + 5o + 57+64) + 

(3) (i+ 3 )+( 5+7 + 9 + ^i) + (i3 + *5 + ^7 + 19 + 2I+23)4- 

21. '['he series 3 + 9+ 15 + .. .and 24-7 f 12 + ... extend each to 50 
terms ; find how many terms are the same in both. 

23 .' The series 3 + 8 + 13 + ., .and 4 + 6 + 8 + extend each to 

100 terms ; find how many terms are the same in both. 

• 23. Find the sum of 15 terms of an A.P. of which the 8 th is 6. 

24 . 'Fhe sum of the first and fourth terms of an A.P, is 19 and 
the sum of the third and sixth terms is 31. Wha4 is the first term ? 

^ 25 'Fhe first and last of (2« + 1) terms of an A.P. are a and h. 
Write down the sum and the middle term of the series. 

26 . Find the rth term of a series the sum of whose first n terms 
is 32?z- for all values of n. 


27 . If i^th, rth terms of an A.P.^ shew that 

/ 28 . Find the sum of the first n numbers of the form 3^+1, 

29. The first tw'o terms of an A.P. are i\ and 2V How 
many terms must be taken that the sum may be 17 1 ? 

30 . If s be the sum of an Arithmetic series whose first term 
is a, and common difference is 2a, find the number of tei ms and 
the last term. 
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466. .Arithmetic Means When three quantities are in 
Arithmetical Proj^ression, the middle one is called the Arithmetic 
Mean of the other two. 

Thus, if r/, b are in A.P.^ x is called the Ariih^netic Mean 
(A. M.) between a and b, 

By definition of A.l\ given in Art. 479, we have 

x — a=^h-‘X \ /, 2.r=:rt + ^ and /. x=l{a-\-b). 

'i'hus, the Arithmetic Mean of any two quantities ts half their 

sum, 

487. When any number of quantities are in arithmetical pro- 
gression, all the intermediate terms are called the Arithmetic 
Means between the fiist and last terms. 

Thus, to insert any number of a 7 'ithmctic means between two 
given quantities, is the same as to determine an A.l\ whose first and 
last terms and also the number of terms are given. 

488. To insert n arithmetic means between two quantities a 
and b. 

Let d be the common difference of the required A.P, 

Here, we have to find an A,P, of (« + 2) terms, of which a is the 
first, b is the last, so that b is the (n + 2 )ih term of the A.P. 

the (7/-l-2)th term of a series, whose first term is a and 
whose common difference is d, is 

a + {n + 2 -i )dj i.c. « -h (// + i )d. (Art. 480) 
‘^a-Y{n-\‘\)d—b,,Qx{n-\-\)d—b — a\ 


The means may now be easily determined ; for they are 

a + 2 d, <2 + 3^/, a-\-nd. 

, V ,j {n — f) i)a pb 

1 he pih mean = a ■\-pb ~ a +p ( j ~ * 

Thu:.s, on calculation, the means will be found to be 
na-\'b {n—i)af2b {n — 2)a + '^b a + nb 

« + i * w-h I ’ n+\ ’ «+ 1 

/ Ex. 1 . Insert 3 arithmetic means between 6 and 26. 

,t Here, we have to find' three numbers between 6 and 26, so that 
the five may be in A,P, This case then reduces itself to finding 
when a=6, 26 and «= 5. 
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We have 26»6 + 4<^; whence 

Thus the means required are ii, 16, 21. 

Ex. 2 . Find the number of Arithmetic means between 1 and 
19, when the first mean is to the last as i to 4. 

Let n be the number of means, and ^?'=the com. difference. 

Then the ist mean = T+^/ and the last mean= 19 — r/. 

Hence, by the question, 

nj-ii=i .4; 4+4^/= 19- rtf ; /. r/=3. 


T. T l'—(t 

Ihil - = 

« + 1 


18 
n + j 


. 18 

• • «+ I 


3, and /. 


Exercise CLXXXIV. 

1 Write down the arithmetic mean of 
(i) 7 and 13. (2) 9 and -9. (3) and x~j/, 

/ 2 . Insert 4 arithmetic means between 2 and 17. 

3 . Insert 9 A.A/’s between 3 and 9 and 7 between — 13 and 3. 

' 4. Insert 4 A.M.^s between 2 and — 18. and 8 between — 3 and — :J. 

5. Insert 10 arithmetic means between —7 and 114. 

6. Insert 9 between (i) — 2J and 4-4, and (ii) -3'^ and 2'.*,. 

7. Find 4 arithmetic means belw'cen 4 and 324. (c. V. A. 1890). 

8 Insert 10 arithmetic means between ^a — 63 and 

V 9 . Find the sum of n arithmetic means inserted between 
a and A 

^ 10. There arc n Arithmetic means between 3 and 17 ; and the 
5th mean : last mean :: i : 2 ; find //. 


•^ 489 . Natural Numbers. *The numbers i, 2, 3, 4,...ave called 
the natural numbers. 

Bx. 1 . Find the sum of 14-2 + 3+44- to ;/ terms. 

Here, the «th term = «. Hence j=lw(n + l). (Art. 483). 

, Ex. 2 . Find the sum of 1+3 + 5 + 7 + .... 

/ Here, the nth. term - 1 +(«— i) X2 = 2» — i. 


to n terms. 
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. Hence, j=Jw(i +2«- i) = i« X2«=w-*. 

/• Thus, the sum of n consecutive odd numbers beginning with 
unity is n®. 

Ex. 3 . Find the sum of all the even numbers which are g^reater 
than 150 and less than 350. 

The first even number greater than 150 is 152 and the last less 
than 350 is 348, of which common difference is 2. 

If « be the no. of terms, we have 

348= i52 + («- t) X 2, which solved gives « = 99. 

Hence, J=i X99X (t52 + 348) = .Vx99 x 500 = 24750. 


Exercise CLXXXV. 

' 1 . Find the sum of the first 40 odd numbers w'hich are greater 

than 150. 

' 2 . Find the sum of all the odd numl>ers between 100 and 200. 

•' 3 . Find the sum of all the even numbers which are betvvecn loi 
and 999. ^ 

4. Shew that, if ijhity be added to the sum of any number of 
terms of the series « 16, 24, &c., the result will be the square of an 
odd number. 

% 5 . Find the sum of all the numbers between 100 and 500 which 
are divisible by 3. 

* 6. Find the ^um of all the numbers between 100 and 1000 
which are divisible by 7. 

' 7. If <*, b^ c^ d are in A.P.^ shew that + + 

8 . If b. c are in prove that a“{b + c\ b\c + a) and 

c^{a+b) are in A.P. 

/ 9. If aK b^ and C' be in A.P.. prove that - j ~~ and —9 
' , ’ * b + c ’ c+a cL^b 

are in A.P. 

10 . If the roots of the equation {b - c)x^ + (r’ - a)x + (a - = o are 

equal, prove that b^ and c are in A.P. 


w' 490. 

tmmiers. 


To find the sum of the squares of the first n natural 
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* Let S be the required sum, so that we have 

5 =i 2 + 22 + 3 ‘^+ 

We have 3.r2 - 3^; + 1 ; {identically). 

Putting w, «-i, //-2, 3, 2, I for x in the above identity, 

we have 

n"-{n-iY = yi^ - 3 « +1, 

(«- \ f-{n- 2 f^^{n- i) + i^ 

{■n - nf - - 3)s ^ ^{n - 2)2 - 3(« _ 2 ) + I, 


3= -2’’ 

— j*.? 

“So 

+ 1 

2 *^-i 3 

— 3.2- 

-3*2 

+ i 

and 


-31 

+ 1 


Also there are n of these equations. 

Adding together the vertical columns, we obtain 
^ 5 - 0 ^ = 3 ( 12+22 + 3 *-+ +;; 5 ) 

- 3 (i-h 3 + 3 + +w) + «x r, 

i.e. (Art. 489 . Ex. 1.) 

' 2 2 

2 ~ 2 ’ 

. Hence 

o 

V 491. To find the sum of the cubes of the first n natural 
^numbers. 

' Let S denote the required sum, so that we have 
.S*=i 3 + 2S + 3 '' + +«2. 

We have x'^ — (,r - i 4.r2 — + 4;r - i , {identically). 

* Putting «, «— I, 2,...3, 2, i for x in the above identity, we 
have 

i)*i= 4 «’’ - 6«2 +4;? -I, 

(«- I )*-;■(«- 2)^ =s 4 («- i )2 + 4 (;^- i)- I, 

{ n - 2)* - (« - 3)*= 4(« - 2)® - - 2)2 + 4(?; - 2) - i, 


1 

to 

= 4-3® 

-6.3* 

+ 4-3 

-I, 

2 *- I* 

= 4.2® 

-6.2* 

+ 4-2 

-I, 


= 4-1* 

-6.i« 

+ 4.1 

- 1. 
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/ Also th'ere arc n of these equations. 

Adding together the vertical columns, we obtain 
«*-o*= 4 (i^*t- 2 ^ + 3 ’* 4 -^.. -6(r“ + 2-H-3- + ... 

-f 4(1+ 2 + 3 + ...+«)-« X I, 


i.e. ;/^ = 4.-V--6x 


n \ ;/ + \ y 2/2 + 1 ) 


+4X - 




6 ■ ■ 2 

(Arts. 490 and 489 Ex. i) 

= 4.S' — ni^n + 1 )(2;/ + 1 ) + 2n[n + i ) - 7/ ; 

/. 4.V = ;/(/2 + T X 27 / + I ) - 27/(7/ + 1 ) + 7 / 

' = 7 /( 72 " + l) + 72':7/ + I j{i2« + l)-2^ 

= «(«+ l){(7/--// + l}+(277~ l)} 

= n{n + I )(7r + 7 ;) = n\ 7 i + 1 y. 

■ Hence 5 = 

Cor. Thus we see that 

iH 2® + 3^ + ... + /2^= =(i ^2 + 3+ ... + 72)'-^. 

i. €. The sum of /he cubes of the first n ?iaiu 7 'al number: Is 
equal to the square of the suju of these first n natiu al niifubers. 


492 . Problems. The methods employed in solving the 
following examples deserve special notice. 

Bx. 1 . 'fhe sum of three numbers in A, P. is 21, and the 
sum of their squares is 179 ; find them. 

Let the middle number be x and the common difference of the 
numbers be 9/, so that they are x and a'+j/ (this being a con- 

venient assumption in problems of this kind). 

Then, we have {x-y)+x-{-{x-\ry) ov ^x — 21 (i) 

and {x --yf + .r'** + {x +j/f or + 2y^ = 1 79. . .(2) J 

Prom (i) .r = 7 and 2^= i79-3;r2= 179- 147 = 32 ; /.,9/=i4. 

Hence the reqd. numbers are 3, 7, and ii. 


Bx. 2 . Find five numbers in A. P. whose sum is 15 and the 
sum of whose squares is 55. 

Let X be the middle number and y the common difference, so 
that the numbers are x — 2y^ ^+9' and x^^-zy. 
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We have then [x - 2^) + (.r -j') + ,r + (.v -rj/) + (^ + 2/) == t 3 . ..(i ) \ 

and {x - 2j/f + (a' -j/)- + + (x + v)'-^ + {x + 2j')“ = 55 . • .(2) .J 

From (i), 5v=i5 and /. A' = 3. 

From (2) 5 a^ 4 - 107“= 55, or ^- + 2/-= 11. 

/, 2y-=ii-A-=ii-9 = 2 ; /. y==±i. 

Hence the reqd. numbers are 1, 2, 3, 4, and 5. 

Bx. 3 . A man stands by a heap of 100 stones. How far must 
he walk, carrying one stone at a time to place the stones separate- 
ly, at intervals of 10 yards apart, in a stiaij^ht line having one 
end where the heap is ? 

To carry the ist stone, the man shall have to walk 20 yds. 

2nd 40 yds. 

3rd. ..., 6o)ds. 

and so on, till he carries the 99th stone, for one stone should 
remain at the place where the heap is. 

Thus, we have to sum the series 
20 -H 40 + 60 4- , . to 99 terms. 

V Hence, distance travelled on the whole 

= -V* {2 X 20 4 - 98 X 20} yds. = (-V’ X 20oo)yds. = 99000 yds. 


Exercise CLXXXVI. 

1 . How many strokes a-day do the astronomical clocks make, 
which strike from one to twenty-four? 

2 . How many strokes does a common clock make in 12 hours ? 
and how many, if it strikes also the half-hours y 

3. Find the three numbers in A. A, whose Sum shall be 21, 
and the sum of the first and second* J that of the second and third. 

4 . There are three numbers in A. A, whose sum is^ 10, and 
the product of the second and third is 33} ; find them. 

5 . Find three numbers in A, P. whose sum is 21, and the sum 
of whose squares is 155. 

6 . Find three numbers in A. P. whose common difference is 
I, such that the prociuct of the second and third exceeds that of the 
first and second by j. 
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7 . Find five numbers in A, P. whose sum is 40, and the sum 

of whose cubes is 4720. j 

8. Find five numbers in A. P. whose sum is 40 and the sum 
of whose squares is 410. 

9 . Find three numbers in A, P. whose sum is 21 and whose 
product is 315. 

10 . A debt can be discharf^ed in a year by paying one shilling 
the first week, three the second, five the third, ; required the last 
payment and the amount of the debt. 

11 . Divide 25 into five parts which are in A.P.^ and which are 
such that the sum of the squares of the least and greatest of them, 
is one less than the sum of the squares of the other three. 

12 . A number of three digits is equal to 26 times the sum of 
the digits and the digits arc in A.P ; if 396 be added to the number, 
the digits are reversed : find the number. 

13 . One hundred stones being placed on the ground at the 
distance of a yard from one another, how far will a person travel, 
who shall bring them, one by one, to a basket, placed at the distance 
of a yard from the first stone ? 

V ' 14 . A class consists of a number of boys whose ages are in 
A.P.^ the common difference being four months. If the youngest 
boy is just eight years old, and the sum of the ages is 168 years, 
find the number of boys in the class. (C. F. A. 1872). 

-'' 15 . A sets out from a place and travels 2\ miles -an hour. 
B-sets out 3 hours after A, and travels in the same direction, 3 miles 
the first hour, 3^ miles the second, 4 miles the third, and so on. 
In how many hours will B overtake A ? 

16 . A man saves each year A’j.io more than he saved in the^ 
preceding year and he saves Rs.xzo in the first year ; in how many 
years will his savings, not including interest, be more than Aj.iooo? 

17. The sum of three numbers in A.P. is 18. The sum of the 
squares of the first and third exceeds twice the square of the middle* 
one \yy 32. Find the numbers, 

• 18 . A person is employed to count A’j. 12000. He counts at the 
rale of A\v.i5o per minute for an hour, at the end of which time he 
begins to count at the rate of Rs.2 less every minute than he did 
the previous minute Find when he will finish his task, and explain 
the fact that two solutions ocrur. (m. f. a. 1886). 
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II. GEOMETRIC All PROGRESSION. . 

493. Quantities are said to be in Geometrical Progression* 
^vhen they proceed by a (ons/anf facto7\ 

Tims, each of the following’ series is in Geometrical Progress- 
ion ( 6 \ P.) : — 

I, 3> 9, 27,.- 

4, I, I. A,— 

1 \ 1 .. I. , 

^ V “ -J - 

a, itr, nr^, ... 

the constant factors being 3 , -j, — 1 , r, respectively. 

494. 'I'lic constant factor is called the common ratio of the 
senes, which may be foiincl bv tlividitii^ any term of the series by the 
term precedhii^. 

Thu^>, in the series <2, ar^ ttr'',... 

, . ar ar- ar’^ 

the common ratio== ; = 

a ar ar’‘ 

495. To find the nth term of a G. P. 

-Let 1st term, and r= common ratio. 

'riien the series will be a, nr, ar^, ar^,... 

Avhero the indeK of r in any term is just less by one than the number 
of the term. 

Thus, the 7lh term = <•?;” ; 

T3tb terin=rrtH'-^ ; 

30th term = ; 

and generally, the /th Xenn^ar^’K 

Hence, if n be the number of terms, and I denote the last or 
^zth term, we have 

3x. 1. Find the 8th term of the series 8r, -27, 9, 

Here rt = 8i, r— - J, = - i, ; 

Hence the 8th term = 8i x(- J) 7=.34x - ^ 

3 3 " 

496. When any two terms of a series in Geometrical Pro- 
gression are given, the series can be completely determined, for 
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then we shall have two equations to determine the first term and 
the common ratio. 

Ex. 2 . P'ind the G.P. whose 7th term is i and whose nth term 
is V®. 

Here, we have and 

Thus, by division, r^— and so r—j. 

Hence ('z(J)‘^=i, that is, <^ = 2^ = 64. 

Thus, the scries is 64, 32, 16, 8,... 


Exercise CLXXXVII. 


1 . Find the 

(1) 5th and 14th terms of the series 9, 3, 1, 

(2) 6th and i6th terms of the series 2, —3, .. 

>^'.(3) loth and ;/th terms of the seiies 6, -2, n, 

(4) 8th and 17th terms of the series *6, *03, ‘0015. 

/ (5) 12th and «th terms of the series --j, — 


.• 2 . Find the «th term of the series ^ H- ..(c. r. a. i 8 &' 6 ). 

^ V 3 3 \ 3 

3. Write down the T2lh term of the series 2,-2 4,... 

4 . P'ind the last term of the series 3, -3-, 3^...to 2n terms. 

‘ 5 . P'ind the/th term of the scries a, aK 

6 . What is the fifth term of the G.P. whose first term is 3 and 
whose third term is 4 ? 

^ 7 . The 5th term of a G.P. is 20 and the 8th term — 160, find 
the «th term. 


8 . The second term of a G P. \s 4 and the 5th term 256 ; find 
the series. 

' "The fifth term of a geometric series is 8 times the second 

/md th( 


the third term is 12 ; find the series. 


10 . The fifth term of a geometric series is 4 times the thirds 
and the sum of the first two is — 4 ; find the series. 


il. Find a geometric series, whose first term is 2 and 7tb 
term is ^4*. 
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18. Given 6 the second term of a geometric series and 54 the 
fourth, find the first term. 

13 . 1'he 3rd term of a C.P, is i, and, the 6th term is ; whrft 
is the loth term. 

14. Find the series in which the 5 ih term is 'f-* and the Qlh 
term is 


497. Sum of the Series. 7h find the sum of a j^iven imvibet 
of ter 7ns in Heomcirical r7'oxrcssion^ the first ter?7/ and the co77i7no7i 
7-afio beifi<^ qiven. 

I.et denote the first term, r the common latio, n the nuinbei 
of terms, and .S' the sum the terms. Then 

S—a'\-ar-\‘a7'^-\‘a7‘^ + ... ; (i) 

Multiply by r ; then 

.Sy= (ir-\-af‘^ + a7^+ ... + a7^~^ + a7‘^^ ( 2 ) 

Hence, by subtraction of (i)fioni ( 2 ), we have 
.Sr—S=a7*'“-a ; 
z.e. S{r - I ) = i ) ; 

. . ar^* - a r” - 1 . . 

.. =<e--_^ (,) 

Changing the signs in numerator and denominator. 


Note. The foim (2) is Ihc most convenient lo use when r is i/Lrofrc. 

Ml denote the la'^t term, we have 

r-ij 


so that the formula (i) may be written 

_ r.ar*^~‘^ — a r1 — a , 

-^= “ ,^_i ; ( 

a form which is sometimes convenient to use. 


Ex. 1 . Find the sum of 3-6+ 12- ...to 6 terms. 
Here, rts*3, r— 2,77 = 6; 
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Ex. 2 . Find the sum of 4 terms of the series i, — 

Here, <1= I, « = 4 ; 

_ 3 ^ 25 6-8 1 
7 3* 

= - -5 

7-f 27 ■ 

^ Ex. 3. Find the sum of 2I - i + |-&c., to 5 terms. 

J I ei e, n— ’iy r— — -J, « = 5 ; 

-2^ 

, - 1 . 

^ 5 .,v^ 5 . 5 ‘* 

2 - 1; - 1 2 5 

= 5 Vi±^2l3.1^ 3^57 ^j 2 oi 

2*7* 5" 14 5”“* 250* 

Ex. 4 . Determine the ?7th term and tlie sum of n terms of 
r-VV + A-iW + &c. 

Here, a = ]! , r= — j-’., — 4 = - ; » 

7 /th ternl=■-H-J)’*“^=-i(^)”'•(- 0 "■^ 
and S^l. = -«)"(- O"}- 

‘ “ t “ *.t; a 

Exercise CLXXXVIII. 

1 . P"ind the last terra and the sqm of 

(i) T+4 + 16 + &C. to 4 it^rms. (2) 5 + 2 o 4 - 8 o + <Src. to 5 terms, 

o) 3 + 6+ 12 + &C. to 6 terms. (4) 2 - 4 -f- 8 -&c. to 8 terms. 

(5) i - 44 ‘I 6 -&c. t<^7 terms. (6) i - 2 + 2^- &c. to 10 terms. 

{7) r +2+4 4-&c. to 6 terms. (8) 8i-27 + q-&c. to 8 terms. 

2 . Find the sum of 

(1) j + 7.+tV + &c. to 8 terms. (2) i+.J+,^ + &c. toJ6 te«ns. 

(3! ff + i+-M-&c. to 6 terms. (4) 3 -^ 4 -.jV-&c. to 5 terms. 

' <5) 9‘-6+4 -&c. to g terms. (6) 100-404- 16-&C. to 5 terms. 
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3. Find the last term and sum of the following series 

•s 

(1) T+2 + 4 + 8 + . ; to « terms. - 

(2) 8 + 20 + 50+125 + to « terms. - 

(3) I + 3 + 9 + 27 + to 9 terms and to n terms. ' 

(4) I — 2 + 2® — 2^ + to 10 terms and to n terms. 

(5) 35 + 2:^+i| + to 8 terms and to n terms. 

(6) t + to « terms. (7) to « terms. 

(8) *2 + *02 + *002+ to terms. 

(9) (It)"^ + 2“^+ (2t)’^+ to « terms. 

(10) V + H — ^—r + to 10 terms. ^ 

'2 >^2 , 


4. Sum the following series : — 

(1) I — +^ -&c. to 6 terms, (p. l. K. 1888). 

(2) I “(s)^ + i “&c. to n terms, (c. F. a. 1865). 

(3) - r + I + ^ -+&c....to T 8 terms, (r. i. K. 1891). 

JS v 3 

(4) 2+ Av/2 + T+»?tc. to ;/ terms, (p. i. F.. 1890). 

'’II 

(5) -9“+ 1- , +cK:c. to 10 terms. 

^ V3 v '3 

I I I ^ 

( 6 ^ ,Jx + ^'- + 3 + ^ + ^ i- terms. 

5 . Find the sum of n terms of the following series : — 

(i) i4-| + (4)*+ ( 2 ) i-! + ^-V-+ 

(3) Tiy “6 + V/-““ ^4) '~TZ^ 



X x^ ax^ X x^ 


! 4 S 6 . The following are illustrative exampljes-— 

Ex. 1 . In a G.P-, shew that the product of any two terms equi* 
;tant respectively from the first and the last terms is constant. / 

S uppose a is the fi rst term and r the common ratiq^ 

M.A.— 36 
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Let the two terms be the ;^th term from the beginning and the 
pth term from the end, both the terms inclusive. 

. The ^th term from the beginning 

Also, the ;>th term from the end is the («-^+ 0 th term from 
the beginning, and hence it is 

Hence their product = = ar^~^ 

= <a/=a constant. 

Bx. 2 Find the middle term or terms of a series of n terms 
in G. P, 

Let a, ar, denote the series to n terms. 

FtrsL Let n be oM 

Then there will be one middle term, 7/12. the ^^^^th term, 

n*t - 1 ^ 

anditis=^r ^ar Jal, 

Secondly. Let n be euen. 

ft M ~ 4 ~ 2 

Then there will be two middle terms, vis, the - th and' th 

’ 2 2 

terms, and they are 

- _ I ^ + 8 ^ J n -’a n ' 

ar^ and ar or ar ^ and ar ®. 

Note- It should be noticed here, that the product of the two middle 
terms 

n 2^3 « 


Ex. 3 . Sum to n terms the series whose pih term is { — lYa^^. 
When /= i, the first term = (- i)a*= - a*, 

When ^=2, the second term=( — i)2<2®r=«8^ 

When ^ = 3, the third term=«=(— 1)'’^^®= — and so on. 
Hence, the first term= and com. ratio =• —a*. 






-a^-i 


1 


{(-I 1}. 


Ex. 4 . The sum of the first 10 terms of a certain G. P, is 
equal to 33 times the sum of the first 5 terms. What is the common 
ratio ? 

Let tr — the first term and ^=the common ratio. 
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Then, by the question, we have 

a{ T - ^ ^ a{ i - r^) ^ . 

I —7' I —7' > • • 


I+^'^^SS* or '^=*32 


r==2, • 


,/ Ex. 5. If S be the sum of an odd number of terms in G. P, 
^and .S’' the sum of the series when the signs of the even terms are 
( hanged, prove that the sum of the squares of the terms will be SS\ 


Let rt = the first term, r=the common ratio and 2«+i = no. 
of terms. Then 

.V= a + a7'-{'ar^ + + . 

I —r 

and y = a-«r + ar^-...+.«.*»= 

i+r 

1—7^ 1— ^ 

Also + + +..,+(a7^“)®== J * 


?Ience the result. 


Exercise CLXXXIX. 

1. If all the terms of a 0\P, be multiplied or divided by the 
same quantity, the resulting terms will form another G. P. with the 
same common ratio, 

3. If every alternate term of a G. P. be taken away, the remain- 
ing terms will be in G.P. 

3 . Shew that the reciprocals of the terms of a G.P.^ are in G.P. 

4. If /}, c, ff be in shew that ad=bc. 

5. Shew that the product of any two terms of a G.P.^ which are 
respectively equally distant from the first and the last terms, is equal 
to the product of the first and last terms. 

6. From three given numbers which are in G. A, three other 
numbers in G.P. are subtracted, and the remainders are found to be 
also in G, P . . prove that the three series have the same common 
ratio. (B. P. E. i8go). 

7. If an odd number of quantities be in G.P., prove that the 
first, the middle, and the last of them are in G.P, 

U If ad be the ( 2 w-|-i)th term of a G.P.^ whose first term is a, 
find the middle term. 
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.9. The sum of three terms in G.P. is 63, and the difference of' 
the first and third terms is 45 : find the terms. 

10 . When the number of terms of a series in G, is even, 
shew that the product of two terms equidistant from the beginning 
and end is equal to the product of the two middle terms. (P.i.E. 1890;. 

11 . Show that the sum of n terms of a G.P. beginning with the 
pth term is times the sum of an equal number of terms of the 
same series beginning with the ^th term. (m. k. a. 1884). 

12 . A G. P. has 2n terms. The sum of the n odd terms is 
equal to a and that of the n even terms is d. Find the G. r. 

13 . If there are six terms in G. P.^ prove that the product of 
first and last is equal to the product of third and fourth. (P.i.E. 1893). 

• 14 . In a G.P. if the term^;/^, and the (/ — ^)Lh term — 

find the/th and the //th terms. (B. P. K. t888). 

15 . The sum of the first four terms of a G.P. is 40, and the 
sum of the first eight terms is 3280 ; find the series. 

16 . Shew that the product of all the terms of a (t./\ is equal 
to the «th power of the middle term, when n is odd , and ’s equal to 
the J«th power of the product of the two middle terms, when « is 
even {n being the number of the terms in each case). 

17. If c, riho in G.P.y prove that 

( 1 ) + /r?' + + 

(2) + and are also in G.P. 

*(3) {(i-\rb-\-(:-\-dy' — {a-rbf + {c + df-\-2{b-\-cy‘. (c. F. A. 1900). 

(4) {a-df--{b-cY + {c-ay^ + {d-b)'^. (c. F A. icjoo). 

( 5 ) + b‘ + c^)(b'^ + ^-2 + d'^) = (ab + bo- + cdf. 

, 18 . If ti, < 5 , and are in A. P. and z in G. Z'., prove that 
— x^y^z^. 

19 . If Q and P be the ;^th, ^th and rth terms of G. P. prove 
pQ-r Qt-P.Rv-a^zi. (B. P. E. 1889). 

80 . Show thaf the 2«th term of a geometrical series is the 
mean proportional between the nxh and 3wth terms, (c.f.a. 1877)- 

21. If a be the first term and be the last term of a 

geometric series, and be the first and a the last term of 

the same series reversed, and if the terms of the first series be 
divided by equidistant terms from the beginning of the second, then 

tfie sum of the resulting series will be^— (c. F, A. 1868). 
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22 . If S be the sum, P the product and P the sum of the reci- 
procals of the series <2, &c. to n terms, prove that 

(c* F. A. 1883.) 


23 . The common ratio of a series in Geometrical Progression 

IS 3 ; the sum of the first and third terms is equal to the squares of 
the first and second terms ; find the sum of n terms. If « = 6, shew 
that the sum is 364. (c. F. a. 1866). 

24 . If Cy X be real quantities, and if 

{a^ 4 - - 2b{a + c)x 4 - 4 * c^=Oy 

prove that by c are in (J. P. and x is their common ratio. 

25 . If .S' denote the sum of a-Var-^-ar^-^- , and R that of 

, each to « terms, prove that aS=lRy when / is 

the last term of the first series. 


26 . If Sy^y S^y fic tfic sums to fly 3« terms of a G, P. 
respectively, prove that 

(i) .S'l + .S'2‘^ = ‘^\ ( ‘^"2 + S 3). 

(ii) 5^(63-. So) = (b. p. e. 1882). 

27. Prove that in the product 

(i ■\-x-\‘X^’\- + +x^^)y 

the coefficients of odd powers of x is zero, and of even powers 
unity. (H. P. E. 1893). 

, 28 . l( n terms be in G. P.y whose common ratio is r, and 

denote the sum of the first m terms, prove that the sum of the 

V ' 

products of every two terms = 


499 . Sum to Infinity. If r be a proper fraction, i, c.y if r 
be <: 1, its powers, r^y r\ &c., will, a fortioriy be also <: i, and 

or^^ — (X 

itherefore, <2^’* will be < : hence, instead of writing 

which fraction both numerator and denominator are ncgativcy we 
may write, in this case, 

i-^r ^ I I -r ' 

Now the greater we take the value of n, {i.e. the more terms we 
take of the series) the less will be the value of af^ ; and, by taking 
n sufficiently great, we may get as small as we please, only never 
so small as actually to vanish. If ar^ vanished, we should have the 
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sum of the series— ; but since, however small may be the vaUie 

, I — r 

of ar", the second fraction will never actually become sero^ it follows 
that the sum of the series will never actually reach the above value, 
though, by increasing «, i.e. taking more terms of the series, it may 
be made to approach it as nearly as we please. 

On this account, the Limit oi the sum of the series, + 

+ , or sometimes (but les? correctly) ^the sura of the series 

ad infinitu 7 n or the sum of numbcr^J^l terms, in which r is 

numerically less than unity ^ {s • / 

Note. It is usual to denote the Ijimit of such a sum by S. 

Ex. 1. Find the Limit of the sum of the series i + i + J + 

Here, a=i, /. —= 7^2 ; 

}'~-S i 

i.e. the more terms we take of this series, the more nearly will their 
sum = 2, but will never actually reach it. 

Ex. 2. Sum 24 ^ - + To - to infinity. 

Hence, <2 = 2^, 

/. reqd. sutn= -- = !=f x I-=U = 2Vi. 

500. Recurring Decimals are examples of infinite geometrical 
series. Thus, for example 

•9282828 denotes to + y^+ 

Here the terms after to- form a G. P.^ of which the fij^t' term is 

28 , , . . I 

and the common ratio is 

Hence the sum of an infinite number of terms of this series is 

Therefore the value of the recurring decimal is 
9 ^ __ 891 + 28 _ 919 

10^990“ 990 ””990’ 

Note. The value of a recurring decimal may be found practically 
thus : — 

Let *9282828 

then ioj« 9*282828 

and 1000^ = 928*282828 

Hence by subtraction, (1000 — 10)^=928 - 9 ; 

so that 990J«=9i9, /. 
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Exercise CLXL. 


1 . Sum to infinity the^ following series : — 

(1) 4 + 2 + I+- (2) J + 4+I + (5) + 

(4) — ^5) + ^ / (6) 

(7) ^+T + 3 + A+ (c. F. A. 1888). (8) i + TV + T7 + 

(9) 432+324 + 243 + (C. F. A. 1894). (10) J+»+^V + 

(11) 3-I+7--J + (C, F. A. 1876; B. P. E. 1886). 

(12) 2-j + jW — (13) 2 — 1^+5“ y/(l4) 'f ^+? + A + ^ 

(15) 9 +^ + 4 + (* 6 ) 2 + s + i + iV + ... (17) 3^ + 2^ + ij + .... 

(j8) -3I+1I-4+... -(,9) (Ij)-14.2-1 + (2§)*1+... (20) 6-2 + ?-. 

(21) 6-34-T — 4 + (2iiso to n terms), (c. F. a. 1878). 

(22) 48-36 + 27-20! + (also to « terms), (c. F. A. 1879). 

/V II I . / X I * . I 

(23) I- -+--,— —5 + .... (24) '-4 

' ^ 10 10^ 10^ 2 2'2® 2*2“ 

(25) I + (a' <: i). 

2 . Sum to infinity ; — 

■« (C. P. ». ,886-. 

(2) (>/2+l)+I+(.y2-l)+ (C. F. A. 1887).' 

(3) (2+ \/ 3 )+i+( 2 - \^ 3 )+ (<'■■ »'• A. 1891). 

(4) + «v^1 +4 VI + (s) I+(n/2 — l) + (3 — 24^2) + 


* 5-2J2+’■*■^+2V2■^• 


/ N I I . I 


sli^ ’sjh (9) («*-^‘‘)+(«-2r)+^+ 


( \ ^ X a.r ^ ax^ 

(I +xy^ (I (I +;r)«'^^'*’ ‘ 


3. Find the sum of an infinite number of terms of the series 

b c ct b c u be 

« + -+ 1 + -1+ ^+ IS+ T+ - 3 + 

r 

4. Find the values of the following recurring decimals ; — 

(I) -2343434 ( 2 ) -43285285 ( 3 ) 75363636 
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5 . U 2i and i be the first and third terms of a G. find the 

sum of the series aci infinitum, ** 

6. In a G. P, continued to infinity, the common ratio being less 
than unity, each term bears a constant ratio to the sum of all the 
terms which follow it. 


•9 eu .u \.o tnf, i-r 

7. bhew that — ; ; =- ^ ~ = . 

u +ar‘\-ar^ +ar^+ , , Ao inf l+r 


y 8- Given u and d the first two terms of a deci easing geometric 
series, find the sum to infinity ; and the sum of the same series to 
inf, commencing after the «th term. 

'Q. The first term of a Geometric series continued to infinity 
IS I, and any term is equal to the sum of all the succeeding terms. 
Find the senes, (m. k. a. i88i). 


10 . In an infinite G. P, whose teims are all positive, the 
common ratio being less than unity, piove that any teim is r>, = 
or < the sum of all the succeeding leims, accoidmg as the common 
ratio is <;, = or > J. (ii. P. l. 1887). 


11. If .Sj, .S’j, S,y,,,Sj, are the sums of infinite Cieometnc series, 
ise " 

, respectively, prove that 
*5*1 4- -Sg + ..S g 4- . . . +■ .S', = if ip 4- 3)* 1^8 


12 . If ^2, .Sn are the sums to n terms, zn teims and to infinity 
of a G, P., shew that 

- S^), (c. r. A. 1877)- 


501 . By means of the equations of a G. P, given in Art. 482, 
we may find any one of the four quantities a, r, «, and s, when the 
other three are given. It is not, however, generally easy to find 
when the othei quantities aie given, because this quantity occurs 
in the form of an index The student should be able to guess at 
Its value in the simple instances we shall here give j but in other 
cases, it could only be found by the aid of logarithms. 

Ex. 1 . In a G, P. the first term is 4, and the sum of the first 
8 terms is yjg. Find the common ratio. 

I 

Here, « *4, w = 8, And J = VYi so that Vt , 

which simplified gives I28r^-255r4- i27«o ; 
or 256^^- 510^4-254 =*o ; /. (2r)'*- 1 -255(2r** i) = o. 

Hence, 2r-i (being a com. factor)=o, and 
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. , £x. 2 . How many terms of the series 6,-3, 5 ...must be taken 
lltat the sum may be 4^ J J ? 


Here, a= 6 , - 1 and ; 

so that, if M be the number of terms, we have 

729 2' 

Heilce:(-^)»=i-f^x ‘.=(-3)®; 

729 9 6561 3“ " ' 


W=:8. 


502 . In the case of an infinite Geometric series, the cases 
•considered in the preceding Article are much simplified. 

Ex. 1. The sum of an infinite 6\ P, is 4 and the second term 
13 2 , find the series. 


Let a be the first term and r the common ratio. 


Hence, = 4...(i), and 

By di^^ion^ we have “^')= = 

/, - r+j\ = o , whence \ or J . 

As Koth the values of are less than unity, both are admissible.. 
Also from (2) a=f-Hr=3 or i. 

Hence the series is either 3, J, &c. or 1, &c. 

Ex. 2 . 'I'he sum of an infinite Geometric series is 3, and 
the sum of its first two terms is 2^. Find the series. 

Let a be the first term and r the common ratio. 

Hence, “^■-^ = 3*«*(0 and a+ar=2|...(2). 


By division, we have 3 x | = J. 

l-r“=?and.'. ^“=1-^=^; and/. r=±J. 

Hence, from (i) rt-=-- 3 (i + 5) = 2 or 4. 

Thus, the series is either 2, 3, &c...or 4, - J, &c. 


Exercise CLXLI. 

1. How many terms of the series 2 - 3 + J - &c. must be taken 
that the sum may be-ST^V? 

2 . The first term of 2l G, P, is 12 and the sum to 6 terms is 
39 lil- i'^ind the common ratio. 
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«l 

^ ' 3 ,. The first term of a G. exceeds the second by 2, and the | 

‘*^sum to infinity is 50. Find the series, (c. F. a. 1892). * 

A 

4 . The sum of an infinite Geometric series is 2, and the second 
term is-f, find the series. 

5. If the sum of a G, P. continued to infinity be n times the 
first term, find the common ratio. 

6. Qiyen the first term 3, the last term 768, and the number 
of tep»S^9, to find the common ratio. 

7. The sum of a G.P. whose common ratio is -3 is -1092 and 
the last term is - 1458. Find the first term. 

8. Given <2=5, r=4, /*= 327680 ; find s and n. 

9. Find the G. P. whose second term is-^ and whose sum to 
infinity is 

10 . The sum of an infinite G. P. is 10, and the sum of the first 
two terms is 6§ Find the series. 

11 . The first term of an A. P. is the same as that of a G. P,y 
and the common difference of the one and the common ratio of 
the other are both 2 ; and the sum of 5 terms of each series is the 
same. Find the 5th term of each series, (c. F. a. 1873.) 

12 . Find the G. P, whose sum to infinity is 9, and whose second 

term is -4. ^ 


503 . Geometric Mean. When three quantities are in Geo- 
metrical Progression, the middle one is called the Geometric Mean 
jpf the other two. 

Thus, when a, x, h are in G. P., x is called the Geometric Mean 
iG. M.) between a and b. 

By definition of G. P., we have 

-= /, x^^ab\ and x=^^ Jab. 

a X 

Thus, the geometric mean of any two quantities is the square 
root of tfieir product. 

Note. It is worthy of notice here that quantities which are in 6*. /V 
are in continued proportion (Art. 409), and that the geometric mean of two 
quantities is the same as their mean proportional. 

504 . When any number' of quantities are in geometrical pro- 
gnsssion, all the intermediate terms are called the Geometric 
Means of the two extremes. 
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Thus to insert any number of geofnetric means between two 
given quantities, is the same as to determine a G.P»^ whose tirst and 
last terms and also the number of terms are given. • 

505 . To insert n geometric means between a and b. 


Let r be the common ratio of the required G. P. 

Here, we have to find a G, P. of (« + 2) terms, of which a is the 
first term, b the last, so that b is the (« + 2)th term of the G* P, 

Now, the («4-2)th term of a series, whose first term is a, and 
whose common ratio is r, is 

/, so that r^^^^—bja ; 

and 

The means may now be easily determined ; for they are 
ar, ar^, ar\ ar^. 


The «th mean 




Ex. 1 . Insert 3 geometric means between 2 and loj^. 

jHere, a=2, ^=ioi j /, r=(ioi-i-2)^= (U)*=4. 
Hence the means are 3, 4J and 6J. 


Exercise CIjXLII. 

1 . Insert '• ' 

(1) 3 G. M's between r and 16, and also between J and 128. 

(2) 4 G. M's between- and 3^, and also between J and - * 

(3) 3 G, M's between 4 and 324. (c. F. A. 1890). 

(4) 5 G, M's between and 4I. 

(5) 3 f 7 . M's between 2 and 32, and also between 37 and 2997. 

2 . Insert 5 mean proportionals between 8 and 27. 

* 3 . Insert 2 G, M.'s between and 

4 . If « geometric means be inserted between a and b, prove 

n 

their product is (ab)^, 

5. The arithmetic mean of the first and third terms of a G. P. 
is five times the second term. Find the common ratio. 

^ 6. Insert two numbers between 6 and 16 such that the first three 
may be in A, P. and the last throe^in '6^. P- 
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■ 7v Find the ratio oi a : b when their arithmetic mean is to their 
geometric mean as 13 : 5. * 

- 8 . If c be in G. P.^ and x and j be the A, Af.'s between 
b and b^ c respectively, prove that 

2 I I , a c . ON 

and 2=-^ + . iP. I. E. 1892). 

0 X y xy 

9 . Find the geometric mean of 9;r‘^-24;ir4- 16 and 4jr® + 2o;r + 25. 

10 . 'Fhe G, P. between a and b is to their A. M. as m is to « ; 

shew that a ; ^ = ; n- (a. l. E. 1889). 


506 . Problems. The following are illustrative examples. 

Ex. 1 . The sum of three numbers in G.P. is 21 and the sum of 
their squares is 189 ; find the numbers. 

Let Xy xy and xy^^' be the numbers, so that we have 

x{i = and ;r^(i 189. . .. (2) 


Dividing the square of (i) by (2), we get 
I +y + y‘'^ __ 21 X21 
18^ 


= 5 , which solved gives ^=3 2 or -J. 


Hence from (i) .r = 3 or 12, so that the numbers are 3, 6, 12. 


Ex. 2 . The sum of three numbers in G. P. is 21, and their 
product is 216. Find the numbers. 

Let xjyy Xy and xy be the numbers, so that 

* r X 

'--\-x-\-xy = 2i..,{i) and ^ ..r..ry = 2i6...(2) 

From (2), a'^=2i 6 and ,r=6. 

„ (i) • +i+>' = Y=i, or^'^- J)/+i=o ; 

y 

which solved gives j/ = 2 or }. 

Hence the numbers are 3, 6 and X2. 


Exercise CLXLIII. 


1 . The difference between the first and second of four numbers 
in G, P. is 12, and the difference between the third and fourth is 
300 ; find them, 

2 . The sum of three quantities in G. P, is 24^ and their product 
^ is 64 ; find them. (a. 1. E. 1891), 
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3 . The continued product of three numbers in G,P. is ,and 
tfie sum of their products, taken in pairs, is 156. Find the"numbers. 

♦ . 

4. The sum of three numbers in G. P, is 38 and the Sum of 
their squares is 532 ; find them. 

5 . A man saves each year half as much again as he did in the 
previous year. If he saved /?j.40o in the first year, in how many 
years will he have saved 7^.9.8312. 8/1. ? 

6 . Suppose a body moves eternally in this manner, viz. 20 miles 
the first minute, 19 miles the second, miles the third, and so on 
in Geometrical Progression ; required the utmost distance it can 
reach (c. F. A. 1864). 

7. Find three numbers in G. P , such that their sum is 19, and 
their continued pvoduct is 216. 

8. 'I'he population of a country increases annually in ( 7 ./^, and 
in 4 years was raised from roooo to 14641 souls ; by what part of 
itself was it annually increased ? 


Ill HARMONICAL PROGRESSION. 


507. Any number of quantities are in Harmonical Progres- 
sioix when the difference between the first and second of any three 
consecutive of them is to the difference between the second and the 
third as the first is to the third. 


Thus, ti^ b, i\ c &c., are in Harmonical Progression {IL P.\ 
if a — h \ b — c \ \ a \ 

b — c:c — d::b:dy and so on. 

508. The redprotah of quantities in Harmonical Proj^ression 
are in Arithmetual Proi(?-ession. 

Let a, b, c be three quantities in H. Z'., then 

a — b:b — c\'.a\c\ /, c{a — b) = a{b — c)^ 

, ox ac^bc^ab^ac. Divide by ; then * 

I I 1 I / I I I • ^ 

- are in 

b a c b b c » 


Thus, since i, 3, 5, &c , -i, -J, &c., are in A. their reci* 

procals I, &c., 4, -4, - &c., are in HP. 

509 . We cannot find the sum of any number of terms of an 
Harmonic series ; but many problems with respect to such series 
may be solved by inveriinf^ the terms, and treating their reciprocals 
as in A. P. 
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Ex. 1. The 15th term of a H, P. is and the 23rd term is 
ix * find' the series. ' 

‘ Let a be the first term and d the common difference of the 
-corresponding A, P, ; then 

25 = the 15th term = ^ + 14^ ; 
and 41= the 23rd terra = <2 + 22^ ; 
whence d^2 and — 3. 

Hence the P. is - 3, - 1, i, 3, 5 ; 

and the //. P. is-L .t, i) 

Ex. 2 . Continue to 3 terms each way the series 2, 3, 6. 

Since 5, i are In A. P. with the common difference- 
the Arithmetic series continued each way is 

M fil TT) ft) jr ♦ 

and the Harmonic series is 

I, h 5 ) 2, 3 ) 6, 00, -6, -3. 

Exercise CLXLIV. 

1. Find a //, P in which 

to the 3rd term is Tys, and the 21st term is j\. 

(2) the 2nd term is and the 15th term is 

2 . Find the «th term of the series 

4 4 “ 4t 4 " 4tV 4 “ 5 4 " &c. (C. F. A. 1886). 

3 . Find the series in P., in which the 39th term is yV and 
the 54th term is yV- 

4 . Continue the //. P, to 3 terms each way 

(1) 2, 4, I- (2) 1 4, 2 |, 3 j- (3) I, 14. >!• 

5 . The 1st and 5th terms of a P. are 3 and 7 ; find the 
20th term. 

6. Find the fni\\ term of a H, P., whose first term is whose 
last term is c, and wl%pse number of terms is n, (m. f. a. 1884). 

7 . “^In a //. P.y if the ^th \trm==qr and the $rth term=j^r, prove 
that the ;"th term=/>^. (a. i. e. 1892). 

8. If the wth term of a H, P, be and the «th term m, find 
the (?«+<f)th term. 

9 . tf P^ ^ and rth terms of a H. P., shew that 

{.q-r)QRHr-p)I^P'^{p-q)PQ^o. (B. P. E. 1887). 
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10. An v 4 . P. and’a jP.' have the same first termy the same 
apt term and the same number of terms ; prove that the product of 
the rth term from the beginning in one series and the rth term from 
the end in the other, is independent of r, (B. P. E. 1890). 


610. Harmonic Mean. When thre'h quantities are in Har- 
tnonical Progression, the middle one is called the Harmonic Mean 
of the other two. 

Thus, if x and h are in H. A, then x is the Harmonic Mean 
between a and b. 


Hence, by Art. 493, we have A. P. 

•• .r X* •• b'^ aT' 

, 2ab 

” ^~a + h‘ 

Thus, the harmonic mean of two quantities is equal to twice their 
product divided by their sum. 

Cll. When any number of quantities are in harmonical pro- 
gression, all the intermediate terms are called the Harmonic Means 
of the two extremes. 

We find the harmonic means between two given quantities by 
first finding the arithmetic means between the reciprocals of the 
tv/o given quantities 

512 . To insert n harmonic means between a and b. 

Insert n arithmetic means between \ja and ijb. 

From Art. 474, we see that they are 


ah ah a b a o 


n^-i 


«+ 1 


^ + I 


*••**:* I ’ 


nb-Va in- j)b + 'in (n~-2)b + ^ a b-\ na = 

\n-hi)ab^ {n-hi)ab ’ / (« + 1 )ab (n+i)ab^ 


Hence the required harmonic means are 
(n+i)ab (n + 1 )ab _ 

a + nb ’ 2a + {n-i)b^ ^a + {n-2)b^ 4a + b 


Thus, the pth mean = 


{n + i)ab 
pa4-[n-p^i)b* 
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Bx. ii*r^rt 4 harmonic rrieans between 2 and 12. 

» Here, we have to insert 4 arithmetic means between J and jV* 
Hence, by Art. 488, we have 

= ^ + 5^} so that 5^” ”* and /, 

Hence, the Arith. means are s* } ; 

and /, the Harm, means are 2?, 3, 4, 6. 


513 . If A, G, H be the arithmetic, t^eometric, and harmonic 
means between a and />, we have proved that 


A = ‘^~ (I); G=^a6. (2) 


H = 


2 ah 
a + 


■( 3 ). 


514. To prove that G is the (geometric mean between A and 
rl ; and that A, G, H, are in order of majjnitude, A being the 
greatest. 


C,. A ^ + ^ J LI 

Since A = , and H — 


A X H = - X = G ^ ; 

2 a-^r ) 


Also, ~ 

’ 2 a -\-b 


"a^-b' 

( 7 — s/a//, or (7 is the Geom. mean between A and //. 

2ab __ (a-\-b)'^ - 4ab ^ (a-b)'^ 

2(a + b) 2{a-\-b) 

= a positive quantity for all positive values of a and 3 . 

( 

Hence A is > //, and of course, 2> C 7 , whose value (being the 
Geom. mean between them) lies between those of A and //, 

Thus, A, G, and // form a descending G. Z'*. 

515 . Three quantities a, h, c, are in Arith., Geom., or Harm. 
Progression, according as 

-b a 

'Z » 


a-b 

F-c 


a- 
b-e 
a 


a a 

or --= ‘ , or = - . 
h c 


(I 


= i ; a-b^b -'C, and a, b, c, are in A,P, 


(ii) ^ ^ ab - = ab - ac, or b^ — ac’, 

/, bja^c/b, and a, b, c, are in G.P, 

(iii) ^ ac-bc—ab-ac, or (dividing each by abc)y 


I I I I , III ‘ y, n 

~ ; whence - are in A.F., 
b a c b a b c 

and a, b, c, are in H,P. 
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2 . 

3 . 

6 . 

6 . 

7 . 

8. 

9 . 


10 . 


11 . 

12 . 


13 . 


U. 


15 . 


16 . 


Exeroise CLXLV. 

Insert 

(1) 2 harmonic means between 2 and 4. 

(2) 6 harmonic means between 3 and 4V 

(3) 5 harmonic means between 3 and 1^5. 

F'ind the Ariih., Geom. and Harm, means between 
(I) 2 and 4^ (2) 3^ and ij. 

Find a fourth harmonic proportional to 6, 8, and 12. 
Insert 3 //, /l/.’s between 4 and 2. (c. F. a. 1867). , 

Insert 4 //. M.'b between i and 30. (a. i. k. 1892}. 


If a, b and c are in prove that 

I I I I , I I TT r. 

+ / . 1 / + + --7 are in ILP. 

a b + c h a c n-\-b 


If rt, b and r bo in A.P.y prove that 

' " » A/ '7"TT\ 1891). 


Frove that (x'^+y%t- +:\jf+y^)y x*+xy^-\-jy* and 
(.r* - .tjK t are in //J\ 


If ii, b ^nd c are in //./\, prove that 
a b ^ c 


b-^c' c + a 


and 


a-\-b 


are also in //.P, 




The A.Af. of two numbers exceeds the O'.M. by and the C 7 .M, 
exceeds the //.AL by g. Find the numbers, (c. F. a. iSyc/p — ' 

The sum and difterence of the Arith. and Geom. means between 
two numbers are 9 and i respectively ; find them. 

The Harm, mean between two numbers is Jt; of the Arith. 
mean, and one of the numbers is 4 ; find the other. ^ 

The difference of the A,M. and //.M. betwj^en two numbers 
is ij ; find the numbers, one being four times the other. 

Find two numbers whose difference is 8, and the //.M. between 
them is ij. 

The square of the A,Af, between two numbers exceeds that of 
’the G.Af. by 400, and square of the O.A/. exceeds that of the 
//.Af. by 144. What are the numbers ? (c. F. A. 1874). 

Find two numbers such that the sum of their A.Af.y G,Ai,^ and 
H.M. is 9^, and the product of these means is 27. 
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17. If ay b and c be in A.P ^ and and d in H,P.y prove that^ 

(ly by c and d are proportionals. 

18. If ayy be the A.APs, /i,, //^ the // AJ.'s and the G.AfJs 

between a and b^ she\v that 

2 (m, a, 1891). 

19. If rt, b and r be in y/./\, prt>vc that 

(1) d^ •\~c-^ 2 b'\ if ^7, b and c he positive. 

( 2 ) « : 7 ‘ : : 20^^^- be ; 

20 . If by and c be in AJ\y and //“, b'-‘ and in Jl.P.y prove that 

either — b and c aie in 0.7’., or else Uy by and aie equal. 

(c. F. A. 1904). 


IV. OTHER SIMPLE SERIES. 


516 IJesides the Progressions, there are some other simple, 
but important, senes the siutessive uims of which a.e formed 
according; to simple laws. VVe shall non lonsider the summation 
of some such senes, which depend on tlie lules laid down 111 the 
preceding Articles. 

Ex. I. Sum the series i. 2 + 2.3 + 3.44- . ...tow terms. 

Here, the ?th term of 1+2 + 3+. ..is r, 

add the rth term of 2 + 3 + 4 + is r+i. 

Hence the r\h term of the given seiics r (7-+i) = r^ + r. 

Making r=i, 2, 3, «, in succession, we have 

the series = (i“ + 2^ + 3- + +/7') + ; i + 2 +3+ ...+«). 

TI J «(//+ l)(2/7+ l) , nff 7 +\) o r. X 

Hence sum reqd.= • -- , (Arts. 490 & 489). 

^ /7(/7 + 1 ) f 2 J 7 + 1 ^ j 1 _ wfw + I Xw + 2) 

~ 2 } 3 'j 3 


Ex.^ 2. Sum the series i“ + 3“+3" + .. .. to w terms, (m.f.a. 1889). 

Here, the rth term of 1+3 + 5 + is 2r-i.r M 

Hence, the rth term of the given series is (2r— iXs=4r^ — 4;-+ i. - 


Making i, 2, 3, . . in succession, we have 

the series«4(iH2H3* + +//-)- 4(1 -i 2 + 3 + + w) 

+ H + 7 + to« terms.) 
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^ 7 / 4 - I;(2//+ l) 7/(7/ 4 - l). 

Hence, sum read = 4 x,-— — 4 x - 4- 1 x 7f 

o 2 

4 M (7/=^ - I ) 


= 27/(77 4- I ) - l| 4-7/ ^ 


4-7/ 


7/(47/“ - 1 ) 

T~~’ 


Ex. 3 . Sum the series i 4-34-64- J 04* 15 -h to 7 / terms. 

Let .s' denote the leqd. sum, and the 7/th term. 

Then .S'= I 4-34-64- 104* 1 54- 

also .S'= 14-34- 64-104- 4-/«.i4-/«. 


Hence, by subtraction, we have 

o = (i -+-2 4-3 4-44- 5 4 - to 7/ terms)-/,,. 

I 4-24-34-44-54- to 7/ term.s = i 7/(7/ 4 - 1 ). 

= . 1 ( 7 /- 4 - 7 /). 


Makhfg 7/-~i, 2 , 3 , ...successively, we get 

the series=lV. t"4- 2 - 4 - 3 - -h... - 4- 77*0 4- (l 4 - 2 4 - 3 4-.. .4-7/)). 

/ I 77;^774- I; 27/4- 0 . W(7/4- I) I 

Hence sum reqcl.= 1 ^ *^2 / 

, 7/0/ I /27/4-r . \ 7/1// 4- 1 )(7/-j-2) , 

3 ^‘) = - 


Ex. 4 . vSum to n terms the series 


,6 


5 + 55 + 555 + 5555 + 

The given series = ^ 7 ( 9 + 99 + 999 + 9999 + ) 

•= -;;Uio - i)4-(io-~ i)4-(io^- 1 ) 4 - ) 

= ,}{( 104 - io‘'*4- to 7 / terms) 

— (i-f-i4-i-l-. .. tOT/ terms)}. 

Hence sum reqd. = ^ - 0 ” 


Ex. 5 . 5 um to 7/ terms the series 

1+3 + 7 + 15 + 3 * + (C. F. A. 1876 ). 

Let S denote the reqd. sum and the nth term. 


Then 5=i +3 + 7 + i5 + 3i+ +^«, 

also 6 '= 1+3+ 7+15+ +/«-!+/«. 



580 


MATRICULATION ALGEBRA. 


Hence by subtraction, we have 
• o=(H-2+4 + 8 + i6+ to « terms) ; 

2** I 

/• 1+2 + 4 + 8 + 16+ to;/ terms = = 

2 — 1 

Making 2, 3, successively, we get 

the serie5 = (2+2‘^ + 2'’ + ...to ;/ terms) -(i + i + i...to n terms) 

_ ^ - « == - (// + 2). 

2-1 

t, 

- IJX. 6. Sum the series ^ +— - + ^ +.. to « terms. 

1.2 2.3 3.4 

Here, the ;'th term=: — ^ . = ^ 

’ r{r+i) r r+i 

Making i, 2, 3,...«, in succession, we obtain 
theseries=(f-^)+(i-^)+(. 4 -:}) + ... + („i^-^) + (;-„-^) 

” ;; + I ;; + 1 ’ 

(since all the terms except the first and last destroy one 
another). 

Note. When n is infinite, is zero. Hence the sum of an 

w+ r 

infinite number of terms of the given series == i. 

617 Mixed Series. The nh term of such a series consists 
of a pair of factors, one of these factors forming an A.P. and the 
other a G. P. 

Ex. Sum to « terms the series I +3;r + 5;r* + 7.r* + .... 

Here, the factors i, 3, 5, ...form an A,P.^ whose first term is 1 
and whose common difference is 2, so that the «th term=i + 
3 U-l) = 2»-I. if 

The other factors i, jr®, ;r’...form a G,P.y whose «th term=;ir"'^. 
Hence the «th term of the given series = (2« — i).^*’^. 

Let S denote the required sum ; then 

^•=H-3A: + 5;r* + 7;r=' + . +(2«-i);r"-^ (i) 

Multiply both sides of the equation by Xy 

5 .ar«.jr + 3;r2 + 52:=’ + ... + ( 2 «- 3 ) 5 r«-i+( 2 «-i);r« 


( 2 ) 
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Subtracting (2) from (i), we have 

S—Sx= I + 2;r + 2 + 2,r‘' + + 2;ir”"^-(2« - , 

or 5 (r -x)= i+2x{i + i):r*‘...(3) 

liut H-.r 4 --v® I- ... is ii O. J\ of («- i) terms, having i as 

the first term and x as the common ratio, and thus the sum 
- 

~~ I -x 


Hence, from (3), we obtain 

I — i"’* ‘ ^ 2 f v’* * 

S{ I - A') = I + 2 X. ^ ' ---- - - I ).l " = I + ^ - I x" 

_ i_ + r __ 2.r“ + ( 2 /; - I x) _ I + .r ( 2/r + 1 )^« - (2« - 1 ).r"+^ 

i-;r ~ i-x i-x 


. I + AT ( 2 n + T ).r’‘ — (in—i ).r'*+^ 


Note. If X be c: i, and n be infinitely great, then x*^ and 


arc both too small, and thus the sum to infinity 


l+x 


Exercise CLXLVI. 

1 . Find the sum of the series to n terms : — 

(1) 2 + 5 + 10+17+ (C- F. A. 1877 ; li . P. K. 1885). 

(2) 2 + 7 + 14 + 23 + 34 + (a F. A. 1878 ; R. P. K . 1885). 

(3) 5® + 7® + 9^+ ..,. + 252. (C.F. A. 1888). 

(4) I.3 + 2.4 + 3-5+ (5) 1.2.3 + 2.3.4 + 3-45+- ••• 

(6) 22 + 52 + 8« + i»'^+ / (7) 3-5 + 5-7 + 7-9 + 9-II+.... 

‘(8) I.3-5 + 3-57 + 5-7-9 ^ (9) i.2.4 + 2.3.5 + 3.4.(J + - 

(10) i®+3® + 5^ (ri) 2.12 + 3.22+4.32.. . (c. F. A. 1887).; 

2 . Sum the series 

. /z. I + (« ~ I ).2 + (« - 2).3 + (;/ - 3).4 + ... + !.«. (C.F. A 1 889) 

3 . Shew that * 

i+ 2^ + 3+4^ + 5+6®+ to « terms 

-tV(« + i)(2«® + « + 3 ) or -i\«(«+4)(2«4-i). 

according as'^ is odd or even. (b. p. £. 1892). 
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4. Sum to « terms + 4* I )*+(/! 4- 2)'-^ 4- ^ 

5. Sum I 4-(i 4-«)?'4-(i 4-«4-^i‘'*y^4- to infinity, r and a 

being ci. 

6. Sum the following series to n terms 

a-\-b-\-{a^-{- 2 ab) + {a (c. F. A. 1891). 

7. Shew that the sum of the products, taken two and two 
together, of the natural numbeis fiom i to « is 

. i}??(;2 4-i)(3w4-2). 

8. Sum to n terms : — 

*" (1) I + f 4-i 4--J + .-.(C. F. A. 1884). (2) 4- :! 4" 2 7 4“ ...(c. F. A. 1880). 

(3) * ■1“ '^+ ^ ^ 

(4) a{ii 4- 4- (^2 4- ^ '{a 4- 2 b) 4- (a 4- 2^)(rt 4- 4^) 4- 

9. Sum to infinity : 

(1) T 4 - 4 T + h!i 4 " rViy + 1S83). 

(2) i4-3 4--;S 4- A 4- and also to n terms. 

(3) a-^{a'\‘b)r-\-{ti-\-2b)r^’{-[a-\-^b)r'-\-...{7'c:. i) and also to n terms. 

(15. P. E. 1889). 

10. Sum to n terms the series whose ;'th term is (2r4-i))3*'. 

11. Sum 24 22 4- 222 4- 2222 4-. ..to n terms. 

- 12. Sum to infinity {r and br being each -c i) 

4- (« 4- ab)r^ + {a + ab 4- 4* 

13. If 5n denote the sum of n terms of a giyen series in G. P., 

find the value of + S 2 + ^2 + ... + (c. f. a. 1861). 

14. Sum to n terms : — 

( 1 ) (a + b) + 4- 2^),^4- 4- 3^) 4- 

(2) rt4-^4-3<*4-234'5rt4-4^4-..., and to 10 terms, (c. F. a. 1868). 

(3) (2^ - i) 4- (3^ 4- tV) 4-(4« - A) 4- 

A4) I4-54-134-294-6I4- (5)^94-994-9994- 

(6 ) i4-|4-J4-V4-....’..(c. f. a. 1880;. 

/{?) 34-64- 11 4-20 4- (b. P. e. 1886). 

(8) ■S5+-S55 + -5SSS+ 
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SIMULTANEOUS (QUADRATIC EQUATIONS. 

I. TWO UNKNOWNS. 

1 . We shall now ronsidcr a few Examples of Simultaneous 
Quadratic Equations involvmj; two unknowns. The solution of 
these IS generally more dirticiilt ; bui there are certain cases of fre- 
t|uent occurrence, for which the following observations. will be useful. 

2 Elimination by Substitution. When one equation is 
linear and the other quadratic, liiul the \alue of one of the unknown 
quantities from the liiiCrir equation in terms of the other and then 
substitute in the (jiiadratic equation. 'Phe resulting equation in very 
many cases will bo a quadratic, which may be solved by the ordinary 
rules. 

Ex. 1 . Solvea + 2j = 4 ...(i), (2) 

Frdm (i) express x in terms of v ; thus 
.r - 4 — 2 v. 

Substitute this value of .r in (2) and we get 

2 f 4 - 2 _r) r-.r-=3, or 5y--8y + 3 = o ; 

(j'-i = or 

Hence, from (i) .r=2 or 

Ex. 2 . Solve 2,v- v4- 1 =0 . (i), 13,1'^ — 2y-* + 8r— 1,8 (2). 

From (i), we have v = 2.1' + 1. 

Substituting this value of j' in (2), we get 
1 3.r^ — 2(2,1' + i /- + 8a == 1 8, or 5.r- = 20 ; 
y^ = 4 and /, a‘=±2. 

Hence from (i) .v = 5 or —3. 


Exercise I. 


Solve the following equations : — 


1. x + 2 j /^6 ) 

3A'2-ary = 20 j 

4 . a^+>'^=25 ) 

S-r + 4^=24 j 


2. 31 '— 2 ar=l ) 

^r-^-2,ry=3 J 

5 . 2a+3/=8 1 


3 . 5^ + 2^ = ; y 
7a‘^-8;r^=i59 j 

6 . 3.r+i=2,r+y 1 
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7. ;r — 2^«io 1 8. x-jr =2 ) 9- x- \ 

^^+>'* = 25 j i^{x^~-y^)=\ 6 xy ) x+j/=^g J 


10 - iV3^+5y)-^e(4^-3y)=^U ) 
3^2 + 2^=179 J 

12 . 4 ;c- 5 /=i j 

2 x*-xy + 3 y^ + 3 ^~ 4 y ==^47 J 


11 . ^J = (:r-?)(y + |) 1 

x^y = (x‘^ + 3)(j'^-4) J 

13. 2Jir + 3>/=l7 1 

3;c2-4;rj/ + 87^=183 j 


14. 2 x+ 3 y =8 1 15. 5:r + 2v = i2 ^ . 

9^^-y^=5 J 2 x^ + 3 xy-hy^= J 5 J ^ ^ 


1888.) 


3. Equations which can be reduced to such linear 
equations as 00 + 1 / = a and jo-y— h. 

Then x and can Ijjl found by addition and subtraction. 

Ex. 1. Solve To...(i), .r/= 24...(2) 

We have (x — = (x 4 -yT — 4 ^y =100 — 96 = 4. 

AT— j|/='+2 1 Hence i-*y addition and subtraction, 

and ;»:+^=io J 2X— 12 or 8 and 2;' = 8 or 12. 

/, a"=« 6 or 4 and ^=4 or 6. 

Ex. 2. Solve a-+j/= 1 1...(2) 

We have (.v -j/)^ = 2(.r2 +jj/») - {x +^)2 = 1 30 -- 1 2 1 = 9. 

/, x—y =±3 1 Hence by addition and subtraction, 

and X +y= 1 1 J 2X— 14 or 8 and 2_y=8 or 14. 

.r=»7 or 4 and_y=4 or 7. 

Ex. 3. Solve 3:1' — 2>' = 7...(i), Arj/ = 2o...(2) 

We have (3;r + 2j)^ = (3;r-2^')2 + 24.r/ = 49 + 48o= 529. 

/. 3:r + 2y=+23 1 Hence by addition and subtraction, 

and 3.^r-2j/= 7 J 6,r = 30 or - 16 and 47 = 16 or- 30. 

. ^^5 or-2j and ;j' = 4 or-7.J. 


Exercise II. 


Solve the following equations 


1 . ;r2+^2=25 1 

jf+J/sa I. J 

4. x+y^ 3 o 1 
xy "^224 J 


2. 2(;r-^)=ii I 

xy‘=2o J 


5 . ) 

ar+j/« 8 J 


3. ;i:2+y = 25 I 

xy==i2 J 
6 . x^+y^=.85 1 

;rj/=42 J 
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i. ;ir®-f-y" = 89 I 
xy^^o J 

10. iy-vc=i 1 

J 

13. x-y=\o j 

;r ®+_;/2 = i 78 J 


8 . 2 .r+>' = 7 1 

xy^l J 

11 . .r- 2 v = 2 I 

xy-xi J 

14. .r— >/=io 1 

-^J = 39 J 


9. 2 ;»: + 3 y = 33 1 
xy ^20 j 

12 . x^-^y'^^a^ 1 

.t'+7 = ^ J 

15. xy^a^ I 
x-y^b J 


' 4. 'L’he solution of many other equations of a .more difficult 

nature can be made to depend on the solution of such Examples as 
are in the previous Articles. 

Ex. 1 . .Solve ,rHy = 34**-*(0> 

Dividing (i) by {2) we get .r'-^--vv+y- = 3i...(3) 

Squaring (2) a- + 2iyi-y'^— 121^ 

Subtracting, -3-L>'=-9o; ^y = 3o ( 4 ) 

Now, using (2) and (4) we get the required solutions, as in Art. 3. 
Thus .r = 5 Or 6 and 6 or 5. 

Other': Jtse thus : — 

Cubing (2), we have -r’+y + 3.ry-a'+j')= I33i...(3) 

Substituting (1) and (2) in (3), we have 

3;rjx 11 = 1331 -341^990; .r>' = 3o (4) 

Now, proceed as above. 

Ex. 2 . Solve = 65 1 . . .( i ), x^ - xy +y = 2 1 . . .(2) 

Dividing (1) by (2), we have x''^ + xy -{-y- = \ 

and x^ — xy 4-jK‘^ = 21 j 
Hence by addition and subtraction, we have 

2(;ir‘'*4-v-) = 52 and 2xy^io ; /, +/'■* = 26 and xy=S- 

Now, proceed as in Art. 3, • 

Thus we get ;i:= 5 or i, and y= 1 or 5. 

Ex. 3 . Solve 4-rjy = 96-;r2y-...(i), ;ir+^ = 6...(2). 

From (i), we get + 4;r^ + 4 = 96 + 4'= 100. 

Taking the sq. root, j^4*2 = ± 10, 

/, .r7= ± IO-2 — 8 or- i2...(3) 

Now, using (2) and (3), we get the required solutions. 

Thus, x^4 or 2 and j/ = 2 or 4. 
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ESx. 4. Solve + 3 x 4-j ' = 73 — 2 ,ty ( i ) 1 

^ j'- + 3r+x==44 ( 2 ) J 

Adding (i) and (2), we get 

(-f +^}'^ + 4(.v+^} + 4= 117 + 4= 121. 

Taking the sq. root, (.r +jj/) + 2 = + 1 1 ; 

/. X + y = - 2 ± 1 1 - 9 or - 1 3. 

'Taking the first value of .r + y, we have ,r = 9-y. 

Substituting the above in (2), we get 

y + 3./ + 9 -y = 44, of .y2 + 2y + I = 36. 

Taking the sq. root, jj/ + i = ib ; /, _y = - i + 6= 5 or - 7. 

lienee .r = 4 or 16. 

5. The method of solving an equation will not be altered if 
instead of .r and y, their reciprocals i;'.v and i/'y occur throughout 
the equations. Thus, ^ 

Ex. 1. Solve -+ ' = (i), 1 = ’’...( 2 ) 

Let ^ = A and ' =/?, then the equations become 

X 7 

^+/i=;;...(3), and = 

Now, using (3) and .'4), we shiill get 
A = i or j\ and or 

Hence 3 = 2. 

Exercise III. 


Solve the following equations : — 


1 . .r"+y=i 33 i 1 

x-i-y= 11 j 

2 . 

,r+y= 12 1 

x^+j'^ = 2ig6 J 

3. 

x^~y=g73 1 
x-j^= 7 j 

4 . x+y= II 1 

;r^+^’ =: lOOT J 

5. 

x+y= 6 ' 
x^+j'^=y2 _ 

1 

6 . 

^-J'= I 1 
x^-y^=ig J 

7 . x''+y^jScj) 
x^y ’hxy^= 180 f 

8 . 

•^+.y=9 ) 
y.,-+ srv=3 i 


9. 

jr®+;r^=rt‘-* 1 

y^+xy^d‘‘‘ J 
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10. 

x^+x*y'^ +y*= 

133 \ 

11. ;r^-y = 9 

\ 

!. .t+j/ = 

2 a 



7 J 

.v- + ;r/+y = 3 

/ 

x^-{-y^ = 2 a^ 

-h 6 a 

13. 

3+j/S=407 1 

14. 

X +y + ,i-+j/-= 18 

) 16. 

13 1 


X’\-y= II J 


xy= 6 

j 

2xy — X —y — 

7 J 

16. 

X* +J/'* = 

481 

7. x* + xY^-y^=^ 

931 1 

18. -r"-y = 

124 


x‘^+xy+y^^ 

37 

r-+.i y + = 

49 j 

x-y- 

4 

1-3. 

Till 
+ ~ 7 J •> 

] 

+ .. 

r‘i 

20. .,= 

85 _ z 

1-^ 

, .r-_y--2. 


X y b' 

r- 

r 

9 . 

y • 



21. 6(;ir+jK) = 5.ij' 


I I „ 


22 . 


y- 


23. ., + y— /oV) 

.t- 


.ry^ 20 


X h X'^ V 


25. ^.+ 

i- r’ ^ 


6. Homogeneous Equations. When both the eqiuuions 
art of the same dej^oee and homogeneous with respect to a and y, 
in all those terms of it which involve v and put v--^ 7 ‘x^ by means 
of which we may gcneially without difficulty obtain an ecjuation 
involving 7/ only, wdiich being determined, x' and v may tlien be 
found. 


Bx. 1. Solve + 3.r/ + 4y‘^ = 1 4 ( i ) 

3.r2 + 4-^*7 + 5/*^= 25 (2) 

Assume y = vx. 


Now substitute this value of jf in both (i) and (2). 

F rom ( I ), we have x\ i 4- Sz' + 4 v^) = 14 (3) ) 

„ (2) „ jr='(3 + 4^+5^-) = 25 (4) j 


Dividing (3) by (4), 


1 + 31 ' + 47^* 

3 + 4^ + 5^*"* 


14 

25' 


Multiplying across and transposing, 

302/^ + 197^“ 17=0, or (22^— i)(i52/+ i7) = o. 


or — ] J and /, y^lx or — 1';.^ 
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Using the value = in(i), 

we have + + 14 

/. . /. =fc 2 . 

Hence _>/= ± i. 


Otherwise thus : — 


Using the value 
we have .r- + VaY-^‘^^= U 


^^15:1--*= 14 ; 


U 

Hence r= =1- — - . 

2 ^/( 1 !) 


r X ■ • T / N 1 / N X + J'U' 4 - 4 y^ I 4 

Dividing (i) by (2), - -.7 - - - — • 

8 w / V y» 3 X^ + 4 xj^ + S}' 25 

Multiplying across, 25,v''^ + 75^j+ ioov‘'^ = 42-v- -I- 56.17 + 70^/2, 

/• 307- + 1 9A7 - 1 7.t - =s o or 27 - ,r . ( j 5 r 4 - 1 7 -i^ ) = O- 

/. 27 = .V and 1 57 c=: — 1 yxy or 7 = I r or - \ lx. 

'I'he work is now the same as given above. 


7. Some J/omoj^cneous Equations may easily be solved by other 
artifices than those illustrated above. 


£lx. 1 . Solve ji'® 4- 3^7 = 22 , . . ( I ), .17 + 47’^ — 42 ... (2) < 

Adding (1) and (2), we have + 4.17 + 47'*^ — 64. 

Taking the sq. root .r + 27= ±8...(3) * 

(i) Taking the upper sign, a'= 8 — 27 ; .substituting this in (1), 
we have (8- 27)“ 4-3(8 — 27)7 — 22, or 64 - 87- 27‘-* = 22. 

/. 7“ 4- 4^-21 =0, or (7-“3)(>'4-7 )-^o. 

/. 7 = 3^r-7. 

H ence .v = 8 — 27 - 2 or 22. 

(ii) Taking the lower sign, ;r= -(84-27); substituting this in (i), 
we have (8 4- 27 - 3(8 4- 27 )y = 22, or 64 4- 87 - 27'-^ = 22. 

/. 7''^-4y-2i=o, or (7-7)(>'4-3 ) = o- 
y^l or-3. 

• Hence .r= -(84-27)= -22 or- 2. 

Thus, we have the four solutions : — 

.r = ± 2 or i 22, 7 = ± 3 or 4F 7. 


Exercise IV. 


Solve the following equations : — 


1 . 4 - ;r7 = 66 1 

2. .t* +>-'*= 34 1 

3 . 3 x’‘+xy= 6 S 1 

2 : 2 - 7 '' = 1 1 J 

-xy= 10 J • 

4 ^® + 3 ^^=i6o j 
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4 . 

7 . 

9 . 

12 . 


2x^ + ~ 26 

3j|/3^.2.rj/ = 39 

3.ra-5A>'+y=- 

x^-y^ + 'Uy^ 

:r-+jrv = 8o 1 
3^7 4-/'= 52 J 

X- + 3.rv + 3ji'“ ^19 ) 13. .r-' 4- 4 '^ V = 1 33 { 14 . 4 1 - j: r = 2 


1 5 . 1 

1 6. x^ + .rv = 8o 1 

J 5 ^/ + 4 r‘‘' = i 9 . 

1 3^JI'+/^=-52 j 

361 ) 8. 3'^“ 

- 4 .rj'+y = 20 1 

*34 J 

2x^-7y^ = 4 ) 

10. .r'-*-;rr=: 15 ] 

1 11. 7.r“-3)''=io9 ■> 

j/--2-ry=i6 1 

1 .r^4-.rvs= 20 J 


4x- 


3.v/4- r = 2o I 
.v‘** 4-4>'‘‘^ = 41 J 


= *33 1 14. 4i‘'^--^;' = 2 I 

"'=57 j ,i^ 4 -My^=i J 

} <- 

18 . 3 ^•-- 4 .rr =7 1 

(c. F. A. 1892,. ... ^ f 

' ^ ^ — 4y"=5 J 

} 


4.r^4-,r)'+4''= 10 j + J V + 

16. 5'*''^ + 2y- = 1 3 \ 16. 3-v- - 4^y + Sy^ =33 

.r^-.ri' 4 - /-= 3 i 

17 . 2 j:» 4 - 3 .'»: 

5.v‘-* 

19 . 4.r7-.r-=-i5 

39>/i'--.vr=i5o 


(c. F. A. 1890) 


20. 


3x--4.rj/=; 
3^1 

7.1/ -5-^“ = 36 
4.»>/~3y<i=io5 


8 . An e\piesbion is said to be symmetrical mth respect to .r 
and^v, when these cjuantities aic similarly involved in it. riuis 

3 4 - x'^y'^-' 4 - J^^ 5 V r 4 - 7x + 7 / + i and 3.1'^ - 5;i'y - 5.1/- 4 - 3 v'* 
are symniciricid with respect to x and^y. 

9. Symmetric Equations. When each of the two equations 
is sytfifnctriial with icspect to x and r, put u-\-v for x and ;/ — 7/ for y. 

Ex. 1 . Solve .i" 4 -y = i 8 .rjF..,(i), A'+/= I2...(2) 

Tut u 4- V for X, and iz — v for y ; 

then (i) becomes (// 4 - 7 /)^ 4 -(w - 7 /;^= i 8 (// 4 - 7 ^'f 2 ^ -tO, 

or u' 4 - 3^7/“ = 9(//“ — 7/^) (3) 

and (2) becomes (« 4 - 7 /) 4 't«^ — 7/)= 12, whence // *= 6 . 

Putting? this for it in (3), we have 

2164-1 87'- = 9(36 — 7/-), whence = ± 2. 

Hence .r = « 4- 7/ = 6 ± 2 = 8 or 4, and j/ = 2/ - 7/ = 6 + 2 = 4 or 8. 

Ex. 2 . Solve -r 4-/ = 3... (1), .r^ 4 -/'*= 1 7. ..(2) 

Assume .r = //4-7/ and 9' 5= « — 7/ ; then from (i), we have 
;r4-/«22/ = 3 and /. u^\ (3) 

From (2) (;/4-7/)‘*4-^//-7')*=i7 or 2 (//^ 4 “ 6 //V 4 - 7 /^)= 17. 
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Substituting (3) in this and simplifying, we get 
162^^ + 2162/*'^- 55 = 0, or t42/‘'^-i)(4z/- + 55)--o ; 

/. 2/=^ = i or- V, and 2/«= ± I or± i ;^/( - 55). 

Hence ,r= J -t J = 2 or i and >'= J i = i or 2 ; ike. 

10 . Some ecjiia. ions though not symtneftical with respect to % 
andj/ may yet be solved by the preceding meihoil. 

Ex. J. Solve A--7 = 2..,( I), .i'^+j)/'^ = 7o6...(2). 

Assume x-^u-Yv and y^u-v ; then from (1), we have 

= 2 and v=\ (3) 

Krom ( 3 ) (// + r 0 ^ + 7^-2/)‘^ = 7o6, or 2 (/^‘^ + 6?/-r/‘'^ + zy*) = 7 o 6 . 
Substituting v in this and dividing by 2, we have 
//^ + 6/r — 352 — 0, or (//-— 16; u +22)--o; 

/, 2/-= 16 or -22 and /. u- 44 ori J(-22). 

Hence .v= ± 4 + i == 5 or - 3 and + 4 - i = 3 or - 5. 


Solve the follow i 
1. .r+ji '- 12 I 

.r" +j|/^ = 1 8.T-J/ / 

4 . = 4 ) 

.1'' - 124 j 


Exercise V. 

ig equations : 

2 . .i+r = 6 
.r'^ + 1''* = 1 

5 . v + v-S [ 

^ J 


3 . .V +_y = 1 2 ) 

a'^ + >/''^=:2I96 j 

6 . X + ^ = 8 ) 


II. THREE UNKNOWNS. 

ll The method of solution adop.cd in the following system of 
•equations is deserving of special notice. 

Ex. Solve ^5- — (i)^ zx = P... 2), xy = 

* Multiplying together, x'-)rz^ = d^b'^C “ ; 

Taking the sq. root, xyz—±.abc (4) 

Dividing (4) by (i), we have ;i'= ± ^ • 

^ 

Similarly, ± and z~±, . 

These results are very useful and should be committed to 
memory. Certain typ)es of equations may be reduced to this system 
by suitable transformations, as the following examples will shew. 
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Ex. 1. Solve ;f(j/+^) = 8o, V3r + ;r) = 72 , ir(,r = 5^>- 

The equations may be written thus : — 

xj/ + xs=So,...{i), j: 7 +.ry-= 72 ...( 2 ), sx^ys=^6.,.{-^) 

Adding and dividing by 2, we have 
ys ‘ xr,r+ i y = 104 (4) 

Subtracting (i), (2) and (3) separately from (4), we get 
j/rr = 24 ; r:x = 32 and .vr =- 4<S. 

Hence, using the nielbod of the piereding example, 
we get x~ ±8, _y= ±f> and 5"= ±4. 


' Ex. 2. 


SoK e (.1 ^ry)tx + -; = 56 ( 1 ) 

(y + :^){y + x) - 77 (2) 

(-+^Ov^r) = 88 (3) 


Tutting u, 7 f and foi .1+-:', n+A and respectively, the 
equations become 

7/7t'— 56, ?/7i'~77 anti //7'--88, 

Therefore //= ± 11, 7^~ 48 and 7^/— 4 7. 

Hence y + ::= -t ii, - + v- 4-8 and ;r 4 -_y= 4^7 (4) 

Now adding and dividing by 2, we have 

,r + r + :r= 4-13 (S) 


Subtracting (4) separately from ( 

5 we have 

4'= 4 2, j' = ± 5 and j? — 

±6. 

Ex. 3. Solve .ly + 2(,r 4- v) — 20. . 

(') ] 

ir.r + 2(r+ r) = 24., 


yz + 2iy + u) = ^S,, 

(3) J 


Adding 4 to each of the given equations, we get 

(;r + 2)(r + 2)-24, 2)(r + 2) = 28, ( y + 2)(i: + 2)==42. 

Now, putting w, 7 f and for :r + 2, _y + 2 and r + 2 respectively, 
the equations become 

W7/— 24, 7VU — 2S and V’w = ^2. 

Therefore //= ±4, 7' = ±6 and 7£;= ±7 
Hence r = 2 or -6, j = 4 or -8, .sr=5 or -9. 


Ex. 4. Solve 47^== V(-''*^4-y) = 4(^ + s')= V(^ + £r). 


Here, 


x+y 

xyz 


or 
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Similarly, i and — + s= , v. 

yz xy ^ xz xy 

Adding and dividing by 2, we have 

' + * + =l 

yz zx xy 

= tVj ■ ~ ^ and - - = ?i. 
yz zx " xy 

>^2^= 12, zx — ^ and xy—6. 

Hence x= ±2, y^ ±3 and 2: - ±4. 


12 . Next, consider the following system of equations 
x+y + a — a^yz + zx -^-xy = b, xyz = c. 

We have {x - x){x -~y){x - z)~Oy {identically) 

or - (x +/ + z)x^ + ( yz + zx + xy)x - xyz o. 

Now substituting in the above from the given equations 
x^ - ax^ + dx-c—o. 

This equation may be solved by resolving the left side into 
factors, as the following example will shew. 

Ex. Solve + 9 (i) 

V yz+^zx’^xy=26 .(2) - 

.rvs = 24 (3) ,1 

Proceeding as in the above Ait., we get 
-r® - 9.r- + 26 r - 24 - o 

or (ji:-2)(.r-3)(.r-4'=:0 ; /, -r = 2, 3, or 4. 

Now from the nature of the question, each letter ;r, y, s' may 
have any one of the three values, provided that the other two values 
are given to the other two letters ; 

/. -^ = 2, 3 or 4 ; j/=4, 2 or 3 ; ^ = 3, 4 or 2. 


Exercise VI. 

^iolve the following equations : — 

1 . x^yz = y^zx = z^xy = 

a’'x_l^_ez y_ s 

xY ^Ys^~zY~xY“ 

4 . xy^x+y^ 19, xz-\-x+z^2^,yz ^y+z — 2g. 

- 5, .rj/+lo(jr+j)=:2i, j'js'+io(_y + 2')=32, 2rs'+io(;r4-r) = 32. 
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6. xy + a[x +y) = xs + a[x + z) ^yz + «( ^ + s') = 3a®. 

• 7. 2 ,r + 2 j/ + ^= If 3 r + 3 j' + 4 -S') = j(6.r+ 15^ + 55?). 

8. 5:r 4 * 4 V + 3^ 48.rr S' \ 9 . 3 ;r -4 v + 7 sr= o 'j 

^x + 6y-{-^z = 46xyz \ 2X —y ^2z=‘ o }■ 

x4-2y + 3z=\ Sxyz j +£'* = 1 8 J 

10 . x{y+s^)- 6 , y{z+x)= 12, s’(;r+^)=lo. 

11. x+y 4 'Z-xvz^ 6 ,yz^zx-\'Xy^ii. 

12 . X +y + s- \lx-\-\j y-^-ilz^l, xyz^ i. 

13 . .r 4-y +.3r=23, j/sr + s-r +.rj/= 170, .r^s- = 400. 

if. xyz^i(x-hy)^ i(y + i^)= \(z+x). 

15. x(y’hz)- 26, y z+x)= 50, z(x -hy)^ 56. 

10, x^+xy + xz= 18, y^+xy4’yx^27, sr* + .rs' +>'sr =» 36. 


III. PROBLEMS PRODUCTNO SIMULTANEOUS 
QUADRATIC EQUATIONS. 


13 . The following are illustrative examples. 

Ex. t. The sum of two numbers is 14 and the sum of their 
cubes lb 854. Find the numbers. 

Let r and J/ denote the numbers. 

F 3 y the question, x+y^ 14 (i), +>'’’=» 8 54 (2). 

Dividing (2) by (i), x^ -xy+y^ = 6 i. 

But x‘‘ - xy 4 - = (x +y/^ - ;^xy ; .% 6 1 = 1 4 x 1 4 - ^xy^ or 45. 

Now, (x = ( r 4 -}')'^ - 4 xy— 14x14-4x45=16 ; 

/. x — y~ i4 \ Hence by addt. and subtr., we get 
and;r 4 y=i 4 ) 4: = 9 or 5 and _;/ = 5 or 9. 

Thus the numbers are 9 and 5. 


Ex. 2 . A dealer sold 60 bullocks and 80 sheep for .^j.1060; 
but he sold 42 more sheep for /i’j,9o than he did bullocks for .^J.45. 
I^ind the price of each. . 

Let X be the price of a bullock in rupees, 
and y a sheep 


Now, for Ab-qo, he sells sheep, and for AV.45, ^ bullock^ 
y ,x 


By the question, 604^ + 80^=1060 (i) 

(2) 


9° _45 

— 42 = ~ 
y X 


M.A. — 38 
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From (i), 3*^ + 4 v =53 or ;r= ^(53 -4^). 

From (2), 2^x-i4xy^is_y (3) 

' Substituting the value of x in (3), we have 

I of 5 3 - 4 r ) “ V-lT ( 53- V')= 1 5 

which reduces to — 907/ + 1 590 = o ; 

whence >' = 2 or vV- and jr=i5 or tScc. 

Hence the price of a sheep is /i'.r.2, and of a bullock is /v’j.15. 

/Bx. 3 . Find two numbers such, that their sum, product, and 
^rffSference of tin- it squares may be all equal. 

Let x+y and x-~f be the two numbers. 

Then their sum = 2.r, their product 

and the difference of their squares — 

By the question, 2i' = 4.ry (i), (2). 

From (i) y = i ; and from (2) 2-i =.i- — ; or 4.1*'^ -8.1 

Hence .r+_y= 5(3 ± — are the numbers 

Required. 

Not©. The above step in .assuming the numbers sliould be noticed, as 
it simplifies much t^ie solution of problems of this kind. 


Ex. 4 . In going a quarter of a mile along a straight road the 
hind wheel of a bicycle turns 1 1 times more than the front wdieel. 
Had the front wheel been 3 inches longer in circumference than it 
actually is, the hind wheel would have turned 16 times more than the 
front wheel Find the circumference of each wheel. 

Let X be the circumference of the front wheel in feet, 
and/ hind wheel 

Now, on the first supposition, the hind wheel makes turns 
and tne front wheel - turns, in going over ^ of a mile or 1320 ft. 


Jiy the question, 


. 13 ?° 

y 



.(I). 


On the second supposition, the front wheel makes 
going over J of a mile. 


1^320 


turns in 


By the question, 


y ~ 


(2) 
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Subtracting (2) from (i), we have 
1320 1320 I ^ 

X + .r .r + |“ 264’ 

/. 4;i:2+,r- 264 = 0, or (:r - 8V4r + 33) = o. 

/, x = S or - V and or &c. 

Hence the circumferences are 8 ft. and yi ft. 


Exercise VII. 

0 

1 . 'Phe product of two numbers is 63 and the difference of their 
scjiiares 31. P'ind the numbers. 

2. 'Phe difference of two num])ers is 4, and the difference of 
their cubes is 316. P'ind the numbers. 

3 'Phe sum of two numbers is 10 and the sum of their rubes is 
370. Find the numljers. 

4 . Find two numbers whose sum is 32 and the sum of whose 
squares is 544. 

5. A rectangular enclosure is half an acre in area, and its 
perimeter is 201 3^ards. Find the lengths of its sides. 

6 . ’ A labourer undertakes to carry a load a certain distance, 
aj*reeing to take Sa. for each maund moved one mile. He earns 
A’r.40. 87. and the distance in miles exceeds the number of maunds 
carried by 405 Find the load and the distance. 

7. In a mixed number the integer is 98 times the fi action. 'The 
numerator of the fraction being unity, and its denominator less by 7 
th.in the integer, find the mixed number. 

8. A man being asked his age, answered, ‘If you multiply my 
two digits together, the number formed will be my aj^e 22 years ago, 
and if you add all the digits of the two ages you will have one-third 
of my present age’. How old is he ? 

9 . The sum of two numbers is six times their difference,^ and 
their product exceeds twice their sum by ir. Find the numbers. 

10 . A and B gained by trading AY 100. Half of A’s stock was 
less than B’s by /?.v. 100 ; and A’s gain was .poths of B’s stock. What 
did each put into the stock, and w'hat are the respective shares of 
the gain ? 

11 . What fraction will be increased by when unity is added 
to both numerator and denominator, and diminished by when 4 is 
subtracted from each of them ? 

12 . The sum of the three sides of a right-angled triangle is 12 
nches and their product is 60 cubic inches. Find the lengths of the 
sides. 
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■' 13 . If one year be added to the tenth part of the sum of the 
squares of the ages of two brothers, the lotal will be seven times .the 
difference between their ages ; and next ye^r the elder will be half as 
old again as the younger. What ate their ages ? (C. F. a. ifcSi). 

14 . The fore-wheel of a carriage makes 20 more tui ns than the 
hind- wheel in 6oo yards ; but if the circumference of each were 
increased by 5 yards, then the fore-wheel would make only j 5 turns 
more than the hind-wheel in c/)o yards. Find the circumierence of 
each wheel. 

15 . The 'figures which express the pounds and the pence in a 
certain sum of money will change places if £2. \()s iji/. be added to 
it, and those which express the shillings and the |>tnce would be 
interchanged by subtracting 2s. 9//. What alteration would be 
produced in the sum of money by interchanging the figures which 
express the pounds and shillings ? 


IV. GRAPHS OP ELLIPSES AND HYPERBOLAS. 

14 . The graph of is an Ellipse and that of - x 

is a Hyperbola. (See Note). 


GRAPHS OF ELLIPSES. 

'' Ex. 1 . Draw the graph of ^ ^(144 -9.^*-^}. 

Letj|/ = i^(i44-9.rO. 

For each value of there are two equ.il and opposite values of 
y. The values of x and^ may be tabulated thus : — 


X 

0 


±2 

J' 

+1 

! 

+ s 1 5 . + 


; . 1 

4 

4 


The curve is syinmetiical with respect 
to the axes of x and (as shewn in the 
annexed Fig.)* 


Here, OA=4, OA'=-4, 
00 = 3 and 03 = -3. 


i3 


-fc O 
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, “'Bx. 2. Draw the graph of + 

The equation may be written thus : i6(;r- 3)^ +9{j/-4)*'=a 144. • 


The values of .r and y can be easily tabulated 
and it can be easily seen that for real values of 
X must lie between o and 6 and for real values of 
x^y must lie between o and 8. The curve touches 
both the axes of x and j/ I'as shewn in the annexed 

» Here, AA^ = 8 and 

It is an ellipse whose major axis is vertical 
and minor axis horizontal. 


Y 



SL 

s 

- 

- 

> 





V 


/ 





\ 


— ^ 





n 


b 


c 



m 







1 


|\ 









rrrnnn-n 


Ex. 3 . Solve graphically 2 x^ +^y^== x^+y^o^i^,..{ 2 ) 

The graph of (i) is an ellipse whose centre is the origin, semi- 
axis major \'(*5) semi-axis minor the axis major being 

horizontal. The graph of (2) is a circle whose centre is the origin 
and radius ♦s/( 13). 

If the graphs be accurately drawn, it will be found (as in the 
Fig. beiow) that the values of x are ±3 and of y are ±2. 

Here, ON = 3, OM=»-3, PN = QM = 2, P'N = Q'M:=-2. 

The four points of intersection are P, P', Q and Q*. 



— The unit of length here is equal 10 twice the length of a .side 
of the square. 
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Exercise VIII. 

‘ 1 . Draw the graphs of 

(0 tV s./(36oo-2 5.r2). ^-(2) ^( 64 - 3 ^®)- ( 3 ) K'(i6-.v*). 

(4) 6 >/'(i25-a- 2). (5) 25.r2+i44;/a-5o,r-576>/-2999 = o, 

and determine graphically the limits between which x must lie in 
order that v may be real and vice versa. 

/ 2 . Solve graphically the following equations : — 

(0 3'^'® + 4y=^i9 1 ♦ (2) 16.12 + 25^ = 400 4 (3) .1-2 + 5 y=i2o > 

4.v 2 + 5^ = 24 j .r2+y= 25 j 2.r® + y2=204 J 

y (4) 2.v+3>/=i2 1 (5).r=3-^ + 4 ) (6)j/=2.r + 3 \ 

3y-^ + 4 v2==:43 j y = 25-2.r2J j:2+y-6.r - 87^=0 j 

. (7) 2y = .r + 5 4 (8) .r2+/=.36 ) (9) _y=.^2 | 

2.r3 + 3^2_ iov= 19 j 3r2+4y--8y = 96 J 2.r2 + 3y = 35 J 
(10) .x^-r-2, 4 .r 3 +y- = 2o. 

(GRAPHS OF HYPERBOLAS. 

Ex. 1. Draw the graph of J Jix^- 16). 

Let j/='J 16). 

For each v^alue of .r, there are two equal and opposite values of 
y ; V can have no va ue )>ctvveen 4 and -4 fi)r real values of y. The 
curve IS symmetrical with respect to the axes of .v andjy. 

The values of x and j/ may be tabulated thus : — 



As .r increases, y increases. When x is infinitely large, y is , 
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infinitely large. The curve extends to infinity on both sides: of the 
owcis of j/, (as shewn in tlie Fig. above.) 

It is a hyperbola whose transverse semi-axis is 4 and conjugate 
semi axis 3. 

Ex. 2 . Draw the graph of - 6.r + 


The -equation may be written 
thus 

(.i"- 3)*- ( 7 - 4 )* =2 5 - 


The curve is a rectangul ar hy- 
perbol i whose centre is the point 
( 3 i 4; ^ can have no value bet- 
ween 8 and —3 for real values of 
(as shjwn in the annexed Fig.) 



Ex. 3 . Solve graphically ;/a«2.r + 3...(i),y^ (2). 

The graph of (i) is a straight line and that of (2) is a hyperbola 
•‘Of which the transverse axis is vertical, fo solve the two equations 
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graphi'cally is to find practically the co-ordinates of the points of 
intersection of these two curves. The Fig. above gives the graphical 
solution. 

P and Q are the points of intersection. It will be found that 
the abscissa of P is i and of Q is - 7, and the ordinate of P is 5 and 
that of Q - II. 


Exercise IX. 

1 . Draw the graphs of 

(x) ^'(2) (3) y- 5:r»= 16. 

(4) I2;ir+ i6y = o. ( 

2 . Solve the following equations graphically; — 

.^(0 ^«2.r ^ (2) 2 y^x + S \ (3) .r*+y = 4 r 1 

/ ji:*-y = 36 J y-2;t-*= 64 j 2,i'®-3y= 2 J 

^^4) 2:r’-l-/= 57 1 (S) ^ = 2.r + 3 ] (6) ,r+i = 2;r > 

3;r‘-*-4y= -52 J 2y-3Jra + 62r = o j y-3.ra= t > 

V. MISCELLANEOUS GRAPHS OP THE SECOND 
DEGREE. 

15 . The following are illustrative examples. 

Ex. 1 . Draw the graph of — 

** ^ x+i 

then^(;ir+i) = i. 

•If the origin be transferred to the point ( - 1, o\ the equation 
becomes ;9'= 1, which is a rectangular hyperbola, having the new 
axes for asymptotes. ' 

The values of x and y may be tabulated for the original equa- 
tion thus — 


X 

CO 

1 

~ 4 

-i 

7 

*“ -ff 

- f 

0 

I 

2 

3 

4 

... 

y 




4 

8 

00 

* 

1 

<£ 

i 

1 

1 

■5 

... 



GR^PHS OF HYPEKBOLAk 




The annexed Fig. represents the 
graph. Here, the lines O'X and O Y' 
are the asymptotes, i,e, the straight lines 
which touch the curve at infinity. 


■1 

■ 

■1 

im 

BB 

■■■ 

BHB 

■■■ 

■Oi 

IS8S 

BEB 

BEB 

SBB 

B 

B 

■■■ 

SBB 

liS 

mEi 

Bp 

iSS 

■■■ 

□ 


■BB 

liS: 

■irzn 


■■■ 

■■a 

B 


iiB 

ISI 

SBI 

■■■ 

BB 

■■E 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

■■■I 

BHI 

IMl 

IM 

BSb 

EBB 

mvii 

■■■ 

lEB 

BAN 

BEI 

■■■ 

lEE 

BEE 

BEE 


Bx. 2. Draw the graph of 


The equation may be written in the form 

(x+y- iy^ = 4 -rj% which shews that when ;r*to, i ; 
and when ;r= I, i. The curve therefore touches both the axes 
at the points (i,o) and (o,i). It is a parabola, because the terms 
of the sec< 2 nd degree form a perfect square. 


Hy tabulating the values of x and^y. 
It will be found that the annexed Fig. re- 
presents the graph. 

Here, OA = i, OB ~ i . The line drawn 
through O bisecting the angle AOB is the 
axis of the parabola. 'I'he line AB is the 
latus rectum. 



Note. The student who knows the properties of the parabola will 
easily understand these. The unit of length here is equal to twice the side 
of a .sfjuarc. 


Exercise X. 


1. Draw the graphs of 


(I) 


I 

X + 2 ■ 
. . X^-h2 

(5) :fT7 






( 4 ^ 


X + 2 


(6) = 


X - I 


-’■ + 3 

(7) x^-txy+y* -6(x+v)+g-=.o. 



.692 


MATRICULATION ALGEBRA. 


2 .* Solve the following equations graphically : — 

(J) 1 (2) 1 

-2xy-\‘y^ -2i(x+y) + i6^o } 

( 3 ) U) x+y=‘S,--\=‘h 

X y . ^ y 

(5) yj;-2)«i, = io. (6) ;r^=si, 2:1:® + 3^-5- 

• 3 . Trace graphically the changes in the sign and magnitude 

of the following expressions as x increases from minus to j)lus 
infinity 


(i) a^*-3^+5. 

{2) 3;r-4jr®4*io. 

(3) 

( 4 ) 

(5) 

25.a:®+20jr- 86 

3o:r - 87 

( 6 ) 

JT- 3 

4. Plot the graphs of 




(2)^. 

(3) 74 . 


^5) . 4 -. • 

(6) i-i. 

(7) 1-^ • 

X ‘ 

(8) — - . 

^ ^ \ -x 


5 . Draw the graphs of the circle ;r‘-^+y = 9 and of the straight 
lihes 3;r+4j/= 12, 3.ir-f 15, and 3Jr+4j/= 18 ; and shew that the 
circle meets the hrst in two real points, the third in no real points, 
and that it touches the second. 






ANSWERS 




Ex. I. (p. 4). 

1. 

(i) 80. 

(2) 80. 

(3) 380. 

(4) 41. (S) 18. (6) 14. 


(7) 6 . 

(8) 31 - • 



2. 

(1) 10. 

(2) 44 - 

( 3 ) 58. 

(4) 12. (5) 5- (6) 7. 


( 7 ) 33 - 

(8) 14 - 



3. 

■(0 4. 

(2) 30. 

(3) 2. 

( 4 ) 4 - ( 5 ) f-' ( 6 ) 3. 


(7) 2. 

(8) 6. 

(9) 16. 


4. 

(I) -8. 

(2) I. 

(3) »o 6 . 

(4) (5) -178. (6) 192. 

5. 

(I) 18. 

(2) 42 . 

(3) 8. 

( 4 ) 41 . ( 5 ) - 25 - 


(6) 78. 

(7) 8. 

(8) 6. 

6. I. 




Ex. II. (pp. 6-7). 

1. 

(l) 2880. 


(2) 17496. 

(3) 4800. (4) 4032 


(5) 238-, 


( 6 ) 41328. 

(7) 486. 

2. 

(1) 94 - 

(2) 89. 

(3) -64. 

(4) 16. (5) 1. (6) 7. 


( 7 ) 3 - 

(8) 381 . 

(9) 49. 

(10) 

3. 

264. 

3?. - 5 . (i) - 73 - 

(2) 16. (3) 5. (4) Hi 




Ex. III. (p. 8). 

1. 

(0 9 - 

(2) 

I. 

<3) 4 - (4) 6 . • (5) 12. 


(6) 40. 

(7) 24. 

(8) 6. (9) 2. 

2. 

(i) 30 . 

(2) 

1312. 

(3) 2040. (4) 17424 


(5) 225. 

(6) 397 - 

(7) ««2o. (8) 750. 

3. 

(i) 9 - 

(2) 

II. 

(3) 20. 4. 4676. 

5. 

(I) 46. 

(2) 24. 

(3) 7300. 



Ex. IV. (pp. 9-10). 

i. 

(i) 30 - 

(2) 80. 

(3) 6cJo. (4) 9. . (s) 25. 


(6) 11. 

( 7 ) 4 - 



2 . 

(I) 21. 

(2) 22. 

(3) 7 - 

(4) 13 - (5) IS- (6) 4 - 

a 

(I) 35 - 

(2) 10. 

4. 6. 

5 . (i) 14. (2) 25. 



Ei. V. (pp. 12-14). 

1 . 

9 ; 27 ; 81 

; 81 ; 6 ; 

0 ; I. 

2 . 12 ; 0 J 144 ; 30 ; 72. 


3 . 486 ; o ; 2916. 

4. (i) 6 J. (2) 4^. (3) 201^. (4) 6^^. ^5) 23^V?3r* 

5. 88 . 6 . .128. 7. (i) 23D|. (2) S3^*i. .(3) 2T^r,. (4). I42}li 
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8. 

(i) 3 - 

(2) 6J 

(3) *46. 

(4) 55 - 

f. 5 ) a-'o" 

( 6 ) 6 ,, 

t 

( 7 ) S- 

(8) 1 . . 

(9) I- 

(10) i - 

(II) 2 . 

(12) h 

9 . 

(I) 8. 

(2) 3 - 

(3) 27. 

(4) 125. 

( 5 ) 64. 

( 6 ) 3 - 


( 7 ) 2 - 

(8) I. 





10. 

(I) 8. 

(2) 120. 

(3) 4. 

(4) 384- 


11. 0 

12. 

0. 

13 . 0. 

14 . 3 exponent and 4 coefficient . 

15 . 0. 


Ex. VI. (pp. 16 - 16 ). 

1 . x-y. 2 . 3 . 64jr + 4^/ fsr. I ^ + i ; at-i. 

5. x—y, % 6 . a-^-b. 7. (i) i6tf. (ii) ig2a. (iii) 64^. 

(iv) 4a. (v) 8a. 8 . (i) 3 ^* (") 36^- 

9. (i) bli2. (ii) 3,136. 10. ax. 11 . x-13. 12. 13-a. 

13 . 2.r ; 128.1:. 14 . 5/^2; 100/^ 15 . ig2a+i2b. 

16 . xy ; a/y. 17 . xjy. 18 . (i) 3^- (>^) 4 «- (”*0 

19 . 144a. 20 . 21 . (1) {x-\-y)l2. (2) 5^V~y)- 

(3) (4) {a-4‘l'^)i{a-\-b-d). (5) {a -^r bf{c - d). 

22 . 4b ; ib^c ; ; a.x ^ ; 23 . The sum of ab and ac 

24 . + 25. (i) 7 - (i>) 9 - (iii) ?• 

Ex. VII. (pp. 18 - 19 ). 

1. -12. 2 . -12; 12; 8. 3 . -120. 4 . (i) -15. (ii) 15. 

5. (i) 15 miles, (ii) -15 miles. 6. 4*45- 7 - 35 seers. 

B. 50 years ; 30 years. 9 . 9 inches. 10 . - 10. 

Ex. VIIL (p. 20 ). 

I . 9. 2 . -15. 3 . -7«- 4 . -2jr. 5 . ^a- 4 c. 

6 . 5^1* -1-4^1^ - 3 *. , 7 . ga^-ya. 8. -ii.T*-f-6. 

Ex. IX. (pp. 21 - 22 ). 

1*. -8; -58. 2. -202; -780. 3. -304. , 

4 . (i) -3i- (2) “8. (3) 5 . -33. 6. (i) 24. (2) -n, 

7. 6. 8. (S, 2, o, 6, 2, 6. 9 . - lo, - 15, - 13, -8, u, ili, 286. 

12. XO 1640. (2) (3): -1560. 

Ex. X. (p. 23 ^ 

I4 24a. 2 . 27.r. 3. 23ab. 4 . 23aH, 5 . -24;*: 

6. -35^*. 7 . 8* o- 9 . loa. 10 . -2ab 

II . loabc. 12 . 13 . 14 . i4ab\ 15 . o. 

16 . 17 . o. 18 . 4«^* 19 . -3a*. 20 . o. 
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Ex. XI. (p. 24). 

« - 3^ + - Tx, 2. - 3:r«^r + ^xy - 

5^*^- 3^^- 53‘^ + 43®. 4. 2.f-3^z’ + 2a*'-5rt*. 

— 5^*" + 29dj^^ + ~ 3^^* ~ 7^\ 

Ex. XII. (pp. 26 26). 

2. -25^+12^ 3. o. 4. « + 

6 i5a + 3i5~6t +6//. 7. t>by~-7cs. 

9. i4-r-9jr+io5'- 12. 

1 1. 5.r" + sojr'-'j - i /^xf^ + 

13. 2ifi.r + 7«,r®. 

15 . 6rt.r» — 43a®.a:. 

17. 6abc. 18. 28.^8. 

• Ex. XIII. (pp. 26-27). 

1. -{a- b). 2. 5(t« - b)x^. 3. H- _>'’) - S^b(x'^ -y^\ 

4. II a, 6. Mx'K 6. -3.ry. 7. -Sa***^. 

8. ^^4*3. 9. 10. 

Ex. XIV. (p. 28). 


1. 

5a. * 2. -4ab. 

3. 130^. 

4. 7xy. 

5. 20 b. 

6. 

- Tir^b. 7. 4a. 

8. - 2a - 5^. 

9. 

i%a.v^. 

10. 

-2a. 11. -.r. 

12. a-b. 

13. 

2a- zb. 

14. 

2 bcd— abc. 

15. 3«®-3^*- 

16. 

1 

1 ' 

17. 

3a.r 4-a. 

18. 3a.r4-2a. 

19. 

1 

1 

1 

20. 

2b -c. 

21. -3> 

22. 

-a''^4-4^^4-2d-=^. 

23. 

4x'^ — 2ax — b. 

vj 

1 

1 

C« 

25. 

- jr2 4- 14a:- 12. 


Ex. XV. (p. 29). 


1. ^-3^ + 3^:. 2. 2ii8-2« — 4. 3. — 2.r® - 7;irj/ + 

4. 4ax-()by + 2cs. 5 . 5.r 4- 5. 6. - - 2^2. 

7* ~ 3<^‘^ + 1 9^** - 1 . 8. x’'' - 6.r2j/ 4- 1 1 - fiy^ 

9. — I2^^®-^■ 1 1^®^4-3^®. 10. 2a’’- 1 1«®^4- i4rt^^‘-4^'^4-2 

11. 7a^ - 3a 4- 4b’^ - Tab 4- 2f* - (ihc ; %aH 4- 2^® 4-.^^. 

12. — jr® - (ix’^y — 2r^ 4- 6 — «- 4^” ; — 2x^ — 9.17 4- 4 1'*- 

13. 3 x^ 4- 1 3 xy -y^ - 1 6jfj? ^ 1 3)^5' ; 24:* 4- 1 2 x;: - Sjsr*. . 

14. 3a* -a”- 140:4-14. 15. a- 11^- 3<:- 2^4-4^* 

16. -5;^®-i9?*+25/^'. 17. -3i»^V- 18. .r*4-.ry4-j'^. 

19. -8.r4-9.^^®-3-i^. 20. 30* — 4a’ 40^'’ 4-2 

2L 3q^-6pq4^q\ 22. a®4-«*^4*8a*^»-2. 

23. 5a4-^-6^. 24. -2;r». 25. fl4-34-f. 


1. i8.r4-i5v. 

5. -a4- 

8. 230'-^ — 2(iah 4- 14^8 

10. \4ab -cd- 6c^. 

12. 22,r — ^xy 4- 3x'y^. 

14. 2x'^- 4- 2y'^‘ 4- 2J®. 

16. - 1 2d^b^ 4- 1 4ubcd. 



■ iv. ' 
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Ex. XVI. (p. 30). 

1. •za{x~y). 2. - 2 (,a-d){x-j/) + ?{x+y)3'‘. 

3. — 2{a + 3y + + 2 .r*(/* + 3). 4 . — fa3c + ~ 

5. + 6 - 4<2^3^{‘2 — 3)—i6x^y^(ct^+3^)+ga6{a^ — l^. 

7. ixY + Ta-f + ixy"e + .tj. 

8. i'ja^3^ — a3c+-i!-x^y‘s^ + i{a — 3). 9. —a + 3-c. 


Ex. XVII. (p. 32). 


1. 

5^ - 4 ^. 

2. 

3 . 2X-'y. 

4. 14 - S-^* 

5. 

-2a+iid, 

6 . 2 ^ - 2 ^ + 3 c. 


7 . -2X’\-ly-2Z, 

8. 

— .r — 6y. 

9 . 4<2-4;r. 


10. 4a®-4«V. 

11. 

x--3y^-3z"‘ 

12. 2ax^ + 

2hy^ + 2cz^. 

13. i8;ir2-/. 

14. 

-9^+ 14 c. 

15. 5a=’--lla“3-l-^». 




Ex. XVIII. (p. 33). 


1. 


2. 2a + y. 

3 . 6^z — 3^. 

4. C^x—y. 

5. 


6. 2ab-\-\h'^. 

7. 0 . 

8. -yc-y-\r\z^ 

9. 

yx — 2 d. 

10. b^c. 

11. x-^-y-z. 

12. a*. 

13. 

a. 

14. -4^ + 4^- 

15. ilrt- 15 ^. 

16. —x-y~-m-n. 

17. 

2a. 

18. - 3 ^ + 3 ^. 

19. £4+10^. 

20. 

21. 

t-i 

1 

1 

22. 2X -y ; o. 




Ex. XIX. (pp. 34-35). 

1 . ii3-4c~3a); -(_3a-s3+4c). 

2. (2 a + 3 — tr) ; —(a — 3 + c — 2). 

3 . (2a + 33-4c-i) ; -(S-2a-33+4^). 

4. (3x - 2 )') H- ( 5^ -^ «) + (3(> - 2 f) ; ( 3 .r -2y + Ss^)+(a + 33- 2c). 

5. (.2(t-33)+i4‘:~2d)-{e-s) ; {2a-33 + 4c)-{2(i+e-s). 

6 . (a'^ - 1 - 2a*) - ( 3 a’ - 5 ^i“) - (3« + > ) ; («'‘ + - 3 '*®) + ( - 3 « - i )• 

7. (4^* -t- 5^*) - (3^ + 2-^') - (3r* - 2J®) ; (4'^* + 5^* - Z<^) 

-(2;i:^ + 3y-2^®). 

8 . -(3a~2c)-(,3d+2s)-{y--3x) ; - (sa - 2c + 3a) - (2z +y - y;).’ 

9 . - (3^* + 2y ) - ( 5?'' + a) -h (2^ - 3<r) ; - {^ x '^ + 2^ + 5^2) 

-{a~23 + 3c). 

10 . { 3 A--( 2 ^-S^)} + {a-l-( 3 i- 2 ^^)J. 

11. {2a-{33-/^))-{2d+{e-s)). 

12. {a*-l-(2a*-3a2)>-t-<5a“-(3a+i)}. 

13. j 4 a* -^( 5^2 - 3 C*)> - < 2 ;ir 2 H- ( 3 y - 2z*)}. 

14. -{sa-{2c-3d)\-{2z + (y-yc:)\. 

15. -{jr* + (2y + 5s’*)}-{a-(2^-3t)). 

16. {a — 3+c)}^—(3 — c&d)x^ — {c+d+e)x. 



ANSWERS. 


IJ. fl;c3 + (S^-2)jr2-(fl-3^-4)jr. 

18. 3 ^® + ( Jt 3^^ - 3 )'^“ - ( 3 ^ “ 6 ).r. 

19. - ( 4 ^^ - 3) - (3a<^’ + 3)^"^ + (3^ - 2c-),r2. ' 

20 . (rt® - - ( 3 ^ “ + (4^1 - 2 );ir. 

. 21 . 2(ax- by), 22 . 2 (tf + ^)-r". 23. ( 3 . 1 -/ - i):r^ + (^- 2 ).r®-r;jr. 
21 2 (<«;r + ^_;/) ; 2<^(:ir4'>'). 25. (< 2 +/).r^-(^-^^)y‘*-(r- i).r. 

Ex. XX. (p. 39). 

1. -6. 2. 15 . 3 . - 48 . 4. 360 . 5 . 216 . 6. - 216 . 

7 . ' 48 . 8. - 162 . 9 . - 34 . 10. 1 . 11. 98 . 

12. 3 . 13. 67 . U. o. 16. 13 . 16. - 32 . 

17. 9 - 18. 2 . 19. (i)“ 6 . ( 2 ) 36 . ( 3 ) - 72 . 

( 4 ) - 40 - 5 . ( 5 ) 16 . 20 . tV 

Ex. XXL (p. 40 j. 

1. 28 ^ 5 . 2. - 6 ^/r. 3. \^ab. 4. loabcd. 

5. I2a\x\ 6. 7. 8. 

9. 10. 26 >>»ir^ 11 . abx\v\ 12. -.ry. 

13. d^bc^. 14. 2d^cx\v, 15 . —mnx^\ 16. I2a^b‘^, 

17. — 36 < 2 ^^rV. 18. -36a^^^ 19. ~6oaV/VA'y 20. 2i6.ry. 

21. -42db^'K 22. i 6 yy, 23. Sui\ 24. I 44 -^''V- 

25, 2 i 6 a«^«. 26. -72()a^\ 27. 28. 8 ia*^V. 

29. - 243 ^jV/y-. 30. -Ha^‘bK 31. 32. -a^*. 

33. 34. 35. eoa^b^c^. 

Ex. XXII. (p. 41). 

1 . 4a^4-i2ab. 2. 3. 24 ^:+ 18 ^. 

4. —2abx“~-6by^s. 5. (z^b^ — ab*(^. 6. — 9^^^,v-6a^. 

7. i2xy^z + ()xys^. 8. iS(t*b'^d'^ + 2o<Pc^d*. 

9. ga^b ' — 6/i V/-^ — 2 1 10. 4u^ — — 4a^b^. 

11 . x^-x^y^-xy"^. 12 . ’•~d^x4-(t'x'^ 

13. -'abx^ + (i“bx^-fib'^x* 14. x*y + 3 i'y\- sx^^ - xy^ 

15. - 3a*b - 1 2d‘b'^ + cjd^b"^ + 3ab\ 16. - i ^u^b' ocd-b^d^d 

17. 48 ^ 1 *^^!-. 18. 19. 24ox^y^^, 

20. 42aH'^x^y^z, 21. 1 2^V® - 34^‘V^ + 32r\ 

22. oyy — xy^ — 1 2y^, 23. 2x^ — 3iix^ — 24. — 8^**. 

25. -4«'+i6a®^‘--4«^"-8<5^ 

Ex. XXIII. (pp. 43-44). 

1. .r® + 7 J:- 78 . 2. ;r® + 8;r+i5. 3. ;r® + 2Ar-i5. 

4 . .r® — 2jir— 15. 5 . 2a® + 3a<^ - 2^®. 6* 2oa® + 23a^+6^®. 
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7. • 2a^ + Tab + 3 ^*. 8 . 2ac -he— bad + ^bd. 9. + J 3Xy + 6 ^. 

10 . - aP — 12b*. 11 . -r®+y*. 12 . x^ + 6x*^+'Tx — 6. 

18. x^-bx^ + iix- 6 . 14. x*-i 6 y\ 15. 6.r*-96. 

16. I Sx* — I TaV + 4a*. 17 . I ox^ — 1 gx*y + 1 3x^y^ — qy^. 

18. 8i^^-.y. 19. a- + 32d^, 20. a^-x^. 

21. a'^ — 4P+i2be4'9c^^ 22. a* + a^ — 2a^ + 3x-i; — 8a‘^ + «i+ 1. 

23. x* — 4a\e4-3a^. 24. x^ — a^, 

25. 2x*^-gx'^4r2ix^ — x^ — 6x + 3- 26- a^4‘2a^b^4-b^- 

27. X* 4^2 ax^ + 3^1 V + 2 n^x + 8 * 

28. 6 ,ir® - ^x ^ .- 4x* + x^ 4- S-r® - 6 jr *- 1 5 . 

29 . 2 + 8 - I Sab. 30. a^- b‘‘ 4- e^ 4- 3abc. 

31. a^-Sb^-2T<^ - \Sabc. 32. 25 ^:*+ i 6 .r- 64 . 

33. 3a^ - Sd'b 4 1 1 a^b'^ - iyrb^ + 4ah^ — b^. 

34. 2 Ta^ 4 - + €■ - I Sabc. 

35 . ba^ - I -jci^b 422a^b- — 27 d^b‘^ + yiab^ -2\b^. 

36. rt" + 4a'^ - 3a^ - 2ou^ + 18 . 37. - 4 T <2 - 1 20 . 

38. a^ 1 . 39 . 4x^ — $x^ + Sx* - I ox^ - 8.v‘^ - 5 ;^^ - 4 . 

40. I + 2x^ - yx* - I bx^. 41. d^b'^ - ah'^ tt b-d'^ + c^d^. 

42. a^ — 2d^b*^4b*44(ibc^ — c^. 43. i4X^ — x* — x'^. 

44. 4 ; o. 45. - 138 ; - 60 . 46 . o ; o. ^ 

Ex. XXIV. (p. 45). 

1 . x^-{a4b)x 4ab. 2 . x^ — {a-b)x-ab. 3 . x^4{a-b)x-ab^ 

4. x^ — {a4 e)x^ 4 (ae 4 b)x -be ; x*- (d' — b4 e)x^ + a{b 4 - c)x - be. 

5 . - amx — 2m^x^ 4 3mnx^ - n^x* \ 

4- a{m 4- 2n)x - \a{m 4n)- 2mn)x- - ( 4- 27t-)x^ 4- 77inx*. 

6 . X^4{a4b4 c)x'^ 4- {nb 4ac4 be)x 4 - abc \ x^ - (d^ 4- b'^)x^ + d^b^. 

7. ( w 4 - n)x* 4 " (w^ + 2m7t 4n^-‘i )x^ 4{2m^n 4 - 2mn^ — in — n)x^ 

4{ni4n — 2mn)x - i . 

8 . x^ —px^ 4 - qx -a^ 4 a^p — aq. 

9. .1 -(rtf - t)x-(a-b4i)x^4{a4b-e)x^-{b4c)x*4cx''. 

10 . ax* -[a 4 b)x^ 4- 4- ^ f c)x^ -{b4 e)x 4 - c. 

11. b-ap4q. 12. ae-b^. 

13 . d^x^ — d\h — e4d )x^y — (abe - abd 4- acd)xy^ 4- bedy^. 

14. 4X* 4 b{m - n)x’^ - (4/d^ 4- gmn 4- 4n^)x* 4 bmn{m - n\x 4- 4 ?« V. 

15. x^ — ( 2 a* 4 * 2 ^* 4 - ab)x^ 4(a*4a’b4 a^b^ 4 ab^ 4 - b*)x - d^b\a 4- b). 

Ex. XXV. (p. 46). 

1 . 2. 3. -^ax\ 4. -?aW. 

5. - 6 . 7. - ^sxY - 

8 . ^x4Sb^x-gc'^x. 



ANSWERS. 


0 . - ia*dx*y 4 - + l\\ab^xy\ 

10 . ; - \a^ + \an - laH'^ - za^ 

11. \aH\ 12 13 . 

14 . za^ - a^b - - b^\ 15 . i-x^ ^ ^\x'iy - - ^yK 

16 . V“ + 17 . ^^♦ + 2.|3 + ^-. 

18 . ix* + /. 19 . T-r® - ix^ 4-.1 - V'A'* + J . 

20. + 

Ex. XXVI. (pp. 46 - 47 ). 

1. — + + 2. 4.^“ ♦ + 4<j,t:‘^ + 

3. .t * — I ox^ 4- 9. 4. .r ” + (^/ + 3 + <;)a + {ab + <26* + bi!)x + abc. 

5. /z + 1 . 6 . 4- 4 /^*. 7. «® 4- 4- 

8 . a*+i oa^ 4- 3 5zz“ 4- 5o^z 4 24. 9. x* - 4- 4<2*. 

10 - ?/zy - 1 3//z'^/zVy'^ 4 - 36.f*/^ 11 . ,^'®-l6J/^ 

Ex. XXVII. (p. 48 ). 

1 , Gx"^ - 2 S.r^ 4 - 28;i‘ - 49. 2 . 1 2X^ + -25. 3 . 2x* - 5A'-’* 4 -.^:*^ - 

4 . X* - 64;''^ - I 6a' ->* 1 5 , 5 . 4 8/^®. 6. x*^ ~ sy*. 

7. 4.^*^ 4 - 3^1"* - 2 3.r* 4 2 5^*^ - 1 42- 4 - 4 ; 1 6x^ - 32;r* 4 3 5:1*’'’ - 2 3^*^ 4 92: - 2. 

8. S^^~“ 1 i.r‘^4 2Lr*~ i3A'^4i9.r®- I2.r49. 

‘ Ex. XXVIII. (p. 49 ). 

1 . ;r‘‘* 44 .*'^ 44 /^. 2 . gx^ — (yxy+y^. 3 . 25^1^430^1/^49/^®. 

4. qa^ — ^oab-\-2$b'^‘. 5. rt‘‘42a^^'^4^*. 6. a* — 2a-b^ + b*. 

7. 1 6izV;* r 240:^49. 8. 4,r^ 4 1 2;r® 4 9. 9 . 2 5/7*/5''^470£Z^449. 

10. d^b'^ - Gabcd 4 qc^dP-. 11. 4 4X 4 i • 12. qx'^ - 24^/ 4 1 6y^. 

13 4a^ 4 1 2a® 4 9. 14 . 94 122:4 4 1’’*' 15 . 4-^^- I2;ry49y‘*- 

16 . a^“ 6 a^r 49 aV. 17 . b^x'^ -zbcx^y 4-c^x'^y^. 

18 . 4a®/^® 4 2oabc 425 c®. 19 . i 4 4a be 4 40^ bh"^. 

20. i6a®3*-24a/5V49^V®. 21. 9801. 22. 7225. 

23 . 6084. 24 . 11025. 25 y^oo 8 oi 6 . 26 . 998001. 

27 . 10 1002 5. 28 . 250300*09. 29 . 63*936016. 30 * 9994*0009. 

Ex. XXIX. (p. 50 ). 

1. a^4-b’^4‘(^--2ab-\'2ac-2bc. 2. .r* 46 .t :®4 Ii.r® 46 jr 4 i. 

3. 4*:*4 i2;i:®-7.r‘--24J 416. 4 . 1 6 - T 6 .r 5 ~ 36.1:* 420^:425. 

5 . a®4^°4t:®42a*®^’* — 2aV-- 2^*^. 6 . a* 4 2a''^ - 4 4^*. 

7 . 4^* - 1 2.7^ - 7 x^ 4 24.^: 416. 8. 4 + 1 2.r - 7.r® -24^:® 4 

9 . zi*4 4 zr* 4 z/® 4 2ab — zac — 2ad — zbc — zbd 4 zed, 

10 . — zz® 4 2a* 4 2a 4 1 . 

11 . I - 6;r 4 I - 20.jr® 4 i $.*:* - Gx^ 4 x\ 

12 . a* 4 4 zr* 4 - 2a*^* - 2a*z** 4 za^d^ 4 zb^d^ - zb^d^ - zde^. 



MATRICULATION ALGEBRA. 


viii 

Ex. XXX. (p. 61). 

1-^ a* -I. 2. ;r*-9. 3. 4. 4 a*- i. 

5, . 0. 9;r2-25. 7. 9^2-25^2 8. a® -49^*. 

9. 4;?^®-$^®. 10 - 25;ra-i6.'i2. 11 . 12. ^a^--x\ 

13. 14 I44-49ji; 2. 15. 64-25.r“. 16. <22-49<52. 

17. 18. 19. 20. 9^®-^. 

2\. 22 . I 23. .r*- 8 i. 24. a* - 625 . 

85. 8 1 - 1 296;r*. 26 - b\ 27. x!^ - 4096. 28. 8 i;»r* - 1 6a«. 

29- ^“-256^:®. 30. 999999- 31. 9996. 32. 39975- 

33. 12075. - 34. 3‘9975- 35. 249856. 36- 399*9964-* 

37. 89975. 38. 14399- 39. 39936. 40. 8099999975. 

Ex. XXXI. (pp. 52-53). 

1 9^2 — 4/5® 4- 4^^ - ^2 2. -f 2 jr® 4- :r2 — 4. 

3. ^*-4^24-12^^ -9<r®. 4. /a:*-f4<^^. 

5. 6. <7*^ - + 2<7.r^ - .r^ 

7. .r^ - + 2/2^r - 8. r - 4^® + 1 2^ i5 ~ 9^®. 

9. 4«* -f 1 2^^/5 4- 9/^® -25. 1 0. - 4rt®^® 4- 4<^^'. 

11. 12. .r*4-4y. 

13. (P 4- 2 ab 4- ^® — c® ; — ^® 4- 2/'ec 4- — ^2 - zbc — r®. 

14. <z®- 2<2^4'^®-^® ; - a® 4. 2a/; — /52 4- ; - a® 4- - 2^<; 4- i:®. 

16. 4^2 - /52 4-6^r - 9t ® ; - 4(7® 4- I2ar4- - 9c®. 

16. 4«^-^^*-6^/:-9r3; - 4^® 4- 4«^ ~ + 9^'- 

17. cC^ 4 - 'lac +c^ — b'^ ~- 2 b(f—d^ ; a® 4 - 2 rt// 4 - - 3 ® - 2 ^c - r® ; 

^2 4. 2^/: 4- /:® — rt® — 2tid —dr ; — b^ — — fP — 2bc — 2bd — 2rr/. 

18- <1® 4 - 2 <'i^ 4 " d'^ — 4 < 5 ® 4 - 1 2.bc — 9^:® ; 9f® 4 - ^cd + cC^ — a“ + ^ib — 4^® ; 

<7® 4 - (yac 4 - 9r® — 4/5® 4 - A^d —d^\c^ — ^ah 4 - 4^® — \ 2 bc-{- 6 ac 4 - 9f® — 

19. a^-b*- 6 b^£^-h 4 b^c-c*-\- 4 b 6 ^, 20. i 4-2Ar2 -7^:^- i6jr6. 

21. a^b^-Arc^d^-a^c^-b\P>, 22. a^-b^. 

23. a^x^ + a^x^ 4- 1 • 24. x^^+x^j/^+y^^- 25. .r®— i 62 .r*'^ 656 i. 

Ex. XXXII. (p. 54). 

1. .r® 4- 4-^4- 3. 2. .r®-2;r-24. 3. ;r®-iar4-24. 

4. a^b‘ — ab - 6 . 6. 4«®.r2 — Sabx 4 - 3^®. 6. x* 4 * 3.r® — 4. 

7. X* - 4x^y^ + 3y*. 8- 25,r*- 5^jjr-6a®. 9. 1 5 4-8jr4-.r®. 

10. 10^^ *4- 2 1. 11. x*-xly-6y^. 12. 4gx^4-i4xy^3y^, 

13. gx^ 4 - sax - 20^. 14. i6a^ — S^®-, 15. 15. 21 »-8jr — 4.r®. 

16. 10. 17. -13. 18. 5- 19. ,y-s. 20. -10. 

21. -65. 22. -3.r. 23. 3(-^-2). 

24. ;r*-2;r®-25;r®4-26:r4- 120. 



ANSWERS. ' 


' IX I 


Ex. XXXIII. (p. 55 ). 


1. 

x^‘+6x‘^+jix + 6. 

2. .r®-6.r*+ii.r-C. 

3 . 

- 1 4^! - 24. 

4. i6^i® + 8ifi- 126. 

5 . 

- 5jir* - 26x 4 - 1 20. 

6. .rS + 6y-*“7-^-6o. 

7 . 

+ ^ei^d - 1 2ad^ - 36^®. 

8. i- 3 .r-i 3 jr* + i 5 ^^- 

9 . 

x-^ — ^x-^y — 2xy^ + 247*'' 

10. a« + 4 a<( 5 »- 

qd‘b*-\ob\ 

11. 

-3: -8. 13 . -isy; 3/. 13 . 19/; -8j'. 14 . -28 


Ex. XXXIV. (p. 56 ). 


1 

I2.r^+ i7.r+6. 2. 6.r-*- 

23.1+20. 3. 

34.H - 29.^ - 4. 

4 . 

i6;»:^ + 6jr -7. 5 . I4.r‘^- 

'-2C)XY— isy"' ®- 

8 ;>:“- 38 .r+ 35 . 

7 . 

6.r^ - 1 9 r + 1 4. 8. ^x^ - 

i+r - 1 5. 9. 6 ;r 3 - 1 3.^* -- 8. 

10. 

28,r- + jrj - 4 5y . 11. 1 2 

- JIT- 20. 12. 

T4.r®-29.r+ 12. 

13 . 

1 4.r‘-^ - 2 9.r - 1 5 . 14 . 2 6.r‘^ 

-4i.t+3. 15 . 

5 + 9.r ~ 2,r^. 

16 . 

24;r-- 5o;r + 25. 17 - 

-7.r-i2. 18 . 

i2.A*^-25.r+ 12. 

19 . 

-13/. 20. -41. 21. 3>'. 

22 . -I I. 23 . 

-13. 24 . 11. 


Ex. XXXV. (p. 57 ). 


1. 

;i''’-9J»'‘-* + 27 .r~ 27 . 

2. Srt’’ + 6on^ +150^+12 5. 

3 . 

8 + I2izx + 6<i-x^ + r'*. 

4 . + 1 2a*b'^ + 48«“^^ + 64/;*'. 

6 . 

.r«-6.iV+r2.t2v*-8y’. 

6. 8.r^ - 36,!'*-* + SAX- 27. 

7 . 

27^*’ + 54 «'*^ + + 8/;®. 

8. 8 //»- 36 r^‘‘/>‘-^ + 54 «=^/^*- 27 ^^ 

9 . 

.r^ + 27. 10. ifxi" 27 bK 

11. l+a'lP. 

12. 

13 . 

14 . 8.r’y'-i. 

16 . 64^^-125/;^ 

16 . 

729^“-»-8jr^ 17 . 8,r^' 

-iyy\ 

18 . 

19 . 

20 

-64. 



Ex. XXXVI. (pp. 59 60 ). 


1. 

- ^ab. 2. - 2 aV.^. 

3. 2 qr. 

4. — %abxz. 

6. 

"^(i^byz. 6. — 2 abc*z. 

7 . -lp''(ir. 

8. “ i)abc^. 

9 . 

•bc^-. 10. s V'. 

11. -llbx. 

12. -2. 

13 : 

“ %abc, 14 . 8,r. 

15 . -5«®. 

16 . -4^^^-. 

17 . 

-8aV^ 18 . -U-b^c\ 

19 . xyzK 

20. - 17 ^^^- 

21. 

•^d^b^c. 

22. - T^dy. 



Ex. XXXVII. (p. 60 ). 


1. 

X ~y. 2. - « + 

3 . - 3 a- 4 ^. 

4 . 9 «- 3 ^‘ 

5 . 

la-yab^. 6. -x'^-\-x^-x. 7 . 3 r>r- 2 ;r 5 r + 3)<js’. 

8 . 

- + yabc^ - 4^:*. 

9. a V - z<^x + 3^ - b'^ . 

10 . 

- ^ni^n + 3 - 2 znn^ + n. 

11 . . 1 ^a^b^ - idb^ + la-b - a - 2^. 


12. - 2a‘^’ 1 U(?d. 



•X 


MATRICiULATION ALGEBRA. 


1 3. . 6/J"^* + <i)P^ - ; - ()p^q - + }^pq - q'^. 

14. — 4 x'^y^ + - 2;t'y + jry* + 6. 

15. ~ 4<i^ + ^ab'^c — 3^^^:*'* + 1 . ^ 16. 2^y^2* + ^x^yz^ + 6x^z^ — 2x*y^. 

Ex. XXXVIII. (pp. 62-63). 

I. .tf5. 2. 3^? — 2^. 3. ///‘‘^ — 4W + 3. 4. 3-r + 2^. 

5. 2 ab-~'^b-. 6- .r + 6. 7. ;ir-8. 8. 2 a -^qb. 

» 9 . 4r-3>'. 10. 2^ + 3^. 11. 1 - 20«^ + 2 5^®. 

12. 4rt^-HC>^//5-+-9^** 13. — II. 14. X^^12 

16. -^b^. 16. ^*^-f2^^-f 2^'**. 17. x^ +xy-\-y'^.* 

18. Jit — Zb. 19. + 1 . 20. 2;irV^ + 2 .xy -h I . 

21. 3<'2*-f 2/i4- 1. 22. a* + 2 a^ + ^a^-{‘ 4 a + ^. 23. I9.r2+ i 5.1- + 9. 

24. a^ + 2ab- ^b^. 25. 2.r2 4-3^‘-i. 26. x--yx + S‘ 

27. x^-x^--x-j. 2B. x‘^--4ax + 4a^. 29 - + 5/A 

30. -.fS-2.i2-3;t--4.31. 32. .r^ + 2;r>/-H3/. 

33. — 2m 4- 3. 34 . i - 2A' + ^x^ - 4^^ -|- 5;^^ 

35. a* — 2 aPb 4 '^ni^^P — 2 ab^ + b*. 36. .r^ -i- 2.r'‘ -h 3.1“^ + 2.r + 1 . 

37. — 2/'^^ + 2cl - I . 38. 4^v^-6x + 9- 39. + 2^*V + + 4-^'- 

40. 4a^4‘ 14 ^+ 9 - 41. 3a4-2b4-c. 43. 3.r‘^~4.r-f5. 

43. 2<'2^ + ^ax^ - 2x^. 41. 4x- — 3«;ir -h a^. 45. - ^(ib -f 6^®. 

46. - I - 3 r y - I 47. .r ■* + 3.fV + Zx\y^ - 8/^! 

48. 3 -f 2X^ - 4.r - I o. 49. 7x^ - y.ry + ^y^. 

50. .r*-*-;!:- 19. 51. x'^ -x^4-x*-x^+x-i. 

52. - a'^x 4- a^x'^ - a*x^ -f a'^x* — + ax^ - .r^. 

53. X* + xy x^y^ -f xy'^ 4y^. 

Ex. XXXIX. (pp. 64-65). 

1. a4b 4c. 2. a — b — c. 3. x^-px4q^ 

4. ax^ 4bx -c. h. a4h — c-d. Z. a42b — c. 

7 . 3 a 42 b 4c. 8. 4d^4c^ 4ab - ac4bc. 

9 . 4d^ 4c^ '-ab4cLc4bc. 10. \ —x 42y4x^42xy 44y’^. 

II. I - .r - 2 ^ -h .;r- - 2xy -i- 4y'^. 12. x^ 4 4 y'^ -f 9x‘‘^ 4 2.17 - ^xz 4- 6 yz. 

13. x^4y^4s^4i- 14. a-b-c. 

15. X4a. 16. a‘^-3ab{a-b)-b\ 17. x^4a^-{x4a). 

18. s^4y3 4 s:x 4 xy. 19. x^ -xy4y^ 4x4y4 1. 

20. x^44y^ 4 9 x ^4 6yz 4 3 XZ - 2 xy. 21. a 4 2 b 4 3 c. 22. a 4 b. 

Ex. XIi. (pp. 65-66). 

1. -lax. 2. -Ubx. 3. ’ia^b\ 

6 . tV. 6. -hxy\ 7. lab-l. 

9. 3abc-lbc44a^i^ ] ia^V-f^V+ 


4 . -i^ax. 

8 . -a43b4-'z-c- 



ANSWERS. 


10 . * 12 . ■ 

13. 14. snry* 15. + 

16. a* + Ja + i. 17. a-^b. 18. i.r* + JJ17 + 

19. Jjr2-A* + f 20. + 21, + + 

22. ^zx" -Ixy + iy^. 23. 2;f^-3.r4‘6. 24. 5.*^- 5^'*-^ +ijr+9. 

26. 3^ ” *2^ 

Ex. XLI. (p. 67). 

1. a - ax + ax“ - ax^. 2. i + 5.r + 1 ^x^ + 4 Sx^, 

3. I - 5 .r -t- 1 5.1-2 _ ^ ^ j ^ 2a - 8 i® - 1 6a*, 

5 . I + 2jr - 1 - 3.r- + 4.:^ ". 6. I - (a + b)x + (a + b)bx^ - (a + 

7. — I -a + 2 a^ 4 - 4 a^. 8 . a*-a/“ 4 -a^-r. 

Ex. XLII. (p. 69). 

1. 4;>:‘^-7. 2. a‘'^-3a + 9. 

4. .r-3. 5. 9.v‘‘^-3r+i 

7. 3r‘'* + 2.^'-4. 8. .1-2 -.r. 

10. 1 2 X^ - ^ I x'^ + lOX^ + 39 X + 8. 

Ex. XLIII. (p. 70). 

1. a-x. 2. a*4-a^x+ci\r^+ax^'\'X*, 

3. a-*’ — a^x 4- 4- a,r^ — 4. 3;ir 4 - i . 6. 5.^' -* J . 

6. 2,r - 3. 7 . I - 2 jr 4 - 4x'i 8 . gx’^^ 4 - 3 ^' 4- 1 . 9. i - 2 ;ir 4 - 4^1^ ■” 8;t^. 

10. x"^ 4 - 3x'y 4 - 9xy^ 4 - 2 7y. 11 . a** — 4 - 4a‘^^^ - 8a// 4-163*. 

12. — x^V 4 - -vV* - x^y* 4 - 13. ia^ — Ja 3 4- 3’^. 

14. -:f‘y'^2'4-Al>'2’“ — 15. 4;;/-«‘'*. 

16. a* 4 - 2a^l^ 4- 4a V 4 - 8 a.v^ 4 - 1 6x*. 17. 32 - 1 6a 4 - 8a^ - 4^/ 4 - 2a* - a**. 

18. a^- 7a 4- 49. 19. a4-3-r. 20. x'^ 4 ‘X_y -xiy+y-^ - 2 ys 4 ’Z^. 

Bevision Papers 1. 

Paper I. 

1. 15. 2. 44-.^^ 3. 7 a-7b. 4. 2a. 6. 14 ; i ; ~3; 3; I9* 

7 . (a^r - by) - (iT-s’ 4- bx) 4- {cy 4 - aj?) ; (ax -by-- cz) - (bx -cy- az), 

8 . 42j;^ + 2i6;rj/4-30J'*- 9. d^ + ab- ac- be. 10. 4^:*. 

Paper 11. 

1. I25 t:V- 2. 2.r2 -ii**-2a*4-2a4-7. 6. 8a*4-273®-/4-i8a3^. 

6. - 2;r2 - 8;r - 1 6. 7 . jt- 6. 8. 22 ; 9 ; o ; - 6 ; - 3 ; 4. 

8 . - 35 ;*r-H 8 j' + i 7 r. 10 . 4-^®. 


3. ;r®- 3 ;r 4 - 2 . 

6 . x--x^ 4 -x-l. 

9. 3a -2b, 
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JtU • 

Paper III. 

!•* 4. 2. + 3- i2^‘i 4. 94. 

5. -06 - •3;*: + '2x‘^ - jr* ; -031. 6. 2(jf2 +J/2 + s'2 - j/s' -srx- xy). 

7. 8. 9. x^ + s(a- i)x - d. 10. 3a -6^ miles. 

Paper IV. 

, 1* 3\/033)- 2, 5A-2+6rj/ + 2j>'2. 3. a^d^--b^d-\‘bc“d, 

4. jr‘“ + 3'jr + 3rt‘^ and a rr7« 3t^^. 5. 2ox^ — ^ax. 

6. 3rt‘^ + 4«'-2. 7. i+3^i + 4 rt 2 + 2^i\ 8. 3rt‘^ + 4a^4-5^®. 

10 . a + 3^ + 2/i 

Paper V. 

1 . 2700. 2 . + 3 . aS-a2/5 + 3a-^:-4a/72 

- 4- 1 2abc + 24^-d: +45^6'‘-* + 4^” - 27(7^ ; - 4/7'^ 4- 1 2^(;- - 9^*. 

4. x^ — 2(i« 4“ ^ 4 - ^■).r‘^ 4 - 2{ab 4* nr)x. 

5. X* - 2<7.r ' - 2( /*■* - 4- ( 4- 4. pc/^ - (/)x - : 

x‘^ — {p + (7 )x 4- 6. — (4^7^ 4- 4- 2,(^d^b^> 

7 . 2ab + ^ac + 6bc» 8 . i 6 (.r^ — ,r*>'^ 4 -jj'*) - 8 (A:®«r_y®)<«‘^ 4 *^**. 

9 . 3i?'-*-£*4-2. 

Paper VI. 

1- T:r- 2. (io£z 4-9^4-90(«4-6 4“/^)= ioa‘-^4- i9a^4-i9a^4-9^^4- 
I Zbc 4- 9^^* 3. yx^ — 1 7rt;f — 1 4. .v“ — ax — b. 

5 . 2y^, 6. x^ 4- 371:^ - 1 6 r ~ 48 ; 6,r 4- 24. 7. 7^'-^ 4- S^jy + 

8. jr’4-7^ and .r* — y* are divisible by x +y ; jr*-/* and 

x^ — are divisible by x — y. 9 . a-” 4- jr* 4- i . 

Paper VII. 

1- I. 2. (i) iC)a^b'^+ i2(tbc +gc^. (ii) 9a*^^-6a^^‘4- 4^*. 

3. (i) a*+a^-~20. (ii) 14375. (iii) 996004. 

4. A'** - I i6.r7 4- 1 789.r‘’ - io46o,r® 4- 2502^-^ - 5382:1:® 4- 4633,r2 

-7o8.r4“ 1 189. 

5 . ^d^^ab + P. 6 . i6ax^. 7 . 2x^' — x*y — ix^y^—\px*^y'^+yK 

8. ix*-^ — ixy + ‘§y^, 9 . 62.r*4'23Jij — 4y*. 10. x -^-y + z -h xys, 

• Paper VIII. 

1. 4- 2. 3^1^- i2^®-96^:®-34/<^4-4«- i2/54-5r. 3. 3v/3. 

*'4. (i) A'^-25. * (ri) 9A'‘-*-45.r4-56. (iii) 12:1:2 
, 5. 6. 2:ir2 4.;i:- I ; :r4-i. 7. a,:r + ^jy4-^:i2'. 

8. 5;r. 9. 2x^ •^2{a-^b)x + ab: 10. smiles. 
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Paper IX. 

1. f . 2. (i) - 1 4 - 1 2 a\r‘^ - 2oa V - 20a.r'^ - 2SX^, • 

(ii) — 2ax^ — 2a V + 6£rx^ - + 2rt^;r — a^. 

3 . r^ — 2ax — a^+i. 4 . 9^^ + 6ar + 4^^ — — 6^"- 

5 . 2 4-4.r + 8y'^ 4- l6;i:® + 32 .r*. 6- 3(<r-l-<^-+c®)-2(^^ + ra4-^i^) ; 59- 

7 . — 2a;f ** — 1 6 a^x* 4- 2 >^cl^x ^ + 64 ^^^' — 1 2 8a". 

■8. 2 x^ - 5 .r^ - 4 . 1 '-* + ;tr 4 - 2 . 9 .r* - .r^j/ 4 - - xy^ 4- j'*- 10. 6a® 4- 2 . 

Paper X. 

1. 128 . 2. - 2 ;i'-- 30 j' 4 - 53 -. 3. 4 aVjy. 

4. 5 ^^ 4- 4- b'^c' ; 2 . 5. 3 .t“^ - 7 . 1 ' 4- 9 . 6 . a* 4 - 2 a^ 4- - a^: - 4- 

8. a* — 3a'’^ 4 - — 3a/5>^ 4- 9. x * 4- {n 4- 3 )a;i‘ 4- 3 ^'-^. 10. 2 m ; 2 n, 

Ex. XLIV. (p. 78). 

1 . ,r(.r 4 - 3 a). 2. a®(a'-* — ^). 3. .r®(.r‘''4' 5 ). 4. jr®(.r*— 5 a). 

5. Sx'^ix- 3 y). 6. a{a- 2 b). 7. 7(3 ~ 5 “t')* 8. - 2 a(a- 3 ). 

9 . 3 ^'''‘( I 4- 3 .V - 4-^'*)- 10. - 4<^ + 6). 11. 8>'(.r 4* 22 -). 

12. 3 a'' bH - 6 a/^ 4- ya'O- 13. 6 xjy:r(x 4- 2 v - 3 x\y‘‘‘), 

14 . jx'^y^zifiz^ 4- 7 xyz - 9.1 15. 7 .r/( 2 ^'® ~ xy 4- 8 /^). 

16. 5 a^(a'' 4- 5 a®/; - 2 ab'^ 4- 36 '^). 17. (xxyzifix — 9 ^ 4 - 85 ). 

18. I oa^/; V ( 7 - ^abc 4- 5 a'-' b'^c^ - 


1 . 

4. 

7. 

10 . 

13. 

16. 

19. 


1 . 

5. 

9. 

12 . 

15. 

18. 

21 . 


Ex. XLV. (p. 79). 


(a 4“ b){a + c), 
(ac— 2b'j{(ib4-c), 
{ ac — 3 ( i)(ac + b ). 

(i 1.1-24 7)(.i^- 5)- 
(3a-4a^X5^ + 34 

(.i-~/)(.r+^-5). 

(a4 2)(a,r-3^^V). 


2. {a- b)(a-\rc). 3. (a4^)(r4^). 

5 . (a4^)f.r + ^). 6. {a-^byx- c). 

8. (a2 4^®)f^4//j. 9. (.r>4 2 )( 2 .i-- 3 ). 

11 . { 5 ^ i - 3 ^)( 4b - 7f^y 12. 2(3a426-)(2a-3/5). 

14. (.r2 4i)(j*4i). 15. {x'^ + 4)ix+sy 

17. 5'(6.r~5)(3j/«-2.r). 18. (.r^- 53’)(a4^^). 
20. 2 (a - c)(« + 3^)- 

Ex. XliVI. (p. 80). 


(.r46)2. 

{ 2X + Sy ?- 
{3^^ + b^rK 
{ 2abc + iy ^- 
{ la - lbf - 

(ax -by 4 - 20)^. 

1. 22. 4* 


2. (^-4)^ 


3. (.r47)^. 


6. (20:4 1 )^ 7. (3a- 

10. bH4ab - c ^ f . 
13. (2.r 4 55-*)®. 
16. { 3a - 2b + 3c )^ 
19. (.r®42.r-2)®. 
23. 0025. 


4. (2a-i)®. 


■ Sb )^. 8. (a® 4 7)". 

11. b ^{ 2c ^ — 7bc )^. 

14 . (a®- 10)®. 

17. (2x-y + s)^- 

20. i2a + 3b + x4 “ 2y )^. 
24 . *0951, 25 . 4. 
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Ex. XLVII. (p. 81). 

2 . (a + 3 x)(a--^x). 

5. (^ + 3)(^-3)- 

8. (ad +i )(^ad — i ). 

11. (g.r + 8X9r-8). 


3. (3w + 2w)(3w-2«> 

6. {j+.x‘^)ii+x){i-x) 
9. (^a6)(s-a6). 

12. (6 + x*}{6-x*). 


14. (a“^+io)(a*i- lo). 15. ( 7 ^ + 9 ^ ( 7 a - 9 ^). 
17. (< 1 + 17^)(«- 17*)- 

19. {i2ai+iic^){i2a6-lic*) 


1 . (i + 2 x)(l - 2 Ar). 

4. (5x+4)(5a-4). 

7. (a + i3)(a-i3). 

10. (3^+4.)')(3'f-4j)')- 

13. (a» + 5Ka“-5). 

M- (3^+7>'K3^-7;')- 

*18. (i ia + I2^)(i la- i2i). 

20. (a" + 

22. (5+a»)(5.>-a*). 

24. (aV^ + 3C*)(a^6^-3c*). 

26. xy*{4.r + sy)i4r-Sj')- 

28. 2ai'f(rt + 2c)(a - 2c). 

30. a*{a + 3^'')(a-36'')- 
32. 7 x''{x + 3a) (.r - 3a). 

34. il(l + 3a)(i-3a). 

36. i4iaV(a’^'4-2)(a®A»-3). 
38. 7{<t‘+7in{a‘‘-76‘‘). 

40. 1840. 41. 54000. 

44. 149400. 45. 573. 

48. 14352- 49. 29496. 


21. 4'a + 2)(tt-2). 

23 (7-f“ + iH7.i^‘-i)- 

26. ( 5a.r + 2_)')( 50.1- - 2J'). 

27. xj/(tty +x'^){ay ~ x'‘). 

29 x" (sx + a)(^x - a). 

31. (9.f'> + 8)(9.tS-8). 

33 . 3 (.»•“+ io)(a-‘’ - 10). 

35. 5''3-n'' + 4)(>’:J’-4)- 
37. 541 ia+ I 2 #)(l la- 12(5). 

39. 1 7( 1 + 2a^ )( I 
42. 250000. 43. 15600. 

46. 1 1 800. 47.,998 cx)o. 

50. 45584. 


Ex. XLVIII. (p. 82). 


1 . (a — d -{■ c)(a — d - c). 2. {a d — c){a - d c). 3. {a + 2 d)(a — d). 

4. 5. (a-hdj{a-d+4)/ 

6. (a-^d-{-2){a-d). 7. {x + 2j' + 4a]{x+y’~4a). 

8. (5:r + a4-/^)(5.v-a-/^). {c + a - d){c ^ a -k- d). 

10. ( 4 .r- 5 )( 2 ;r + i). 11. 8^*^. 12. (rtrh4,r -yX® “4^+J'). 

13. 7(^+J')(^-^)* ,14- -4xy+j^^). 

15. 2ad-i. 16. (a'^4-2ad + 2d'^)(a^ -2ad + 2 d^). 

17. (7.^-7)(7>'-.^). 18. 3(a + d + 2c4-2ff)(a + d-2c-~2^/). 

19. (3X + 2j/ + 2a)(x4-4J^). 20. (a 4- d - 2cXa - d + 2c). 

21. (a^d + ^rXa-d-c). 22. (c+a-d)(c-a + d). 

23. (2rt'* +3«- i)(2a®-3a + i). 24. (x - + 4 ^)(x - 3 y - 4 £r)^ 

26. (3a-2d4-^x+j')(3a-2d-4x-y). 26. (a 4- d + cXa + d - c). 

27* (a 4- d 4" ^)(a — d 4- + i/). 

29. + 

31. 

33. (2f" + i)(5-4^)- 
35. i 3 a + d- 4 d - 1 )(3a - ^ + 4 S- 1 ). 


28. {x'^4-x4-i)ix^ -x-i). 

30. (.a + d + cXa-^d+c). 

33. ( 5 +<® "" ^)(5 4‘^). 

34. {a4-6y(a^d)\ 
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Ex^ XI.IX. (p. 83). 

1. + 2. +x-iY. 3. (2.r’* - 3.r - 4 )^. 4. (jt* + 2;*r - 2)*-^. 

6. + 6. [x-^ + kx+i)K 7. (x^-sx + 7f- Z. 

Ex. Ii. (pp. 84-85). 

1. (;f+i)(^+5)- 2. (jr-l-4)(.r-f*5 ). 3. (a:+ i);.v~6). 

4. (-r-3)(a:-5). 5. {x + i){x + 7 ). 6. {x-i)(x-(^), 

7. (.f - 2)(.r + 3}. 8. ijr + 2)(.r-3). 9. (;*^-3)U'+0- 

10. (:r + 5)U--3)- 11. (;r + 8)(;r-i). 12. (aH- i)(.r-9). 

13. (.i' + 3X''*^ + 4i 1^- (-'i‘-2)(.r-7). 15..(a--|-2)(^-7), 

16. (.r-3)r-r + 4)- 17. (f -. r)(r -2.i*). 18 (.r + i i)(.r - Jo). 

19. (x-{-7){x+^]. 20. (a-- ii)(jr- 12). 21. (.r- iO;(.r-2o). 

22. (.r-3«)(.v- i3«). 23. (^‘^+ 2 ^-'‘)(^^-f 7 ^‘^)- 24. (.*»-3)(^^"'-4)- 

25. {xy ’^z){xy -^ \\ z). 26. i u)(/v^- 13^). 27. (7 -f r),6~,r). 

28. (6-Ha')(i I -.t). 29. (.r + iX-f-s)* 30 . (.r+ i3;'){-^-2^). 

31. - 9 )(<''^ + 5). 32. (jtr- 9 )(.t* + 8). 33 . 4- 1 — 4 )- 

34. {xy - 1 1 )^vv + 1 4 ). 35. (a: 4* 3 ) .r - 1 6 ). 36. ^ 2 ^ab -f i)' 2 ab - i ). 

37. ( sV * )( 5 '‘t 7 " 0- 38 ( 1 8 .r +_^)0( zx -y). 39. ( r + 2^(){x - 5 ^). 

40. {x-6ci){x-^h). 41. (.v-ia)')(A'-i3j0- (13.1 - iX2;i' + i). 

43. (.r- i)(43;r4- 1). 44. (i -4^);! -Cxr). 

45. {x- 7 a){^-\’'^b). 46. a\x-a){x- 2 a). 

47. a{a--2,x){a^2x). 48. a\a'^ ^U'^){a^ ^7b'^). 

49. fi\ w + 7 )( w - 1 2). 50. (.r - ynp)[x + 5«/). 

Ex. El. (p. 86). 

1 (2^ + 3)(2^+0. 3. (4.ir4-i)(.r + 3). 3. (,v- 2)(3.r - 7). 

4. (3.ir- l)(4-^- i). 5 . 2(4r + 2}(4;r4-3). 6. (« -f3;(2« 4- i;. 

7. ( 4 ^- i)(-r4-3)- 8. (2-r-3)(2.ir>i). 9. (3;f- 2)(,r 4-2). 

10. (3.r4-4)(2^- 0- 11- (4^4- I )( 3.1^ -2). 12. 2(6jr- i)(.r-- 1). 

13 . (4.r4- 1)(3^“ 1 ’• 14. (3'^'-5)(^+ n. 15- +-^*)- 

16. ab['^a-^ 2 b){a-\-b). 17. xy[ 2 x ■{•ytx + 2 y). 

18. 37^(3^ + 2/)U'“J')- 19. a^i^aX-iK^ftx+i). 

20. x^i2b--sx){?>^+xy 21 (4-tf)(2-f5rt). 

22. (7+^«)(4-S^)- 33. (7:r-4)(2,r-3), 24 (i3^'' + 2)(^ + 3). 

85. (3-*^4-4)(3'^-2). 26. (2.r-7X2.r4-9). 27- (2a-i)(a + s)- 

28. (3-,ir)(i 4-8,1')- 29. {3x + S)ix-6). 30. (6,^4- i)(3.r-2). 

Ex Eli. (p. 87). 

1. (3;ir4-2)(;r4-4). 2. (3;r4-2)(jir-4). 3- (7^ + 3)(2^~5)- 

4. (2.* -3fl)(2jr-rt). 5. (7x^3y){x-hy), 0. (2.r-i)(.r+3)* 
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7. (5'‘’^ + 2)(jtr+3). 8. (4-^ “5X6^- 5)* 9- (4 “ S-^'X? ‘ 

10 . {ix^2a){2x-yi), 11 . {i3X-sy)(7x+i7y). 

la (ii.r+i3j|/)(9-^- nj/). 13. (i5^2^ + i7^*Xi4iz^-9^*). 

Ex. LIII. (pp. 87-88). 

1 . {x+y){y‘^-xj/-\-y'^). 2 . {x -jy){x‘^ + xj/-\-y^). 

3. (i +.r)(i 4. (i -.r)(i +;r+.r0- 
5. {y + y){x^ - x^y +_y^). 6. (x“- y)(x*+yy+y). 

7. (a-2)(u^ -[-2a + /i). 8. (2A'-M)(4:r2-2.r+i). 

9. {ab+l){a^^^-a/>+l), 10. Uifi- i)iuV + a^+i). 

11 . {n + 4d){a'^-4'i/?-\-j66^). 12 . ( 3 ^*+ 3 ^+ t ). 

13. + 14. (,r‘-‘+i)(.v^-.r2 + i). 

15. (i -3 j: )(H- 3^’' + 9-'''*)- 16. {2a-;^dy/[(y-\‘6al; + gd'^). 

17. (6a - lf)( ^6a^ + 6ab -f ^-). 18 ( 9 .r -f 2a)(i^ i — i Sax -h 40^). 

19. (,r*4-4)(.r^ - 4:1:^ + 16). 20. (H-9«)(i “9^ + 8irt®). 

21. (7^f - 0(49^^*'^ + + I ). 22. (4.r - Sy){ 1 6x'^ + 2oxy + 2 5 

23. 2(a + 4)f a^ - 4a -\-i 6). 24. ( + 8,r)(2 5a* - 4oaKr + 64X^). 

25. a + - 3^^'^ + 90- 26. 3(3 - a){g + 3a + a^). 

27. x\y(a + 3 v)(a^ - say + gv^). 28. (2x^ -f v®)(4.r® - 2xy‘^4‘y*y 

29. (4-a4‘b)(i6+4a-4b4-a^-2ad4-b‘^). 

30. (6 + 4^ - 5-^)(36 - 24^z 4- sob + 16^^ - 4oab 4- 2 

31. x{x - s)(^^ + 3*'^' + 9 )• 32.‘ {7a -f 9 <^)( + 1 Soab + 8 1^*). 

Ex. LIV. (p. 88). 

1. (.r + 2)\ * 2. (a-^2x}\ 3. (2^ -3)^ 4. (5rt-2)®. 

5. (.r-5)^ 6. 7 (4^r-3)®. 8. (a -6)®. 

Ex. LV. (p. 89). 

1. (j:''^ + 3r/-2y-^)(.r*-3r>'-2j/^)- 2. (a^ ■\-a4- i)(a'^- a+i). 

3. (3«'^ + 4« + 5)(3«‘^-4^i4-5). 4. (.t ' + 2;r - 4)(,r^i - 2.r - 4). 

5. (a^ + 4(^b - ^‘'')v - 4'^^ - 6 . (x'^ + S-^y +y‘^ (x^ - 3xy +jv®). 

7. (S>:''4r2xy4r7y^)(3x^'-2xy4-7y^\ 8. [x'^+x-2)(x^-x--2). 

9. (4x^ + 2x+i){4x' -2x4^1). 10. (4a‘^H-6£LV + 9.r®)(4a*-6a;r+9;i:*). 

11. (a'^ + 2ab + 2b'^)(a’^ — 2ab 4- 2b‘^). 

12. (7fc'^+i3a<^ + ii^®)'7rf®- I3i^^+ii^'''). 

13. (sx'^ + sxy + 5^ )(3 -3xy4- 5/^). 

14. (5rz* + 7a^ + 4^*)(5^®“7«^+4^®)- 15. ix^4’2x + 2)(x^ -2x4-2). 

Ex. LVI. (p. 90). 

{X + 2)(X - 2){x^ 4r2X-t 4)(X^ -2X4- 4). 

(x + 2)(x - 2){x^ + 4 )(x* + 1 6 ). 
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3. ■ (i+a>')(i-3r)(i+ar+9j®)(i“3^+9y)- 

4. ( I + 2a){ I - 2a){ i + 4a^). 

5. {x + a)(x - a)(x'^ +ax + a^){x^ -ax-\- a’^){x'^ + a^){x^ - + a*). 

6 - (x + a){x — a)(x^ + a^){x'^ + a^)(x^ + n^). 

7. (ax + fy)(ax - djy)(aH‘'^ + 

8 . (x^ + x+i){x'^-^x+i)(x*-x"^-\‘T). 

9. (x^‘ + xjr +j|/®)(a'® - xy 4 -.y*)(;r* ^x‘y^ +^^)- 
10 . (a + d){a‘^ —ad + d^){u — d){a'^ + ad + /^®). 

1 1: (X + I )(.r*^ - ;r + I )(.r - I ){x ^ + r + i ). 

12 . So(a + d)(a — b)(a^ + b‘^\ 

13. {a-\- b + c){ a-\- b — c){a — b •¥ c){b + c — a^. 

14 (fl + 23 - 2 c)i^a - 23 4 - 2 c) < a^ - 83r + 43 ® 4 - 4 ^:®). 

Ex. liVII. (pp. 91 92). 

1. 4(.r4-0(;r - 1 ). 2. yt^b^c\d^-6bc + Zab). 3. abc(a‘\‘cf, 

4. x‘^(x 3)®. 5. •\-c^\(ab'^ — 

6 . x'^(x + M)^(x-a)^. 7. (a-b){b — c\ 8 . (‘*4"7)(a-3). 

9. 10. 11- 2(iz4-S)(^i-5). 

12. 5 ^i[a 34 - 4 <i)(^i 3- 3 13. [ 2 ab — y( 2 ab — c), 14. 3(2 4-.^X2 — ^). 

1 j . (2X+J/-S), 4x^ -2Xjy-h 2 XX 4 -j/® - 2 ys + z;® ). 

16. (^4-3- 5 r)(/«'‘^ + 2<234-324- 5^^^4-53^4-25^2). 

17- (« 4 * 3 4 - 4 ' ; ( 4 - 2ab 4 - 3'^ —ac— be 4- ^). 

18. 2 x(x^ + ^y^). 19. 2 y( 3 x^+y^). 20. 3(1 4'a-3)(i -a + 3), 

21. (ax4- i)(bv+ i). 22. I7(.r4- i)(;r4-2). 23. 13 ( 3 ^+ 0(3.^ 1 ). 

24. 2 ( 5 ^ + 1 1(25^®- 5^14- 1 ). 25. ^4-34 - 1 )(^i'^4-2tf3 + 3®-«-34* 0. 

26. («® + rt3-3®)(<i:®-^3-3‘-*). 27. 4-3)(7.^“ 5 ). 

28. (s + a + bXs-a-b). 29. ( 3 ^- i)( 2 ;ir- 3 ). 30. (a + isXa-g). 

31. ( 7<2 4- 1 i3)(7a- 1 13}. 32. (a4- 1)(3 + i)(3 ~ i). 

33. 5(7a + 6b-cX^-^l 34. (3^i4-4^ + ^)(5^^-«)* 

35. (x-jy)(x^- s^y + 7y^)- 36. (;*r + 7 )(i i;r- 2 ). 37. (7'tr + SJ^XS^ 4/)- 
38. (.r^ 4- 2 xy 4- 4 ^ )(;t'® - 2 xy 4- ~ 4 .r®j/® + 1 6 ^*). 

2®. 12 >/). 40. (3^ + 5j')(3^-5J')(9-^® + 25 y). 

41. (2:r4-2>'-rt-3)(r4-y-3«-3^)- 43. ( 5 ^+ i 3 )( 6 .r- ii). 

43. ( 7 ;r- 6 )( 6 .r-i 7 ). 44. ( 2 i.r- 5 )( 3 .r + 7 ). 

45. (.r®4-4^4-l6)(;r®-4^4-i6), 46. (3^4-4X3-^-4)(-^-4)(.JP + 2 ). 

47 . 5<a(i3^®4- i5a34- 123*). 48. ab(a-b), 

49 . 2(:r -^)(4J' - :t'). 50. lb(a-b), 

61. 2{x+y){4x-yX 52. 4y{x4ryy 53. (a+3j(a*+a34-3*). 

54. (.;t: 4 - i)(.r 4 - 2 )(.r- 2 )(.r- 3 ). 55. a®(34-^JE)(3-a). 

^ 66 . x(6x+iX3^-^)- S7. i6x(i-~x). 58. .r(r '-2j:)(3-24;). 

59 . 7(x + iX^“-^)- 3®' 3(/«-5)(a®4-5« + 25)' 


M.A.— B 
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61. + + sr*). 

62i {x^ + 2 a^){x- - 2 a^){x'^ + 2 ax + 2 €^){x^ — 2ax + 2a*). 

63. (a + ^- 3 d:)(a + ^-3c- i). 64. 2 ( 1 +a){i+c){a-c). 

65. 2 {a + d + c + d){a-~d). 66. {a^ + ax+x^){a^ -ax+x^){a* +x*), 

67. {x -\-y + s: + t/)(s -i-u - X - y){x + ::: - u){x y - z 

68. (-■*^* + 2.r + 3)(;*r*-2;t: + 3). 69. (x^+/fxy-j/^)(x^-pxy-y). 

70. {x + aY(x-ay. 71. (7^ + 8;0(49^’^ “ 56 ;r^ + 64 y^). 

72. (5 -xyii+x). 73 . {x + 7)( x +6). 74. {x + 2 ){x+ 6 )(x^~{‘Sx+-io). 

75. (.r + 7 )(:«r- 6 ). 76. (.r + 6 a)(.r-iia). 77. ( 2 x+y){ 2 x--jr){sx^^+y^), 
78. ( 3 ;c + 2 )(;ir*- 4 ). 79. ( 2 .^-^- 3 )( 3 .r- 2 ). 80. ( 5 -^+ i)( 2 .r- 5 ). 

81. ( 13 ^“ 1 1 )( 3 ^ + 2 ). 82. 2 ( 2 a + ^)(4a* + a/^ + <^*). 83. (6~jr)(;r-4). 
84. (Ar + i). 85. (a + 2^-^-3/f)(a-2^ + i:--3^/). 

Ex. LVIII. (pp. 94 95). 

1. o. 2. 3. .r*-i. 4. (a+/>4-^)(a-3 + ^:). 

6. {x^-xy-iry^y. 6. (x* -a^x^+a^Xx^^ + ax + a^). 7. x+y. 

8. (a*+A•*)(a*+.r*)(a-.^'). 9. (x+yf + 2 {x'^y)z-\-iz^. 

10 . 5.rV+/^' 11- iax + dy + czy-{ax + dy + cz){cx-6y+az) 



+ {cx 

- + asr)*-^. 

12. x^-ax+a^. 

13. a*-d*. 


11 

7 a® + 1 3 ^* + 2 1 iT® + 1 9^3 + 24 a<: + 33 ^ 6 '. 

15. x^+^x- 

-14. 

16. 

-S2x(x-7). , 

17. X{X^+22)(IIX-10). 

19. 2 ) 1 ^ -xy 

-ar*. 

20. 

4 ( 6 a’i’^ — a* — i*). 

21. (3J^’+J'’')(^* + 3r). 

22. A(.y-zf 


25. 

a"* 4-2 

a*^ + 2aW‘ + 


26. 64 .r*( 9 r 

*-i). 


27. 

7(A-- 

13)- 


28. 7jr®-io,r + 3. 




Ex. LX. (pp. 

101-102). 



1. 

’4- 

2. 4- 

3. -4- 

1 3. 

5. -4. 

6. -7. 

7. 

0. 

8. 6 . 

9. — 20. 

10. is- 

11. -18. 

12. 3- 

13. 

0. 

11 2l 

15. 15. 

le. 8. 

17. 6 . 

la 2. 

10. 

16. 

20. - 10. 

21. 0. 

22. - i . 

23. 2i. 

21 6. 

25. 

if 

26. -3- 

27. 5- 

2a 2 . 

29. 2|. 

30. 2 i. 

31. 

-2j. 

32. --03. 

33. 

34. 01. 

35. 5. 



. 

Ex. LXI. (pp. 104-105). 



1. 

5- 

2 . 

a 3- 

4. 4. 

5. -J. 

6. 7. 

7. 

8. 

8 . 9- 

9. 3- 

10. 2 . 

11. 1. 

12. 4. 

la 

2. 

11 5- 

15. 2. 

16. 4. 

17. 28. 

la 4- 

19. 

-25. 

20. 3i- 

21. 0. 

22. 7. 

23. -4. 

21 i . 

25. 

6. 

26. 3- 

27. -10. 

28. 10. 

29. I. 

30. 2. 

3L 

4- 

32. 7- 

33. -2. 

34. 3. 

35. 2. 

36. 2^* 

37. 

- 5 - 

38. 3. 

39. 51 - 

40. 3. 





ANSWERS. 


XIX 


j d^a 

m-^n’ 

6. 


2 . 


2a 

J' 

n 


Ex. LXII. (p. 105). 

3 4^ .a 


1. 


8 . 

0 ^ 4(1 


9. a-b. • 
Ex. IiXIII. (pp. 107-109). 


5. 


1. 

8 . 

2. 4. 

3. 12 . 

4. 42. 

5. 13 . 

6. 12. 

7. 

12. 

8. 5. 

9. 7. 

10. 4. 

11. 5. 

12. 1 • 

13. 

7- 

14. 104. 

15. 42. 

16. 6. 

17. S. ‘ 

18. -5. 

19. 

12. 

20. 2. 

21. i,V 

22. 3. 

23. 7- 

24. -8. 

25. 

4 - 

26. 7. 

27. J. 

28. -iSt- 

29. 3 

30. h 

31. 

5 * 

32. -7. 

33. 12. 

34. 7. 

35. II. 

36. II. 

37. 

8. 

38. 5 * 

39. 7- 

40. I. 

41. 13. 

42. 5- 

43. 

2. 

44. 10. 

45. -5. 

46. 6. 

47. -2?S. 

48. 1. 



Ex. LXIV. 

(pp. 110-111). 


1. 

18. 

2. 56. 

3. 8. 

4. 4. 

5. 2. 

6. 18. 

7. 

8.* 

8. 

9. 9. 

10. 6. 

11. 4. 

12. 10. 

13. 

7* 

14. loj. 

15. 24. 

16. i9. 

17. 

18. b-^a. 

19. 

- ?n. 

20. 2{a-\-c). 








Ex. LXV. (pp. 111-112). 



1. 

3 - 

2. I. 

3. 60. 

4. 

5. 1-95 


6. 2. 

7. 

5 - 

8. 8. 

9. 10. 

10. 7- 

11. - 4 . 


12. 5. 




Ex. LXVI. (pp. 112-113). 



1. 

I. 

2. 2-15. 

3. -29-1 

4. 4-667. 

6. 5-42. 

6 

I. -8. 

7. 

47 - 

8. rSy. 

9. 1-86. 

10. 30-7. 

11. 310. 

12. -I. 

t 



Ex. LXVII. (pp. 113-115). 



1. 

3 - 

2. 5. 

3. 6. 

4. -1. 

5. h . 

6. 

T ^ 

* Hi* 

7. 

M- 

8. 5. 

9. 12. 

10. 3. 

11. 2. 

12. 

2 \. 

13. 


14. a 

4 -/&. 15. 

13(25^ — 18^). 

16. . 


17. 

5 - 

18. ^ 

19. 

20. 7. 21. 

4. 22. 5. 


23. 5* 

24. 

34 - 

25. 

26. 7j. 

27. 4- 28. 

29. 4* 


30. 2. 

31. 

9 - 

32. No root. 

33. 7. 34. 

13-86. 

35. 

- 1. 

36. 

2. 

37. 8. 

38. 1 1 . 

39. si 40. 

5 - 

41. 

10. 


42. - 


l^a 

3 5^T) * 


43. 9. 44. 5. 45. 10. 
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Ex. LXVIII. (pp. 11M21). 


1 . 

x+g. 

2 . 

9 + ;r. 

3. x-^\6. 

4. 16 -;r. 

5 . .r- 15 . 

6. 

20 — X. 

7. 

a 16. 

8. 35.^^- 

9. 2or. 

10. x-^y. 

11. 

X-2S. 

12. 

.r- 12 . 

13. x-y. 

14. .r4-9. 

15. 7S-x-y. 

16. 

Sojx. 

17. 

ZVIx. 

18 xff) pie. 

19. is-y- 

20. y/g ; i6zlg. 

21. 

5x. 

22. 


23. ?«*. 

24. yjxRs. 

25. a 4-2 A 


26 . ,r + 5years; ;r—io years. 27 . 28 . .r/9 miles ; 9/.rhrs. 

29. miles. 30 . yV'^. 31 . 32 . ;r/i2as; ig2v!x. 

33! i 2 .r/ 5 . , 34. 64 . 35. 140 ~;i'. 36- 7. 37. ;rv shillings. 

38. 5 -i' + 2 v ; 2 V( 5 .t‘ + 2 >/). 2 j/. 40. 2 ,i' + 2 jk. 41. ^b. 

42 . :r/_y. 43 . ^<7 miles ; jr hours. 44 . i5/4.r. 

45 . .r, jr + I, ,r + 2. 46 . .r -2, .r - i, .r*. 47 . .r, + 1, .r + 2, .r + 3. 

48 . . 3 r- 2 , .r- I, .r, r+ I, .r + 2 49 . Jr, :r + i, .r + 2. 50 . 2 r + i. 

51 . 2 .r- 2 . 52 . 2 X — 2 , 2 Xy 2 X + 2 . 53. 240^ 4-12/^ + C. 

54 . « — 2T years ; - 2Ar — V years. 55 . 2.1*— 16. 56 . 2^xly. 

57 . /;r// hours. 58 - + hours. 59 . 6/ miles. .. 

60 . .r^sq. ft. 61 . xy. 62 xy-\-2Xz-k‘2y:j sq. ft. 63 . xyjS- 

64 . X -yz. 65 . xy + s, 66. (x - z) I y. 67 . j 6.r - 1 3 J . 

68. 392/jr days ; 392 /.tu' days. 69. 88,173. 70 . m{ y — x)+x. 

71 . ;r= 12^ + 5. 72 . 2x-y=^m. 73 . 2ox + ^~y-s- 

74 . ;t:-5o=:_y. 75 . •iCr-7)=:i(2;r + 3). 76 . (,i'- i).r(.r + [) = a 2 . 

77. 24ou + ^ob-{-i2c~x. 78 ab — ()x. 79 xy = ^(a-b). 

80 . 2:r+io==/. 81 . y ~i.r = 20. 82 . x + 77 = <^' 

83 . x — (ix+y + 6oo) — a. 84 . 3«//ioo. 85 . xy=i6b. 

Ex. LXIX. (pp. 125 ). 

1 - 35, 13- 2. 9. 3 . 513,466. 4 . 31, f8. 5 . 12. 

6. 71, 17. 7. 76, 24. 8. 18. 9. A A*j, 84, B /v’j.42, C j?s. 14, 

10 . 120. 11. 90, 60. 12, 1 6. 13 . ^*^.3. 86?. 

14 . 37,30,20. 15 . 15. 16 20. 17 . 795- 18 . 55- 

19 . 20, 15. 20 . 5,6. 21 . 88. 22 . Aj.ioo. 23 . 15. 

24 . 41. 25 . A A’j.85, B /?j.35. 26 . A 28, B 14. 

27 . 29, 17. 28 . 2. 29. £2. 6s. 86/. 30 . 168, 72. 

31 . A.V.Aj.360, .Aj.120, Aj. r6o. 32 . ;£52, ;^2. 12J. 

33. A Aj.400, B Aj.500, C A’j.ioo. 34 . A Aj.30, B 

35 . i??j.8333. 5a. 4/., A’j.1666. loa. 8p. 36 - 77. 

37 . Aj.450, A’l57o, A’j.630, 7 ?j. 65 o. 38 . 9 years. 

39 . 20 years. 40 . 14, ii. 41 . 22,8. 42 . 58,42. 

43 . 24 feet. 44 . £2. 15s. 45 . n. 46 . 8f hours. 

47 . 8. 48 . /?j.i89. 49 . A ^j.3. B A.v.5, C Aj.7. 
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50 . A Rs.6^0, B Rs. 810. 51 . 96, 70. 52 . 15, 5. 

*53. 98s miles from R, lo^ hrs. 54 . 5. 56 . 22,7, 12 gals. 

56 . 1000. 57. I hr. 20 min. from B’s starting, 6 ^ miles. • 

58 . 25 fts. 59 . 9 h.c., 4 fl. 60 . 20 in., 16 in. 

61 . 36 years ; 18 years. 62 . A A'j.30, B A’j.20, C A*j.i6. 

63 . 52 > 53 . 54 - 64 . A 4.\ miles, B 3 miles an hour. 

65 . B 30, C 15, D 10. 66. 36 miles. 67 . 44 i miles. 

6a 128. 69 . 80. 70. 14 7i. -if 72 . AY 550,^^.450. 

- 73 . 480 74 . 60, 12. 75 . 44-1 <i days. 

Ex. LXX. (pp. 136 - 137 ). 

1. loj miles. 2 . 25 ft. 3 - 3 miles an hour nearly. 4 . 4 ft. 

5. 32 ft. 6. 4 ?; ft. 7. 1077 ft. 8. 28 ft. 9. 9-2mile5. 

10 . 3‘4 miles. 11. 4 5 miles. 12 . 39*2 ft. 13 . 6’55 ft. 

14 . 36 ft. 15 . 23 3 miles. 16 . 62 5 ft. nearly. 17 . 2*4 miles. 

18 . (I) 8-64. (2) j6-2. \3) .5-98. 19 . (I) 2-5. (2) 3-6. (3) 5 * 4 . 

20. 29 miles. 21. 5 in. nearly. 22. 42 4 miles. 

23 . 1 mile ; 18 08 miles. 24 . 9*6 miles. 25 . 3*9 miles. 


Ex. LXXI. (p. 139 ). 


1. 

4a^^*. 

2. 

3 . i6a-m 

4 . 25Ar*y'’. 

5 . 

()X* 

j6j^ ^ ’ 

®- ,6c*- 

‘ 2 S«* 

*■ 49-5V>* • 

2Sa*x^- 

9 . 


10. -SaW. 

11. - 27^*'^” 

12. -i 25 aW 

13. 

8x*^ 

dW ' 

07 r® 

64 rV ' 

lo. — „ . 

27a® 

16 - 

17. 

8\a*b^ 

18.- ^ 3 ^“-, 

• 19 - - - i„ • 

24 yc‘-" 


21. 


22. 

23. 64 o“i“<r“. 

24. -i2SaW 


Ex. LXXII. (p. 141 ). 


1. 4 - 6x‘^ + 1 2 .r + 8 . 2 . - 8 ;i:’* 4- 24 ;^* - 32 .T 4- 1 6 . 

3. + 1 5 V* 4 - 90.r*'‘ 4 - 27ox^ + 4o^x 4 - 243. 

4 . I -H I o.r 4 - 40jr‘-* 4 - Soji'” 4 - ^ox* + 32.r'>. 

5. 64(1^— ig2a^ + 24Cki* - i6oa^ + 6oa^ - J2a+i. 

6. 8 i;r^ 4 “io 8 .r® 4 - 54 ;r 2 +i 2 ;r 4 -i. 7 - i 6 x^ - 32ax^ -h24aV ’-Sa\v+a*. 

a 243;^® 4- 8 1 oax* 4 - 1 080^2^^ 4 - 720a V 4 - 24oa*x 4 - 32a\ 

9 . 4096^0 - 1 8432^'^^ + 34560^^^2 - 3456o£i^^^ 4 - 

19440^2^^- 5832 «^S 4 - 729 ^. 

10 . a^x^ - 6a^x^jy^ + i - 2oaVj/^ 4 - 1 5<2 - 6axj/^*' +j'^. 

11 . a*x* 4 - 4a‘''X^ 4- 6a*.r" 4 - 4ax'^+x^, 
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12 . 32 a'‘^* — 80 ^**^® + 2^oa^b'* — 40 ^* 3 ® + 10 ^^® - . 

13 . — 2^0^ b + 3^ V + 3^^* ’-6abc+ yi(^ — + 3^® r - 3^^:® + 

14 . • - y:^b - 3<2V + 3^^^ + + yic^ -b^- jjb^c - 3^^ - 

15 . I - 3:1: + 6jt® “ 7;r® + 6;c* - 3.r'’’ + x*^. 

16 . I + 3 r + 6,r'^ + 7 x^ + 6.r^ + 3:1'® + .r®. 

17 . <2‘* + yi^bx + 3<'/(<6® + + {6ac + b^)bx^ + si^c + b*^)cx* + ^bcx^ + cV. 

18 . I — 6.r + 1 5;r^ — 20x” + r ^x"^ — 6,r® + a ® . 

19. I - 6:1:* + 2 1 x^ - 44.1'^ + O^x"^ - 54jr® + 27 x^. 

20. - Oa^b + 3rt‘^r + 1 2ab^ — 1 + 3<zt® - 8/^^ + 1 2^V - 6^r® + r®. 

21 ., I -- 3 .t' + 5 ;r® - 3.1'® - .r®. 22 . i + i)x + 33-r‘^ + (^ 2 ^ ^ + 66x* + 36.1*® + 8.r® 

23 . 2(4 + 2 §x^ + 1 6x*). 24 . r + 3^^ + 6x* + yx^ + 6x^ + 3;r^® + x^^. 

25. 2(36;r + 1 7 1 ;r” + 1 44;^®). 26 . I + 3 ^'^ + 3:1'® + .r®. 

Ex. LXXIII. (p. 142 ). 

1 . I “ 4 ax + 2ah:^ + 4nV + a*x^. 2 . 40^ — 4 (i^ — ya"^' + 4a + 4. 

3. — 4 a^b + 1 oa^b“ - 1 2 «/ 5 ® + 9/^*. 4 . i - 2x + - 4 x^ + 3.V* - 2t® + jr®. 

5 . .r® - 4x^ + jox* ^4x^- yx^ + 2+r + 1 6. 

6 . I +4.r — 2^' — 4;r® + 25.r* — 2+r®+ i6,i®‘ 

7. I + 6 .r + 1 ix^ + 20 .r^ + 1 5 .r* + 6 .r® + x^. 

8. I + 1 2.r + 6oy‘* + 1 6ox^ + 24o;r* + 1 92;^® + 64:1:®. ^ 

9. - Sa^x + 28i?®,r^ - 56^®.^’^ + 70^ V — 56^'^ V + 2 Sa^x^^ — Bax'^ +.^'®. 

10. <3!® ~ 4^®/; + Sa*b^ - i Cki^b^ + Sa^b* - 4ab'* + b^. 

11. 1 ~ 4 .r + 1 ox^ - 1 6 x'^ + I ()x* - 1 5.r® + 1 o,r® - 4 ,r^ + x^. 

12. a® — 4(1^ X + 6a^x‘' - SaV + 1 1 u*x* — Sa\v^ + 6a''^.r® — 4a;i'^ + x^. 

13. I + 8 ;»r + 28,+“^ + 56^:® + yox* + 56.r® + 28.r® + 8.r^ + x^. 

14 . 46. 15. -44- 


Ex. EXXIV. (p. 143). 


1. 

i S.ry.c’®. 

2. 

3. 

i i2aV^V. 

4. ± 2a^V. 

5. 

tyxYs. 

6. ± loaV;®^:®. 

7. 

± yi^b'^c^. 

8. -4 +ry . 

9. 

;^axY 

■ 


11, 

5-^'V 

4ab‘^ ' 

12. 4 

13. 

2xY. 

14. - 3^^^. 

16. 

2;r® 

16. -4^”^''. 

17. 

3.r® 

18.4^\ 

Sa* 

19. 

6ubc^ 

yx'^ 

20. 

21. 

± axY' 

' 22. ±aV. 

23. 

2C^, 

24. -:ry. 

25. 

2xY 
^ • 

26. ± 

4x* 

27. 

'Sa^b 

38.2?. 

29. 

2xy 

■ 

30. 

c 
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14. 

18. 

22 . 

24. 


6 . 

8 . 

11. 


Ex. LXXV. (pp. 145-146). 

2. 5<i — 3/5. 3. 7fzb—a^. 

6. S^z^/^r + r*. 7. i+2.r + 3.r2. 8- 3 x^+ 2 x-^ 2 . 


9 

2<*^tjp 

f 4- 

10. 

^a + 2b4~c. 11. x^-4xy + 4,v^. 

12. 

dx^^mu 

_+ 2 b‘^. 

13. 

x^-2x^ + 3x-4. U. x^ + 4 x-j. 

15*" 

x'^-J^S 


16. 

2 .r" + 2 ax + 4 ^ *'*. 17. 1 - 2,r + 3^2 _ ^ 

18. 

yJS-^ 

sV'^- 


19 . x^ — 2x*^y + 2 xy^ — y*. 

20. 


3.r\.jr®. 


21. 2.r^-3.v2 + 4-~4. 

m 


W2;?— 8. 


23. x^--{y\-z)x~yz. 


fp^qx^ 



25. 2 — ^(i a‘^ 4- 2 a^. 


r^ + {yh--)x+y^"+:::^^. 

* Ex. LXXVI. (pp. 147-148). 


1. 

■^ + 

3 . 2 . 

2y^ 


3. 5-.. 3^ 

4. 


2X 

3 


3 


X 


3^ 5« 


2 

3 " 

4 ' 

5 . 


-i-iy'+3y*- 

6. 

1 — 

— ar'y"*. 

7. 

.U-* 

- Ja:r+ \a^- 

8. 


■ >'+ -\ ■ 

X^ 

9 . 

3'f 

■4+ a'l-- 

10. 

;t + 

2 + ^ 
X 


11. 

X 

a 

1 + . 

12. 

X* 

a 

- 2,t' + " . 

13. 

2 .r 

_ 4X 

-3/. 


a 

X 


2 

3 



S^' 

4" 


yZ> 

'l -X + X^. 


X" r’ 

" “■ '~7 — I * 

2 a Stz’’ i6(i^ 


15. i-^x. 16. n -2 17. 2/z~3^. 

19. .r- 2 . 20. a-b. 21. i-x-^x'-lx^, 

' OQ i 

^ 2 a 8a^ i 6 a^' ' 




X 2 . 

X 

a — b + c—/i. 
a:^ + b^. 


Ex. LXXVII. (p. 149). 


2. 2-^: + - 


a b 

y + — I. 


4 - . 

' j/ ,r 2 ' 

7. ab-ar-\rbc. 


6 . -r 2 - 2 r+i. 

9 . a^ — b'^ -k-c'*- — d^. 10 . ax ^-^by + cz. 

12. 13. id^-ab^^b\ 


14. + {y.b - c)a + c^. 


15- 

y' 


r 


- (>;) 


+ 1 . 


Ex. IiXXVIII (p. 151). 


1. x-^^y. 2. a — 3 - 3^ x + 4 . 4. 2 « — 3 d. 5. a + 3b. 

6. 2 x — 7 y, 7, ni — 4 nx. 8. ax - ^bx. 9. + 2^ + 1. 

10. x‘^- 4 X-\‘ 2 , 11. 4-’* + 2,r + 3. 12. d^-ab^-b'K 13. 2 x^ 4r4xy 
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14. x^-x^+x-i. 15. .r + a+^. 16. 17. a® + 4 + 2. 

3 ^ a cr • 

18* a — 19. I - 2A' + - 4;r®. 20. i— jt®. 

21. x^-y\ 2 % b{a^b-^c), 23 1+2;*:. 24. .v-2«. 

Ex. LXXIX. (p. 153). 

1. x^y. 2. x^y^. 3. 3;r®. 4. 2 al)^, 5. 6. 

7. 6 a^bc^. 8. 4rt.r^. 9. 2 a, 10. a^b'^c^. 11. i^a^bc. 

12. 13. 14. GyV. 16. iixyV. 

Ex. LXXX. (pp. 163-154). 

1. 2 t^y, 2. ax. 3. a. 4. a. 5. a [2 — b). 6. a~b, 

• 7. a 2.r2(^+r)2. 9. x\a^-xf. 10. abi^a-by. 

11. 2(.r-i). 12. x\x-\‘i). 13. 2(.^'-|-^^). 14. X. 

15. .ar-3. 16. x + iy. 17. a-k-x. 18. 19. a\x+l). 

20. 3(a.r + 2). 21. rt+4. 22. x-^-y. 23. x-y. 24. a -3. 

25. « - 1 . 2^. a’^b-c. j 

Ex. LXXXI. (pp. 157-159). 

1. 3A'-2. 2. 2.r + 3. 3. 3x-hS- 2;ir + 3.*“ 

5. 3Ar-2. 6. 3.r-2. 7. 8.r^+i4;»r~i5. 8- 4'^‘“5- 

9. 2 (-r* + 2 ;r-f- 1 ). 10 . y- 2 . 11 . .t'- 2^. 12 . .r + 3. 

13. x-i. 14. x- 2 . 15. x-y. 16. x + 3 . 

17. x + 2 . 18. 3(:»^ + 3). 19. x'^+yK 20. a(a + b). 

21. ^'^-3. 22. :r: + 3. 23. .r-8. 24. x-a. 

25. x + 4 . 26. j»r + 5. 27. 28. .r-3.- 

29. .ar-2. 30. 3.^-5. 31. x’^ + 2 x-^. 32. «(a^-^‘^). 

33. x^- 2 xy+y^> 34. x'^ + 4 x+ 4 ^ 35. 36. ;f-4rt. 

37. 2.r + 5. 38. 2(.r‘^ 4 - ax — 2a*). 39. 3.V - 1 1 . 40. - 2 X - 4 - 1 . 

41. 42. 2.v^ + 3;ir~2. 43 x- 4 . 44. 2 x—i. 

45. x — 2 a. 46. x^-x + u 47. 2 x-y. 48. ;i:(j:^ + 3 A' + ii): 

49. A:*-3.r + 4. 50. x + i. 61. 2 a: 2 -;i-- 2. 52. x^-4x + 3- 

53. 4«2“3«3 + 3®. 54. ;i'”-5;r2+i3.t-i4. 55. 2.ar2-3. 

56. .:r - I. 57 3x^ - 2xy +y^> 58. x{2x^ + 2xy - ;/*). 

59. x^- 2 xy + 3 y^. 60. x^ — 2ax4~a^. 61. x^ + 2 x + 3 . 

62. ;r»-4jr + i» • 63. .r2+;r+4i. 64. a = 6; x- 2 . 

65. ^=>5- 

Ex. LXXXII. (p. 169). 

1. ;r*-2.r + 5. 2. x^ + i. 3. 4. :r+4. 

5. Ar-2. 6. 4.r+i. 7. x-i, 8. ;r*+:t-3. 
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Ex. LXXXIII. (p. 164). 

1(1 

1 . I'lc^b^c, ' 2 . 3 . 4 . loc^x^y^z^^ 

5. a^h^c^. 6. 7. (ici^b^cx^y, 8. \ 2 oa^b’^. 

9. \oa^b^. 10. i8oo<2V. 11. 12. looia^U^ (^x^. 

Ex. LXXXIV. (p. 165). 

1. axy{x-y), %.a{lr-^d\ 3. 6(fl2_^2). 4. 1 2rt(rt''* - i ). 

5. 6. (.r-3)(x+4):.r-5). 7. (.r + 1 )(.r + 3)(.r - 4). 

B. a^-i. 9. i2o;i-^(;r‘^-y^). 10. 2 i^c^b\a^ ~ f)^). 

11, 36AryV-y). 12. (.^'2-25)(.r2-36). 13. ab{di - b^){a^ - ^b^). 

14. - 3)(^ - S)i^' - 7 )^ 15. (rt^+ i)((:z + 4). 16- xy{y^-x% 

17. {a^-x*)(a^-- 4 x^). 18. - 9 ){^^ + 3 X + 9 ). 

19. na^b\a^-b'^){a^-lF). 20. 72(^‘^-//oV-n 21. zox\x^--if, 

22. 2 x{x- 2 yHx + 2 ){x^ + 2 ). 23. +«•-*). 24. (jt*- i)(Ar«- i). 

25. { 3 x+i)( 2 x-i)(x+ 2 ). 26. (« + 3)(r7-/5)3(«4-5^)(^ + 6^). 

27. X* -yK 28. ( i + 2;ir + 4.1- ){\4‘2x- 4x-){ i - 4 r«). 

29. ( 9 x^ - T ){x^ - 3 f{()x‘^ - I ). 30. (.r - i )'’(;r + i ). 

31. A'* - 1 6a^, 32. (,r - ^/)(.r - 3)( jr + 3a + ^). 

Ex. LXXXV. (pp. 167-168). 

1. (;r2 + i)(4,t:-i)(3^-i). 2. i)(.r + 3)^(^ + 4)(^+ 5)- 

3. (fl* - 4^‘‘*)'rt‘^ — 4. U' - <^)*(.^^ - 3«)(3.r - 7a). 

5. {x4‘2){2x- i)(3.r- T)(4.r2- 3:1:4- 1). 

6. (.1-2 + 3-^ + 2 )( 3 y-* 4- 8.r - 3 )( 2 ;r® - 3.r 4 i ). 

7. (;r2-4)(;i:2+.i'-2)(jr®-.r4- 1). 8. (.r - i )Cr - 2)(.r - 3)(.ir - 4). 

9. {x^ “ I )(ji'^ 4- 7-^^ + 1 10. (.V - ^y{x 4 9)(9;t'* - 100). 


11. 

(X‘‘ + 3.r - 4)(.r + 4 )(.i- - ^Yyc 





12. 

(;r-i)(,r + 4)(.r 





13. 

(;ir*+;t:-3)V- 


■- 3 )- 

14. ;ir» 

+ 2 ;ir®- 3 . 


16. 

— 2 c^ 4 2a - 

I. 






Bx. LXXXVI. (pp. 170-171). 


1. 

2. 2. 30. 

3. 53 - 

4. -< 6 . 

5. 

“ 343 t> 

6. -2. 

7. 

- 4. 8. - 2. 

9 - 35 - 

10. 23. 

11. 

144 - 

12. -6. 

19. 

23. 20. 4 

21. 14 or 

-13- 

25. 

^4^:4 1=0. 



27. (^4$^)^(/ + $^-f i) = <2. 

REVISION PAPERS II. 

Paper I. 

1. (y*-4)*. 2. (i) ( 2 .r 49 y)( 4 A*- i 8 ;ry 48 iy). 

(ii) (;r 2 - 6 ,r 4 i 8 )(.r* 46 j: 4 i 8 ). (iii) (7^ - 9y){Sx +.1 ly). 
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3 . —Zabc, 5 . 2(;r + 4). 6. -~c.){x^+ igx - 

7 . 2X^ — 4x'^+X-l. 8 . + 

9 . (i) x=2. (li) x = 8. 10 . 24. 

Paper II. 

1 . {bx+a){x^-x+i). 2.x* + ^{a-‘6)x^ + {6a^ — 2$a3 + 6b^)r^-~ 

y:>ah'a — b)x-\-'^bc^U^. 3 . — 2.r + 2. 4 . — ab-\-^b’^. 

5. (i) ;r = 7. (ii) x = 4. 6. Oxy:j, 7 . {x'^ -a^){x^ + 

8. ( 3 .r- 2 )( 2 ;»r — 3 ). 10. 1800 . , 

Paper III. 

1 2. H) (2J'"- i)(2:r“ + i)(2r2 + 2jf+ i)(2.f®- 2,r+ i). 

(ii) .r(A' + 2)‘^. (iii) (.r-2);2,r- i)(2;ir'-‘- 5.V4-5). 3 . 2x^ + 2x-\’3. 

4. x^ — dK 5. — ax'^‘ + 2ci\r + a^. 7. — 2{a + b)x + d^ + b^ . 

8. 4{a + dfx^. 9. (i) ^ = 5. 10 . ;£4^>8o ; ;£4720. 

Paper IV. • 

1. J2abc. 2. \-\-{a’\-b)x¥\{a{(i—\)-\-b(b^~i) + 2ab]x'^ + 

l{a{a~- ^){a -- 2) b{b — \)\b-2)‘\-'^ab{(i-\-b-2))x '^ ; * 

h[a-^-b){aJrb-\). 3 - 5r. 4 . (i) (.r* + 3rj/ - 3A7 -y). 

(ii ) (<'? — b + ^ + dT — b d){J^ c-^ d — fit). 

0. ^bc{ci b c){b -h c /i){c •}- — b^{u -{• b — c^. 6. 

8. (i) 4 A '2 4 - i6:r+ II. (11) .t’'*+.r + 2 - . 9 . x = 2. 

10 . {^/- (a + ^)/}miles ; ---hours. 

a-\-b 

Paper V. 

1. x^+x‘^y-{-xy+y^\ y--’X. 2. 8a^ 3. x-i; i. 

4 . (2;i- + ay + 5')(2.r - 3 v - :!){2x + 3y- :t). 

5. 0^ (2.v + 3v)(2;r-3y-3). (ii) (;r2 + 3.rv + 4J'%T'^ - 3-0' + 4)'^)’ 

(iii) {x^+2x-3){x^-^2A'-3). (iv) ( 8 r- 1 )^( 1 -«)(i + 

6. (i) a.*»+3fe-f. (ii) t+ 3 ^- 5 .^. 7. (i) 

(ii) :i'-4Hi 8. 4- 10. 234. 

Paper VI. 

1. (y^+y)®=(;i:“-y)* + (2.r^)2. {a) 16^ + 30^ 2. (i) (.r - 1 i)(;i-+ 17). 

(ii) (:r+ i)(.r + 2)(,r- i)(.r-2). (iii) {{a-cf + b{a + c)){a-~c){a^b’\-c). 
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XXVII 


5i' (i) + (ii) <i(:r'* + i) + ^(.r®+,r). 6. 6;r + 3. 

7. lax+dyf + {aj'-dx)-. * 8. x^-sx-^S. 9. ;i:=i5. 10. 42. • 

Paper VII. 

1. ij/’ +47.)'® + 937 + 69. 2. - ab + 3. + 5^ *“ 3- 

4, (i) rt.r + 2^ + ^^. (ii) (a+by^ + 3c{a + b)-\-c^. 


5. (i) + (ii) 2 + 3 r-.r^ 6 . (i) ( 3 ^ - 5 )( 4 ^ + 7)- 

(ii) (2jr- 3)(4;ir4-9). (iii) (gar + I 2 ab + ^ b^){c)a^ - I 2 ab + Sb% 
(iv) {X - a)'^(x + 2a). 7. (,v + 9 ')"^ + - *• 8. o. 

9. x = ~. 10. 60 . 

Paper VIII. 

1. o. 2 . 3^-1 ; i- a (1) x^-ix + ^. (li) 

4. G. c. M. = .r + 3 ; L. C. M. = (3.r''+8jr2+3.r-2)(6.r* + 

7;i:^-27.r^+l7.*^“3) 

5 . 2 A'« - - 3 . 6 . 36 - 1 ft. 7. - 4^i^bc + ihh'K 

9. (i) .r== 3 . (ii).r=- 23 , 10. i. 


1 . 

6 . 

11 . 

15. 

19. 

23. 

28. 

.32. 


Ex. LXXXVII. (pp. 181-182). 

-_3._ 2 -5^ 3 4 5 

Sab'^^c’ ' 7 bed' ‘ 7«y^* '77*' ‘ 

7 8 9 10 — 

Iia^y 'a ' a ' 3{m-2x)' ' 

a^-3ab ^2 . ^3 yibc 

2b[a + 2b)’ * j'(.r — 27) ' + ’ a 4- b-^e' 


sxy^sy^ 

4x-7y 

-x^r- • 



20 . 


«' + a'^b’^ + b^ 
+ b"^ 


c4ry 

/+ 


21 . 


x^ “ 

~r + <^ 





.1^4* I 
.r*4-;r2 + i 


2S. 26.'^,’. 

a’- b — c x4r I 


a-H ^ 

29. 

3rt-2J.- 

a — ^ 

5a + 3.r 

cx + d 

33. 

■^-5 

ax+b' 

2.r + 3 ■ 


30. 


2fl-3.r 
2a + 3jr ■ 


34 


35. 


ji'- 1 
? + 1 ■ 
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36. 


1 . 
4. 
■ 7. 
10 . 


14. 


17. 

1 . 

5. 

a 

11 . 


15. 


1 . 

3. 

6 . 


3 x- 2 y 


37. 


a + b — c—il 


(2X^->ry'‘){x + 2 y)' a- 5 + c—ei' x’‘~^a 

Ex. LXXXVIII. (p. 183). 


38. . 39. 


jr+J' + i* 


x + 4 

- 2.1: + 1 * 
Sa.Ha-\-x) 
x(ci^ + ax + x'^) * 


2 . 

5. 


7X-2y 


3 _ 

4a'^x* -h»2ax'^ - i * ’ 4 . 1 - + 2 ^: 4 -! 


SX‘^-3xy + 2y-^' 
x‘^~~ax-ha^ 

3 x^ 4 - X 


11 , 


2x^ + 3(2X + 7a^ 


^-5 

x+^‘ x‘^ — ()ax + 2a^ 

3{x'‘-7 ux +\ 2 n'^) 2x'^+3x-s 

2 (,r^ + 7 ax + 1 2(1^) * ’ 7X — 3 


12 . 


;r 2 +.r -2 
V^ + 5i'+ 5 ‘ 
x^4r4x-V4 

X^-^X+l 

Sx-rj? ' 

2X^ - 4X'^ + 2X- 3 
2X + 3 


3. 

6 . 

9. 


51-2 

16. 


13. 

.r + i 
Jr^ + 2.^'4■ 1 5 


x-7 


.r^+.r- 12 
x^-x -- 12 ■ 


18. 


,r — 2 

x + 4 ‘ 


19. 


— 2 a-' + a + 4 
-2d^ -hi 2(1- 18 ‘ 


Ex. LXXXIX. (p. 184). 


3x-h 


Sx 


2 . 2 a + 


5^ 

4 a* 


a . 

a 




a- 2 ;ir+ ^ — . 

a-\-x 


6 . 2 jir+ 6 + . 

x-3 


19 

4X-J 


i2,r + 3 + 

6xy + 2 

3.V ~ ' 

+ 2X^ 

a-\- 2 x 


bcx^ acy^ abs 
abc 

gx, s ai, jSc 
I $ax 


9. .r-i- 


2X - I 


12 . 


ayb' 

16. 


13. 


x‘ 

x^ 


7. 2a-3r + 

10 . x-^ 3 - 


7x^ 


14 . 


5 a -X 
X-2 

x^. - 3.r + 4 

-^lo;ir + 30 


x^-\-xy4-y^ 


r + a 

Ex. XC. (p. 186). 

2 6cx\ 4by'^^ 3az^ 
\ 2 abc 


17 . 


jf 2 — xy +^2 ’ 


4 . 


4ob^x'^y^ 43 ab^x^y 4%c^by^ ^oc^xy"^ 
6oaV 


^ + 2a.r + r*, - 2a,r + x^ - (:>ax - 2 bx^ 20 a — 4 b, 2 ax^ - bx^ 

^^'2 • ”' Sx^ 


a*x^ - b^x\ a^y^ + b'^y^ 


« Sax^ — .rj/ . a-Xy a+x, 2 a 
^ 6(a*-^2) • 4 a V-^*) *• 


7 . 
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10 / 

1 . 

5 . 

9. 
12 . 
16. 
20 . 
2L 
28. 
33. 
37. 

1 . 

5. 

10 . 
14 . 
18 . 


- X -ly a;r(. r+l)^ 3 a{x ^ - - x + \)y 4^(^jiJL)S5(£1'1J) 

(>'^'-i)V ■■ ■ 

Ex. XCI. (pp. 188-189). 



2. 

3 . 

+ ^bx£ + gcxy 

12 


I2r 

0 1 2.1^ J 

•1±Z 

6. 

2 X^yx^ — 2 

y 7 in-si 6 

20a 

20 X ' 

8.V* 


8 . 


4 7-2f 

12 

25 ^ 1 - 2od 
12 


25.^‘ — 2qy 
12 

a^ + d^ 
2{a-\‘b)b ' 
ab 

a — b' 
x-y 

X 

<t^_±x^ 

a^(7~+x) 

2a' 

— X* ' 
2X 

x+y' 


10 . - 


11 . 


13. 


17. 


4a 

3 c/“ -- ab + 2 /^“ 
(\a - b)b 
2 d' — 2 ab 4- 2 b'^ 
a'^ — 1>^ 

4 


^a^b - 4a'^b + '^c^b^ + 5^^^” 
a^b'^ • 


21 . 


lOrt +21 


18. 

22 . 


25 . . 

a\x - a) 


11 

15 . 

,.%■ «■ 

a" — ab + 

a^-f- ■ 

20jr 

33 . 

c + dx 

I - 25.1''' * 

8^-2 

[.r-i)(.r-h2) 

27 . . ] 

x[x^ - 


29 . o. 30 . 


32. 


31 32 

x'\x'^ - I ) * ' i\d‘' - * ' xH x^ + 1 ' 

34 35 2jt^ + 4.ty-2>^^ gg x-:^x^4-zx^ 

,2- 


b4r ax 

4<* oQ _J7^ 3Q I -40 41 

a+x- ’■ "• a^ + 6’^ ' * (;ir- l)(;ir + 2KA+5)‘ 


(I -xf 

l8 


Ex. XOII. (pp. 191-193). 


i6.r®- 5,r- 13 
''~(ix + 2 f" 

o. 6. o. 

2a -^b. 11. 


0 

3- 
7. 


I +2.r + 3 2r‘^ 

4(1-.^')' 

3^2 


2iV^ 

a!^-x^ ■ 

15. 


3 

■ (jr+4)(2:“-9)' 

. 0. ^ . 

(.r — 2a)2 ’ ’ 2 ya^ + b^ 

^ “21* 
4” • 


4 . 


9. 


.r^ + 2^ + 4 
2r(.v2+l) 

14 


, x^ 


■49 


12 . 




I -;r* 

19. o. 20. 


18 . 


x^-y'^ 

a* — Z/'* * 


13. 


S{a + 6) 


(.r-i)(;ir-3)(;r-s)’ 


23. 


;ir 2- i • 
y^-ax 
— a* * 


21 . 

24. 


- - .r 2 -ax — 1 20 ^ 

17> o' ” " 2 

x^ — ax - 12 a 

I 

{x-l){x- 2 ){x- 3 ) ’ 
;»r^+2.jr* + 2;i:- I 
x*-i 
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(jr-3)(^'+4)(.v-7) 


26. 




. 27. o. 28. -i-*. 


3 ‘- - ^ itt- ^ . 3 . =. 


(a-x%ic-by 

2(a^x\ 

+ ax -{-x^ * 
4f "_+_8 


37. \ 

(^-0(-^“2)(:r-3) 


/ .. 40. 


— I ’ ’ - x){ci^ + X 

44. j. 45. I. 46. I. 


.47. , 48 24^* 

{b + c- rt)(^: + <2 - i){u + d-c)’ * a{a^ - - 4 /^^) ’ 

49. , ^ . 50. - - 3^ _ _ 

+ 5 .r 4 - 4 ( 2a - 3b)(a — ^h) 


7 £^f 8 

xyz' ‘ ' a‘^~ 

11. 12. 

+ nb‘ -x^ + 


{ 2 a- 36 )(a- 46 )' 

Ex. XOIII. (pp. 194-195). 

• ‘*r- 6. 

- ./ -. y. . 10. 


13. 


17. -. 

x-jy 


Ex. XCIV. (pp. 195-196). 


6 . d{a + d). 7.^—t 

- j 3 


la-df 
2xy^ . 


4. I. 5. 




13. .r. U, 


Ex. XOV. (p. 197). 


Mx + 3 a) 
aix-fza)' 


ai^^ + b^)(a + by 


10. 3« 

2b x-^^ 

x'^-ax + a^ 

• o , o • 

x-^ + ax-Va^ 


2 . a- 1 . 3 . 4 . 3 f!(£zi) 5 ^Ma;r-i) 

' b ' ' a — b 


t ‘-y. 8 .-^. 9... 11. .JL. 

iT ;r^+x a. x+ 
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XXXI 


Ifi. 13. .r2+i + ',. U. ^‘+^ + 1. 

x-4 a* 

16. x^ + i4-~~,> 17. ,.> "f .7 “ I • 18- 

^r- ^ 

20. X* +x^y - V -/ - ■^ + ■’r-' ■*■ • 





Ex. XCVr. (pp. 199-200). 


1. 

4-3''_ 

2. 


3.^’ 

i8.r4-T4 

t ()X 


lo 

15 - 2 .r' 

2A'+ 5 

21 • * 

3-1' - 1 

6. 

27-4.y 

7. 

7 2 .l .'-40 

8. 

9. A ~ 1. 

10. =-?-T3£, 


2(4^ -93' 


33 - ‘ 

6 

2 A -25 

11. 

12. 

I +rl 

GO 

H* 

15. '!. 

16. 

9U'+i) 


i ~+(ir * 

A' 

tr 

2^i:.r 

17. 

18. 

tf- 

a - 

19. 

-5 

6-f 7A'-.r^ 
3-3.r-+A-3* 

20. . 21. 

3x 

W 1 +Ar-f-r®) 

I +X^ 

22. 

.r. 23. 

I. 

21 

4 

25- 






3« ’ 






Ex. XCVII. (pp. 201-202). 


1. 

x^ + ’ 

2. 

•ll'-T-'-) 

2 4 x~ ■ 

3. , - - 

^.l -1^2.1 

-)• - 

aif(a — df 


' ’ zm-n-i> ' ■ ' .v^ + .A’V+y 


9. 

a^. 

10 

T J 

. 


11. 

^ 12 . f’-\. 


13. 

XJ 

‘i 1 

j • 






.r’ 

-a' 


A 




11 


ix-4) 

-7){3x 

“ 5 ] 

)’ 

15. 

5(f2 + A:) 

( 2 a — at/^ ' 












Ex. 

XCVIII. (p. 

208). 






‘..1. 

I ; 

3- 

2. 

19 

; 18 . 

3 . I ; I. 

L 

5 ; 

2. 

5. 

I ; 

— I, 

6. 

I ; 

2. 

7. 

6; 

7- 

8. 8 ; 2 , 

9. 

7 ; 

17 . 

10. 

5 ; 

6. 

11. 

14 

; IB- 

12. 

i J 

ij. 

13. 2 ; 1 . 

11 

12 i 

: 3 - 

15. 

5 ; 

I. 

16. 

2 ; 

S’ 

17. 

7 ; 

5- 

18. 3i ; 2i, 

. 19. 

i ; 

-i 

20. 

2 ; 

- 1 . 

21 . 

2 ; 

I. 

22. 

^ 3 ; 

> 9h 

23. 3 ; 6. 

24. 


; 2 I 

25. 

4 ; 

5- 

26. 

I ; 

7 - 

27. 

3 ; 

2. 

28. 7 ; lO. 











Ex. XCIX. (pp. 209-211). 





1 . 

lO 

; 24. 


2 . « 

; 4 

h 3. 2 : 3. 


1 7 

; 2. 

5 . 

7 ; 

9 - 

6 . 

5 ; 

2. 


7 3 . .-> 

/• T-r 1 T 

8 . 18; 

48. 

8* 2^ ; 3£* 
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10 . 

15. 

20 *. 

25. 


1 . 

5. 

10 . 

W. 

18. 


1 . 

4. 

7. 

10 . 

12 . 

15. 

17. 

19. 

22 . 

25. 

27. 

29. 


1 . 

5. 


6 ; 8 . 
5; 9- 
IT ; 7* 
lo ; 8. 


3 ; 6 . 

4 ; lo. 


11 . 8; 5. 12 . 17 ; II. 13 . 40; 60. 14 . 6 ; 4. 

16 . 3 ; 2. 17 . 3 ; 2. . 18 . 5 ; 5. 19 . 12 ; h. 

21 . -2 ; -i. 22 . 7 ; 8. 23 . 7,; 9. 24 . *02 ; 2*9, 

26 . 8; -15. 27 . -2*5; -3-5. 28 . 1-95; *675. 

Ex. C. (pp. 212 - 213 ). 

2 . -1 ; -h 3 . -i 
6. 2 ; 3. 7 . 3 ; 4- 

3i ; -2i. 11 . 3 ; 2. 12 . 7 ; 4 - 

-2 ; 5. 15 . 5 ; 2. 16 7; 3- 

10; 15. ‘ 19 . 144; 216. 20 . 14; 9- 

Ex. Cl. (pp. 213 - 215 ). 

-d ] a + d. 2. i ; ; . 

i - ad i - ad 

dc ac ^ dc^-dic ac^-a^c 
a-^rd' a + d' ' ad^—a^d* a^d — ad^ 

9 . 


4. * ; 18. 

8 9. i ; i. 

13. 5 ; IT- 
17. ; i. 

21 . 6 ; 9. 


3. I ; o. 

aya — d) ’ d{d^a)' 


cq - md cp — dn « , ^ ac + hd dc — ad 

5 _ • o- « ; 


nq — 7np !, w;/ - nq 
ac{dn + dm) ^ ddi cn - ain ) 

* ad + dc 

ad[a^d) ad{a-h) . 

1 2adm m{yd — ^a){a - d) 
a-^d ' a + d 

pr qr 

i ; s- 20 

2a * 2d 


11 . 


dc^ aU 

a^+7^* 


-I A “ ^7 . ^^^P ~ ^7 

lx. , > j . 

ap aq 

IB _ f " 

”■ a{b-a) ’ b[ti-by 

d'^ -H 


dm -an-cn* da -I- cm — am ’ 

. « + ^;« #. 21. m+^);i(^-?)+l. 


23 . r 

I 1 


24. 


26. 


am — dn ' dm — an' ’ d' 

ahc{dc — ad — ac) adc 'ad •¥ dc — ac) 
F^c^-c^a^^H^ ’ d'^c^-a^ii^-ah^ * 


a?n — dn an — dm 


2a-\-d 2 a — h 
2 * 2 




30. 


d + c — a — d c ■¥ d— a — d 


£\/J)c — ad) * 2{dc — a(£) 

Ex. OIL (pp. 216 - 218 ). 

3 ; 2 ; I. 2 . I ; 2 ; 3. 3 . 4 ; 5 ; 6. 

7 ; 10 ; 9. 6. 5 ; 6 j 7. 7 . 6 ; ii ; 6. 


4 . 10 ; 20 ; 5. 

8. - 28 ; 10 ; 9, 
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9 . 

6 ; 

7 ; 8. 

10. 

4 : 

“5 ; 

6 ; 

11. 

- 5 ; 6 ; - 2. 12. r ; 2 ; 3. 

13 . 

I ; 

~2 ; 3 . 

14 . 

2 ; 

-3 ; 

4- 

15 . 

12 ; 12 ; 12. 16 . I ; i ; J. 

17 . 

6 ; 

6 ; 6. 

18 . 

(1 • 

c 


19 . 

\{a b -^r 2 c) ; 4 + 2 A 4 -£^) ; 


1 (- 

'(i + b + 

l). 

20 


be 


en ab 




(<i- 

b)(a 

-c) ’ 

' {b-c)\_h-a) ^ \c - li'ic - b) 

2!. 

i 5 

0 

; ; 

- 12. 


22. 

3 f 

3 ; 3 

23 . : 


7 










'ibpqr 



2 ipq 7 



04. r . 7 . 



/V- = 


-Pil 




25. tibc f be ctj (lb I cl b -h e. 

Ex. CIII. (pp. 222 - 226 ). 

72 and 52. 2 . 65 and 35. 3 . A*.s.4. tSrt. and AV.6, 4 . |\. 

5. 21 and 40. 6. M- 7 - AV. 925 and AV.500. 

8- A AV. B A\y,400 nnd C /is.200. 9 - AV.400. 10 . 

11 . A 59. and B 3V. 12 . 17 yds. and 13 yds. 

13 . 640, 720 and 840. 14 . 108 s(|. ft. 15 . to, 8 and 6. 

16 . 84 f^r and 63 <i^a'nst. 17 . A^v.2. and /?<’.!. 8f/. 

18 . A 49 voar-^ and B 2r vears. 19 . A 20 yrs. and B (>4 vrs. 

20. 24, 12 and 4 years. 21. 30, 50 and 70, 20. 01 ^)0, 20 and 40, 50. 

22 . 715. 23 . 48. 24 3. 25 . 10 yards and 7 yards 

26 . - 1 50 inan.^ocs and 80 apf)les. 27 . 23 28 91. 29 . 63. 

30 . 54. 31 . 4 ^ 3 -,' and 24. 32 . 12 ])eisons ; 5.V. 

33. 40 lbs. tea and 90 lt»s coffee. 34 A'j.9 ; 00 pasbcnj’ers. 

35. 253. 36 . 646. 37. 2 1 and 7.! miles per hour. 

38 . 17 tloiins ; 7 half-crowns. 39 . i'.*. 40 . 222. 

41 . 72 apf)Ies : 60 pears. 42 . T2 men ; 12 women. 

43 . 12 men ; to women. 44 . 3r 45 . A Ah 70 ; B A'v <50. 

46 . 7. 47 . 15 miles ; 2 miles per hour. 48 - 3mdcs per hour, 8.1mi]es 
49 . 65. 50 . 15 miles per hour ; 90 miles. 

Ex. CIV, (pp 232 - 233 ). 

4. T''e Fii{. is a rectangle, of which one side— 15 units and the 
other =18 units ; area =270 sq. units. 5 . 48. 

6 . (i) (3,0). ( 2 ) (8. 5)- ( 3 ) (-4, -5^ (4) (-4,4). 

7 . (i) 10. (2) 17- (3) 25. (4) 8 5. 

8. (i) 22. (2) 17 . ( 3 ) 34- ( 4 ) 17- (5) 25 - (6) 37- 

9 . 74-6. 10 . The Fig. is a rectangle, of which one side=i5 units 

and the other =28 units ; area = 420 sq units. 

11 . (i) 375 sq. units. (2) 286 sq. units. 

( 3 ) 96 sq. units. ( 4 ) 52 sq. units. 


M.A. — c 
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13 . (i) 2-3'' ; 4-2" ; 9'66 sq. in (2) 4-2" ; 2" , 8'4 sq. in. 

14 . (5, 8). 16 . 226 sq. units. 17 . (i) 102. (2) 52. 

18 , 2 and 5 ; — 2 and 6. 

Ex. CV. (p. 238). 

3 . 3'2 sq. in. 4 . A straight line (I'l paialleJ to the y axis, 

(li) parallel to the .r-axis. 6. 15 sq. in. 

Ex. CVI. (p. 241). 

1. (0 iqv = 9.r+ 15. (2) 26-2;r. (3) ^ = 7. (4) 3-^ 4 - 4 J^= i8 

(5) 2y = y+i2. (6) r = 2.r~5. (7) - 2.r. TS) r4- 137 + 4^^ 

2 . ,r 4 -r = 2 . 3. ^v---= 3 v 4 - 4 - 4 . (3, 2;, (-2, -2\-8, 6). 

6 . 4-24 ; - 7 - 6. -583 ; 4-5^ 7 . (o, 2;, (-4, -4^* (2, s), (4, «)• 

8 . r + 5 = 2,r. 9. j/=- - 41+7. y^- 1, qj'- -.1 +13. 

10. (i) 4 4- (2) 2-4. 

Ex. evil. (pp. 243-244). 

1 . {i)x^ 2 ;y^i. (2).r=8;r=6. (3) = - 3 ; ;.=:4. 

(4) T=4 ; jt' = o. (5) -^=3 , J'- -2. (6) i - - 2-25 ; r=-3-5. 

( 7 ) x=^C);y=S‘ (^) .1=9; ^'=12. (9) .v=--2-8 ;j/--=3'2. 

(10) .r = 6 ; (ii) .1 =8 ; ^y = 3. (12) i‘-=--7 ; i/=:r8. 

(13) A-=ii ; /=i. (14) T-5 ; j/-=2. (15) i:--.2;r = 3. 

2. .r=i,>' = 6. 3 . (-2, i) ; (1,-2) ; (2, 3) 

5. (“3> 2) ; (4, i) ; (3, 4)- 6. 

Ex. CVIII. (pp. 261- 266). 

1. 55 lbs. ; 84 lbs. ; 14*8 kilogianimcs ; J7’3 kilogrammes. 

2. 39'3 in. ; 91-6 cins. ; y=^o'y)Sx. 

3. 12*57, 34*57, 02*86 in. ; 15, jo in. 4 . (1) 7O ; (n) 53. 

5 . 6o°C. 6. £3] £4. io,r. 7 . 52'"*!. 9. 2*2 in. ; 12*45 ctns. 

10 . 87, 78. 67, 5^, 4O, 42, 39, 38, 3O, 17- 

12 . /^s. !(.)(); /v’j.410; A’j- 574. 14 . ^'l. 15. S'. Jr/, nearly \ 

615 copies to the nearest 5. 16. 58, 38, 29 ; y= 'iiX — ()0, 

16 . 2*60, 5*63, 4* 1 6, 5*77. 17 . /v\s'.46. Sa. 

18 . 9’j. 6r/. 19 . 167'"; 5®. 20 . ;£350 ; 4250 copies. 

21 . I A. M. ; 17 and 14 miles. 22. io*8 miles. 23. '28 yds. 

24 . 30 miles ; 12 miles. 25. 70 miles ; 2j and 2 hrs. 

26 . 3 P- M. 27. In 10 secs, from A’s start, 33*3 yds. from the 

starting point. 28 . (i) 16*4 min. after 4. (li) 5*5 and 27*3 

min. after 4. 29 . 9 secs. 30 - 22 miles ; 48 min. 

31 . 6*5 miles. 32 . *3 of a mile per hour. 
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33 . (i) 27*3 min. after 5. (ii) lo c; and 43 6 min. after 5. 

(Ill) 6 o’clock. 34.* I : 2. 35. 9 ^ hrs. fAini A\v start; 

7 i hrs. and I2i hr^. from As start. 36 . 4 miles. 37. S,'; milfes. 
38 . B 1 1-4 secs., C 10-5 secs. 39 . 48 ll»s. 40 . (1) yvj.80. (ii) /i’.j'.24o. 

Ex. CIX. ^p. 271 ). 

1. A " + -r ' + .t' ‘ - 2. up +<i^ P + a’'d. 

3. '* + “ -f ci^ d'* + ad 4 ^. a ab" +(Z 'b‘‘^'\- a b'^. 

5. (1) a ^ ~\-2b-‘-^-{- y~^-\-4ab-^-\-yr^b. 

( 11 ) + - 1 - '‘\+ a'i* 

6. ( 1 ) a'b- '' -^yi'h'^^-^ab 4-4iz--7> + 2rt“ V/-. 

( \ ‘ 4. 4- 5 . 4 . 3 

a V; aVr’^ * 

7 . (1) + 

1421 

d“bc~^ ' ^bcci' 

8. M) habi:' ^ + 'b'L‘^ -\'’la’^^b'K-' ‘^ 

(ii)— L-,+ -,-^— + + . 

«',-i 

9 . v'« + i /«'^ + 3 V" + 4 '/■«' + V «’• 

. '/■« yi'^v) , !/(''"■’’) 

///+ 2 ^ 7 - ■*■ ix'^’ 4 Va ■*■ 5^.2^ • 


11. 

a 

ac 

d- 

j 

+ , + 

abc 

a¥' 





,+ 

I 

Vb'^' 

13. 

(' 

+ 2 

abc 

+^: 

'+«//V 


u. 

yr/’’* 

Ua 



(i^d- 







Xfb 


>Ja ' 






Ex. 

CX. (pp. 272-273). 


* 



1. 

1 

1 • 


2. 

1 

<i ■ 

3. 

8. 

4 . 5 . 

125. 


6. 

lb V. 

7. 

ixy 


8. 

1 

I ti- 

9. 

4 9* 

10 . 11 

. .i>. ■ 

12. 

.j 

a 

13. 

d^b. 


14. 

. .r-y. 15. 

J 

xy. 

16. x’y^x. 17 

. 1. 


18. 


19. 



20. 


21. 

^2a0c 

22. 



23. 

x~^\ 


1 




/ ^ V »»+« 






24. 

1 

"^*1 • 


25. 


. 

26' {^) • 

27. 

j'*. 


2S. I 



a 



\?/ 


\?/ 
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29. J. 


30. 


31. 256 . 


32. ^ 33. 1. 


Bx. CXI. (pp. 275-277). 

1. — 2XJ'- + 2 X-J' —y^. 2. a — b'^. 3 . X ^ - x^y'^ — y 

} S M. I - 1 ^ " J 

4. 42 .r - 1 8 r v'* - 91 ' '\v - 1 4 x-y + 6y — 4x \y^ + 49 , 1 ' " r ‘ + i ^xy. 

1 .{ 1 

5 . it'"x ^ — ax‘^ -f- J 6 a ‘ . 6. .v“ — 4^ + c'-* + (j,7 ' . 

7. <^"- 64 /»‘^ * 8 . -T*-^ +r“ -f 9. x-y. 10. .r"^ - i 

11 . y — a' +261^ — 2 — ^'^ 12. X + x^y~ —A'' y~ —y~^. 

1 3 . 8 a"* + 4 A' “ V - 4- 2x +y 14. .r " ^ 4- a ' ‘V ’ * +y " . 

1 » 2 . I •' '' 

15. y * — 2tr'^y -t- 4 <'^ — Sa'^b -f i 6 <'« - b'^ — 32 /-' ’. 

4 i > 1 

16. x^ 4 - 2A'“ 4- 3 ;!''' 4- 2 r’’ 4- 1 . 

18. .1 — yx'^ 4-<^•^r'‘ -n. 


2 J. i I 

17. A'*‘ 4-A-^J' * t 
19. .r*' — ff * r'* 


20. A ’ 4 5^i‘’a '' 4'6«'’a ■’ 4-^/ 21. 4(f--2«^^' •’ 4-2t?“t. * 4-/>'^-f 

b 22. A' j' ‘ 4-.r ’j*' •* 4-.T •9''*4-A 'y'. 

23 . <2 ’ 4- ^ 4- y - 2 b'‘ y 4- 2 a '' y - 2 a ’'b‘, 

\ li 1 - 1 - n - 1 

24. - 4<2 4 lo^-’ - J 6 rr* 4 - 19 - I 6 .^^ '' 4 -io^^ ‘'^~4u~^4-a '. 

25. ab '-hjyb ^ +3a ''^b + a ^ ir. 26. .i'T-'i ’tr' * - 2A'4 -oJ'— V'^‘ V" 

J, >1 I 2 -J 1 r. 

27. y - C'>yb" 4 2ia''b'* — 44<^r^- 4-63^ 'b * — 4- 2jb. 

‘I -J - JTt 

28. (0 X - 4 A * 4'6a “I/ - 4 A-' r-’ 49 / . 

, J .» -J ** i 1 .» '*10 ^ 

( 11 ) X '* - 5 A ' y" 4 lOA \y - lOA'^r 4 5.t‘‘9' —y " • 

29 . (i) a" b ■ - 4<2d'^ 46--4rt ^b + a “ b“ , 

o 1 _1 _T 1 

(ii^ a-b - - -4 10 ^ 7 -^ - — loa -<5-4572 -b-~a ^b". 

30. ( 1 ) rt*' - 477 ' 46 - 4^7 '* 47 /’^'. 

1"» -‘t -«» -jr. » i 

( 11 ) a - - 571 - 4 io< 2 - - 1077 - 4 5 rt - - a - . 31. ix'^ - jAt- - J. 

32. a ^A'”* — .r'’ -< 7 -’. 33. I— ^*va4a'. 34. ab~^+i+ab'^. 


35 


I. 21^— 4 3 - 677 "^ 


*4977 


36. Vtz 4 V'(2<5) 4 2 J{2C). 
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• 37 . ^ - * . 38. i'’-\v + v) - ‘y*. 

J' X ^'2 , \ • 

39 . 3.r •' + ^x * 40. - 2.r ■ \v~^ + -v'y " ^ * 

41. ii ^.r- — I 42. xv~^ — x~-y^K 43. 21 

44. {e^ + 1 )(.i + 1 ). 45. -V - \ J(x + I ). 46. 3ft.r( 1 " - 

47 . + .r^”. 48. «•*’** - 49- <r' + . 

Ex. CXII. (pp. 280 281). 


1. 

64*. 

2. 81-. 3. 

('. 

^ 4. 1,^)'. 

5. (.1)‘. 6. 8 -. 

7. 

35^;35' 


8. rv')- 

{’ 

9. 

r)-; 

10. 

: {\ 


11. /r | - 


12 


;6i’‘ 

13. (t,hu>) 

• ' HI / 

14. (1 («'■)' ; 

15. 



1 

') '■ 

16. 

J02S,. 17. 

^'3. 18. n/(i::). , 

19. 

v/.;. 20. 

'1. 21. 

V(320). 22. 

?rf54). -23. ^(256). 

24, 

y(2048). 

25 

'^3- 

26. 

y-;. 27. 

y,V. 28. s/(.irt)- 

29. 

V (yKf/'-'.i ). 

30. 

31. 

VC!:)- 


33. 

Y(.r".i 

34. ■/(2nd). 

35. ■/(6a\v). 

=«■ V(5.‘)- ' 

37. 

V(T)- 

38. 


39. ^ 

40.'’ 

"• "V (::-!)• 

42. 

•Ji’k 

43. 

3v'5. 

44. 

5v^5. 45. 

36v/3. 46.33^5. 

47 

18 3) . 

48. 

vr,. 

49. 

mi2). 50. 

V(54). 51. 6. 

52. 

4V3. 

53. 

3 '/2. 

54. 

6'V(48). 55. 

f| \72. 56. J2. 

57. 

nV2. 

58 



59. ■; y '150). 

60. V(375). 

61. 

c,V> yr{a/>). 

63. 

uW‘ ir{n6-:. 

63. ! v'(42). 

64> s 6. 

65. 

V 2. 

66. 

h ^0. 


67. i y.v 

68. y(i25), V('2i). 

69. 

1^(2401), 

1^(729). 


70. 'V8, V 5. 

71. 4V7. 

72. 

3^3- ^ 

73. 

Js- 


74. >V(=7). 

.75. 3 ^S- 

7fi' 

3(4J)‘''- 

78. 

1-341640. 

. 

79. -816496.. 

80. ri 33893... 


Bx, CXIII. :p 382). 

1. J2. 2. 3^5- 3. -JU'3- 9^9- 5. Vn/2* 
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10. 5 - >/’ 6 . 11. 6 v'3 + 3 J(3o). 12. \ J 3 + 3J-- ^ 6 . 

13-. 2 + Ss/6. 14. 216^^6. 15. 28812 /( 72 ). 16. t6. 

17. x* + 2 x^-Sx^- 6 x-j. 18. ^?n/( 2 i). 19. i\ v/ 5 . 20. ;,V’f 36 ooo). 

21. U s/2+ .,/3+ v/5). 22. 1 ^/65f?,V(32) + iV(i 2 o). 

23. .r +y + 2 J{x +j/) + 4 . 

Ex. CXIV. (pp 284-285). 


1 . 

4. 

t 

8 . 

11 . 

16. 

20 . 

23. 


28. 


1 . 

4. 

7. 

12 . 

16. 

19. 


1 . 

3. 

5. 

8. 

10 . 


oV(58 + 8v'7). 2. A( 23 -f 8 v/ 5 ). 3. ?.(3-v^6). 

5- v/5 + ^- 6 . ^S- 7. 4+\/2. 

,V4 + y 6 T. 9. .M7 + 3^/5)- 10. .,J.(297 + 85 v^ 2 i). 

n(7v/J4“r3)- 12. 23 * 3137 . 13. 2 . 14. 1 - 1992 . 15. r3i97- 

5. 17. /„(9 V'tS - Ti 18. i+v'2+^'3. 19. i6>/'(i5). 

2 ^/ 3 . 21 . 22 . 

4 *-v^(r*-i). 24. 2 .r'. 26. 

i( 2 + v 2 + ^./ 6 ). 29. .1(2 J 3 - 3 ;. 30. i/j. 

Ex. CXV. (pp. 287-288). 


+ + 2 . 4(^^" + n 3. 4 (^--f-^^ + ^‘' + ^')- 

- (/^~£r)(^-«)(a-<^). 5. 4 {d‘'('^ + cVy 6 . 2 {a^ + 4 -t:^). 

24(ibc. 8. 10006*^ 9 . abc. 10 - i. 11 . 4 ^(rt'^ 4 - 3 ^'^ 4 - 36 "). 

(.'tabc. 13 , o. 14 . 2 [a-\-b’\-cf •\-2abc. li). 4(^.1' + <^r + «'"). 

-I- 8 -H 17. — 8^'’ — 27 -- 1 8,r r. 1 8 - o. 

{b-‘C)[c-a)[a-b). 20 . {\-abi%i-a“-b'^-c^ 4 - 2 ahii), 23 . 

Ex. CXVL (p. 289 ). 

(i) 74. (ii) T09, (iii) 97. 2. (i) 141. (li) 41. (iii) 1 12. 

(i) 13. (ii) 13. (iii) 36. 4 . (i) 246. (ii) 6. (iii) 335. 

(3.7 + 2b?. 6, {a - 4 b?. 7 . (;i -2 + 5.1 4 5)' ” 

(y-* 4 - 5A' + 7)^ - (2.1: + 2)‘-*. 9. (4.V® - 2.r “ 1 )“ - (2A-^ - 3.r -f 4)^ . 

(.r- + 1 2ax - 3 j /i-*)'-* - (4<f'‘^)'^. 


Ex. CXVII. (p. 290). 

1 . (i) 280 . (ii) ii 88 . (ill) 610 2 . (i) — 10 . (li) 259 . (iii) - 972 . 

3 . 364 . 4. 198 . 5. (i) 9 - (ii) - 25 . 6 . (i) 73- (iO - 7200 . 

7. 4 -t". 8 . {a4’b4-c)\ 


Ex. CXVIII. (p. 292). 

1 . (;i'- 4 )(.r- 8 ). 2. (,r + 8 )(.ar - 5 ). 3. (-r- i)(.r- 102 ). 

4. (-r-f 3 )(.r + 7 }. 6 . (^r - 3 )(.r - 9 ). 6 . ( 6 .r- i i)(.r + 2 ). 
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•7. (3-^-7)(7.r-f 12 ). 8 . ( 25 :f+ 43 )f.r- 2 ). 9. (S-i'-QX^r + i). 

10 . (7-^'-'3)(-^ + 5). 11. (5.r + i3)(^»'t'- ii)- 12. (2i.r-5)(3.i- + 7). . 

13. (2;t'4-5r)(-'f-j). U. (.r-i 9 «)(.i + 10 ^ 7 ). 15. ( 4 .r + 9 ji')( 2 .v - 3 v). 

16. (Sa — 9 r)^ 3^2 + 8 .r). 17. { 21 ' r +y) — (a + /')}{(.a + v) — 

18. ( 2 A '2 + 3 i/^)(2.r^ - /-). 19. (3 r- 4 - V^){2.v^ - V“). 

20. (.ry - I7)(rr + 16 ). 21. (.r+ ja)ix- Ja). 

22. (.r + as/ 2 yx-aj 2 ). 23. + y / 3 + - ad s/^-^ 6 ^-). 

21. ( r- 4- ^/ 3 )'' r + a V 3 X r - a V 3 ). 

Ex. CXIX. (p. 293). 

1. — c)(^^ 4- 4- c- i-d( — 01 4 * ab ) . 

2 . {a-'b- c){ a" f b" + ab - bc^- ca). 

3. (- 1 ' -y 4- 1 4- xy 4-./" - r 4- r 4- ! ). 

4. (.1' 4- r 4- 1 )(.r- - xy 4-.r‘^ - .r - r 4- 1 ). 

5 . (.r -- .’.V 4- 4- 4 v^- 4-9"'^ 4- zxy 3 xz). 

6 f 2(1 - 3 b - I 4- 9/^" 4-1 4- 2^z 4- C)(tb — 3 b). 

7 . {a — b ' 2 ){d^ 4- b^ 4-4 4- (ib — 2 ii 4- 2 ^). 

8 . { 2 >r‘\-b"\)[yr'^‘-\-b‘^y^ — 2 ab-^b-\ 2 (i). ' 

9. 4- 2<5 4- 4 - 4 //- f 9< ^ - 2 ub - 6<56- - 3 C(i). 

10. ( 2x 4-.r )( y -yY‘ 11- (x 4 - 2v - 3 :')('i'^ + 4 + 9 -''* - ^ y- + 3 

12. (2X -y) 7 V- 4- 8 r )' 4- 4 i'")* 

13. ( d - ^ b -\- 3 ){< r ^ -^ 2 ^ b '^ 4- 9 - 3rt 4* 4- 151^). 

14. 2X - 4)m ^ - 2.r'’‘ 4 - 8 1 - 4- 8-r 4- 1 6 ). 

15. 2 (r - //)( yr + //- 4- ^ - 3 fi/' - 3 ^i<: 4- 

Ex. CXX. (pp. 295-296;. 

1 . (i y y)(x- i;> I -yj 2 . (rt'^4-^«'‘^j(^?'^4-^09«-^4 

3 . (// y b){(i y c — (/ )(b y — f/)’ 4. (czyby('){bL:y('£zyfi!ff). 

5 . (by{)(cyfr';(rryb). 6. u — (;)(^?4-i^). 7. (byc)(r-<ij(a-b). 

8. (/^ 4 - 30 ^ 3 ^ 4" 4- 9. (d y b y (:)(b(: -y ( ft y (fb). 

10. (yy,7)(zyx)(xyy). 11. (a ybyi/bryniyi/b;. 

12. (aybycjfbryxriyrfb). 13. (aybyr)fa^yb-yf‘^). 

14 (byc-a)(xya-b}(f(yb-c'). 15. 3(2rt4-^4-0(^H-2(^ 4-0(^ + /^ 4 - 2 c). 

16* (fi y /' y c )'(i y b — — by c)<^b 4- 1 

Ex. CXXI. (pp. 297-298). . 

X. -(b - c){c - (i)(a- b). 2. {b — c)(c~a)(a-b). 

3. -(b - c)(r- (t){(t - b](aybyc). 4. (b-r)fc-itXtf -b){(zybyc). • 

5. —{b — i:)(c-a)(u - b)ibcycayab). 

6. —{byc){ry»i}{nyb){b - c)[c — a){a - b). 

7. -{b — ('){i — (i)[a - b)[ bey cay ab). 

8. - (/5 - c\c - aid - b){<i^ 4- b" 4 * 4- be yea 4- ((b\ 
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9. - - c\c - a){a - + tV- + a^b'^ + abciji + /; + c)\, 

10. -{b-r){c-a){a-b)'ui^-\-d'^-\-c- + dL -^-ra + ab). 

11 . - (b + r)(r + ti)(a + b)ib - c)U - u){a - b) 

12. (b‘^-r){c b)(b — c}{c — u){a — b). 

13. {b - c-y c ~ (lYa - h)W + + c' + tr(b + r) 4- b- [c + a) + L^a + lA + abc ) 

14. ~ (b — L)(c — fi)(a — b){ti^ b^ c' bc{b '{• Lj + i'a{c a) -{^ (ib{a 

-\-iibc\. 

15. {b — (:){(■ - a){ti — b)[ti -\-b->r c). 

16- (b - Ly\:-~n)(a - b){bi -{-(:a-\-(ib). 

17. ^{b — c){c - — b)\ti^ 4 - b^ 4 - r - be — ra - ab). 

18. ~{b-eyc-a){,f-b). 19. -ib-c){c- aYa-b). 

20 - (/; - c)ir - a){a - by a -\-b + r+ 3 ). 21 . - [b - cYc - a {^7 - b). 

22 - {b~c)[c-ayu-bl 23. -ib - c)(r - a){a — b){ii 4 - b -f r). 

24. ^[b ~ (■)( c - Ci)(a - b)il 25. - 2(b -7)(e- aXa - by^i 4- b 4- e). 


Ex, CXXII (p. 300). 


1 . (.r4-i}-s,r-3)Lr-8) 

' 3. (x- OX-i 4-4)(3i‘~ 0. 

5. U'- i)%i -4)(4.r4.i). 

7 . {.r- i)%r4- i)(r -2)(i +3}. 
9 . (s^i + 2b-h (:)(2a 4- 4- 36'). 
11. (27i + 2b-i-eya-()b + 4r). 
13 . (rt-b- eX 2a 4- 3 /^ 4- 6 *). 

15 . { 2 a + b- yX 2 a- ^^b-\-y). 
17. f.v'^ 4- 2 x 4- 2)(.i - 7x 4-2). 

19. (,r‘^ 4- 1 )(.i' 4- 1 )‘\A ~ 2 r - 1 ). 
21 . Cr-4-l A.r‘‘-7.r-4-l). 

23. ( 3 ,r‘-^ - 2.1 - 3 j( 4 .i- 4-.r - 4 )- 


2 (.r-iy^(r4-4)(-r-9). 

4. (.r-hi)^( 3 .i”- 0 -i'-f 8 ). 

6 . (.r 4 - iV-(r 4 - 2 i( 2 .v- 3 ;. 

8. (.1 4- i)Ci - i)(.r--rzr + /0 
10 . ( 2 (r + 2 b + eXa 4 - 2 b + 2 C). 

12 . {a — b'\" 2 i'yii-' 2 b- 2 (). 

14 {a — y b 4“ ~~ 

16. (x- 4- 4 f 4- 1 )(.r- - 3 r 4 - 1 ). 

18 (.1*4- r*^ -6r4“ iV 
20 . (i-4-i)A.^-S.r-+0- 

22 . {x-\){v+i)\ 

24 (. 1 * — (fX \ - 4 - «.i 4 - - (i.i H- 


Ex. CXXIIL (pp. 302-303). 


1. (.r- i)(x-4-.r4-4)- 2. Ci--2);.i--4-.i 4-2). 3. f.i* - i )-( j 4-'2 

4. (i--2)(.r-3)(.r4-5) 5. (.r - i)( 4-3 i + 3 ). 

6 . (.r 4- I Xa 4- 2)(,r - 3). 7. (.r - 8)-(,i 4- 9). 8 . (.r 4- 4)(.r - 6)“. 


U. (. 1 - ^ 4^) (.V*' 4- 2 ax 4 - 
11 . (3.r- ij)(.r2_2i--i). 

13 . (.r - I Xx - 2 )(.r - 3)( r ~ 4). 

15 . {x 4 - 1 )(.r ~ 4)(.r- - ^x 4- 1 ). 

17. (x 4 “ I )(.r 4 - 2 ){x - 9,(.r - 10). 

19 . (.r- - 3.1- - 6)(.r‘^ - 3.1 - r 6). 

21 . ( 2 . 1 ® - 3 A 4 - 6 )( 2 A “ - 3 .V - 8 ). 
23 . {x4-2ci-~b-cXA + 2 b — a-c). 


10. (-V- i)(^4-3)(2.i-4- S). 

12 (2.V 4- 5}(2y“ ' .r 4- 4 }. 

14, (.r 4 - 3 )(.i-- 4 ){.i“-->i' 4 - 1 1). 

' 16. (.1- 4- 2 )(.i- 4- 4)(-V - 4)(-t' + 10) 
18. (.i-4-3.^'-5)('^'‘-^-3'1''+5)- 
20 . (.i**-* + 7.r4-5)(-i^4'7i + 17 )- 
22. f2,i2--.4.v-3)(2.r--rxr4-3). 



ANSWERS. 


xli 


' 25. 5^1 + 21)., 26. (H-.r:i(H-//0(i+^f)(j 

► 27. {a + f>}{a - + (''p + r - ^i). 28. {ad + ar - /; + r)iud - ar + + ^0- 

29. {dx-a){cx^-\-dx-ti). 30 (r- + ,r + ])(.i^ - a' + i). 

Miscellaneous Factors. (Harder). 

1. {x + I )(-i - 1 /(.f + f « - 1 )( v - + I ) 2 4 (^/ -- dfia + /^ 4 - 1 )■ 

3. (4rz + />»4-0'> + 4<^ + 0'- 
‘4. (.1 + I )( I ~ I )(.v 4- 1 - xj' 4-jO' -’■ " » - -i.V “ ^0- 

5. {x ~ v){x ~j' - i). 6 ft/4-/^4-0(‘* + /' — 

7. (/I'' 4- — ab)\ 4- />“ 4- 4- b]. 8. (.v - 4- 1 )v ^' + ~ ’^)- 

9. {b -i){c-(i){Li-b). 

10. 0^4-/H-c 4-^/;{(e4-/^ -6' ~d)(a b~i -^-d'/a- b + i - d). 

11. (i4-f0(i -a)(b-\-L-^ab-ai')[b + r -ab hue). 

12. (.1- - cl) 13. (« + 1 jui - 1 ) {.r - ' j ^.t ' + ' ’ + yj ■ 

14. (■i'-3)(-i--4)<’ +5;- la. 

16. (.1- ,1 1 )(•’ - > )i I 1- 3)'.i' 1- 5 V 17. ( 1 + 1 -- ■'^ >■ + .Il- 
ls. J + i'Ar-l-a}0i + /A 19. y^ir -i>)(ii- 2//, (a + fi). 

20. s(/> + iKc+ci)(a + ii^ 21. (i - i)'U'-2J. 32. (.i--Jj(.r-f 2 )i.v- 3 )-. 

23. fi+c',: 24. (<i+//+< - i A'«-l-'^ + ‘- + 2}. 

I* 25. (^^-^2A<^-l-3.■(''“ + 7"•l-l4)• 

Ex eXXIV. (pp. 309-313). 


50. (i) i~) /"/ 3>-- (i) /''-3f/V-'r '4) 

Ex eXXV. (pp. 314 315). 


1. 

4 b 

c- - {a - b 


2. 

1 1 - 4- rr 

5 

3 . -'■ 

- T )f.i r 4- 1 ) 

(f* fiAi - 11 

4. 

,l^4'5^"r 

+,/. fl. 

l'- 

X 

44' 4- 4 :^ 

1 

t4. 

CO 

- 1 

8. 3. 

9. 

(a + b/^ + 

2c'((l i-b] + 

t " 

10. 

/ ■' * / • 




[a + b''^ - 

' (,\(t 4- bj 4- 



b .f-i-bx) 



12. 

lab+ 1 \ 

13 1 

4- ab 

U 14. 

31 - (/i + b) 

X" — {a-\-b).i +( 1 /) 

. 15 

a-b 
■ b-c' 

16?' 

a ■i-b-h( 

2 

17. I. 

18. 

19. 

u'^ +b‘'+r 
be 4" ca 4* ab 

20. 

a - c 

b-d' 
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MATRICULATION ALGKHRA. 


7. 

12 . 

15. 

19. 

25. 

31. 

38. 

42. 

44. 

1 . 

7. 

11 . 

1 . 

6 . 

2 . 

6. 

7. 

3. 


o. 8. ab. 


]0. 11 ,* 


13. 2{ac-\-bif){ad-\-bc). 


^(ibr 7 

(.r-iK.r2+r)' 

o. 20. I. 21. d^-\rb'^-\-c^. 22. o ; o , i ; a-hb-\-r ; 

n'-\-b'^-{-r‘^ + br-\-cu-\‘(cb. 23. [ . 24. -r - . • 

o. 20 o. 27. o. 28. r. 29. i. 30 i. 

4- 32. r. 33. -3. 34. o. 35. o. 36 .1’. 37. i. 

rt/'i. 39. :r. iO. if. 41 , , ^ 

(.1 t- + /^ )( I + 6) 

(-r> .i‘^-aA-1 


(I (I 

{b->rr){c-\-,'i){(i + h) ' 


(x-\-(t)( r -{ b,U 5 


45 . pq. 


2. I. 3. 


Ex. CXXVII. fpp. 324-325) 


8. 9. 

(i-\- b-\‘ c. 1 2. I . 


{<t + r- ) ’ 

13. /». 14. .'..r. 


2. o. 3. 


Ex. CXXVIII. (p. 327) 
, a^-}oa^- 0 ,jb'^-b^ 


4* I oa^b + — b^ ' 


4. n{?7 - I V 5. o. 


REVISION I\\PERS III. 


Paper I. 


2 . 1 "* -31 + 1 . 3 . 

(i) .1 =2, _v- -2, 
7.1'“ 5i>.r + 1 S 

0*4- r)(.r-2)ft'-6) ' 




5. (ii) .r=i^,7- - .?=! 


Paper II. 


.r-4-2r4"3. 2. o. 3. (a* 4-/)^ 4* 2.3'(.r + )/) 4- 4^-. 4. 


2 a- 2 ib-\-c 
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6 . (i)^.i=»'^r;. (ii) .i-=r,_y=;, 3-=! 

("ri» 4 -t*» 0 (w « - yp) 

7. (i) .1-' ' 


— T 

(■') - 


8. 5 miles. 


Paper III. 


-f 1 9 ,T + 1 4 


s-hi 


- " • 2 * 2 r2 — •» r 4- ^ 

(.v'^ + S-r - 6 )(.r 2 + 34 - - 10 )’ v- - 3 1 ' + 2 ‘ -f - 4 ' ‘ T 

5 . 6 . I. 7 . (t) ( 2 ) t = 3 , 4 /=- 4 , - 7 = 5 . 

Paper IV. 


1 . (i) 


■^■-3 


fii) 


4“ A“ 


x-h3y' ''' 

5. (i) r = 3 , r = 2. fii) r = 4';, r-= 3 m - = 3^ 

7. - 1 ‘^- 51 - 4 - 1 . 


2. (r/’ +^>1 4. + 


6 . 


8. 43^- 


Paper V. 

1. .rO + 4''‘^ + 3(.r2+.r’‘'^). 2. + + r^ ■ 

3 . r- 2 ,i;( 2 .r"- + 4 r+t)( 2 r^-.v-C,). 5. 

6. (d + r)(r + fi)(a + ^>). 7. (i) v . 

(li) = /r -Vr. 8. 3^4 

Paper VI. 

1. o. 2. . 1-2 + 71 + r. 3. (i) (•'») 4. 3 ! hours. 

5. (i) .r'-^ + S-v+S. (ii) 6- (i) .r = v=T. (ii) v = y^r. 

7. r?=--ir, -4- - 8 57* 

Paper VII 

1. (i) T. (ii) 2. o. 3. + 5 . 5^ = .t' + 5. 

ab « 2 // 


6- (i) --■ = /+«. 


(ii) .r= ■: . j/ = 

rt — a^o 


7/ 5.v2-7^iT + 5/’'- 


8 4 l> 4 , 3i miles per hour. 
Paper VIII. 

2 .r-r.r* — 24: + O .ri^r - i ) 


3. .r-r. 


4 . I. 5 . .r2 + 3.r + 2 ; (.r2-4.ir + 3)(,r2-4)(-‘«^ + 4)- 6. to. 
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MA'l'KICUI. VnON AJ.C’.KIJRA, 


7 . 

1 . 

5 . 

6 . 

1 . 

3 . 

5 . 

7 . 

1 . 

5 . 

7 . 

1 . 

5 . 

10 . 

1 . 

7 . 

26 . 

40 . 


(i) x — a{a — t^)^y = b{a’-h'). 

(ill) 8. 


^ll) -i - -- ^ -l, j/ = 


^ 1 — b,f{Zi 

(\(lo — Cyfli 


Rs.iyjG^ I si year ; /\\s.2ooo, 2nd year. 


Paper IX. 


.r-+.r-l-i. 2 . - (i - b — c, 3 . (i) ^ . (ii) i. 4 . ^(a-\-b)^. 

-,i — 7 


/ \ / * 

(') >'=,-+>■ 




li Ilicls. 


7 . s*"- ft 


8 . 127;. 


Paper X. 


r 2. „ f - I-, + , : .004987 5^'... 

( a /> -f * c - (Ha — -c-Vdvb -t d — aV b - ( — d a) 
(a-b (b -rj(r ~di(d-a) 

ibo. 6. (1) .r- „ , , r= - , .0. 11; r ■ 


+ b‘^ ’ rr + //- ' 

8 . 2.V. 2 \(f. ; 31 articles. 


a + b^ (i — b 


Paper XL 

3 L 4 - 4 /=i 3 . 2 . r=5,.r--6. 3 . .r-i. 4 .,;. 

1 

(1) .1=40, i' = 6o. (11; r-=2, Y =3- 6. 

34 ; - 7. 8. 26 7 miles. 


Paper XII. 

226. 2. (6, 8). 3 . (i) r49 in. (ii) 57 cms. 4 . 81 ft. 

AV.530. 6 . 162. 7. iiJ. 8 . 4l li»s. 9. (2-;, i). 

U) I i\ M., 28 miles fiom P. (w) 20 miles. (lii; 11-30 a. m. 


Bx. CXXX. rpp. 351 - 353 ). 

No. 2 \’es ; — <i^b -\-ab“ — b^. 3 . No. 4 . Yes; {d' — (v'b 

■irddi^-ab’^-^b^ 5 . Yes; yu'b^a^b- ^-alf 6. No. 

No. 8. No. 9 . No. 10 . Yes; 

^irb^^ab'^yd. 11 . No. 12 . No. 13 . Yes ; 

- a^b"^ — b^^. 14 No. 15 . No. 19 . m~2pn, where p is 

any positive integer. 25 . 

2.V- 4- 3.1 +4. 31 . \ +a-\-(i^ -^ra^ + a^ ■\-a^ + ci^. 

I -h rt + a* 4- + £*■* + 4- 4- 



ANSWER^U. 
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>• 

6 . 


l/i. 

8 . 

15. - 

21. i. 

.27. 3- 
3i. 5- 
39. 4-' 
45 6i 
51. - 
57. 8:; 
62.-«5 1 
67. 2. 


Ex. CXXXI. (p. 355). 

2. -2,"v 3.’ 11, ’ft. 4- 15- b. (a- + ab + l'-) {ct-¥b) 

I.' V o. 8. 2i- .9. >i+b. 10. 0. 11. :,' (« + !•) 

Ex. CXXXII. (pp. 360-363). 

3. 4. 4. 9- 5. 5t’,>. 6. i; 


12. 4!- 


2 . 

9 . 2 . 10 . 
16. I. 

22. 20. • 
28. .{. 

34. -J. 

40. 3!.- 
46. 2. 

58. -5? 
63. -8. 
68 . 1 . 


11 . 3 . 
17. 1.;. 

23- 8. 

29. - ^ 

35. i,\. 

41. 

47. 8. 

53. 19 

59. I , 
64 4 
69. 7. 


12 . 
18. t 
24. 14- 
30. 4. 

36. -li 
42. 4- 
48. o. 
54. i! 


13. 3. 
19. I. 

25. --107. 
31. 3^!* 

37. 4i. , 
43 5:. 

4d. 1. 

55. 

60. -5i- 
65. 6i. 

70. 4^ 


7. 6. 
14 6. 

20. -J? 
26. 7- 
32. o. 

38. 8. • 
44. 2.;. 

50. 2. 

56. V... 
61. -3. 

66 . 

71. 4 v'5' 


1 . 

5. 

10 

U. 

19. 

23. 

2d. 

30. 

33. 


(i{ac + 
ii^ 4" bi 

ft 

( ao 

— b 

ab 

(I b — c 
b" 4- ac 


Ex. CXXXIII. (pp. 366-363 ) 

„ ci^.- <1^ 4. 

Cii — be a •\-b hyiit — f ) 

hlh - "■b‘- - ^ 

af-\- ibc - 

12 - 13. 


8 . , 3 '/•+< -»)■ 

iv ■ Kib-\- b~ 


11. 3,1. 1.!, - 

+ ^ 16. 

2 a-\-b 

oh\a ^ b -- 7 . 1 ^ 

[^u-^b 'jt - - b 

. br + Cfd + ab' -a — b 
be \ ta-^ ab - I 
ab 


20. 


-S7 

lb 

21 . b. 


p'^ ~ ZpiJ - <f 

18 ^ 

a^b' 


22 . 


d^ 4- //“ 
a 4 b 
a-\-b 


27. 


(ibd -^r d) — L d\a ^ b) 
cd - ab 

bia^rc) 24 

£ a^ c ' a-\-b 

37 . a. 38 . 


28. 

31. 


25. - 

ah at 


a-^b' 

ab 

a’\- b 

35. 


it-^rb-c-dl 

2ab 
a- b' 


lab 


m-^n-zr 


41. -d. 


42. 


39. ; . 

j 

a->tb-\-(\d 

m-\-n 


29. 

32. 

36. ft 4- 3^ + 5^* 

« 

40. o or- 5(^4-*^ 
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MA'mK''Ji:,AT10N AUiKBKA. 


. Ex. CXXXIV. (pp. 369-370.) 
1. 9. a. 15- 3. I i. ?. 5. j'i, 

, 9. 4- 10. 11. 12. 


6. 2. 7 . 16 ,3. -3 


11 . 

+ 2 2 n- 1 K 


ab 

\-2yfb' 
b[ 2(( - h) 

’i^a-b) ' 

19. {\a. 20. 4- 


13. 

16. 


14.' 


15. cv-b. 


17. 


b- 2 ' 

{a-bf h[b-2a) 

2 b 3^ — 2 a 

21. 22. li. 23. 8. 24. 


5. 6. ±1^3. 


2'o. 26. {a. 27 . 2«. 28. U. 29. 16 . 30. li 

2[f/i 1 k) 

‘31. 5. 32. -3. 33. 34. 2 ^XV). 35. 

Ex. CXXXV. (p. 372.)^ 

1. 6. 2. 25. 3. 4- 4. 5. 

7 . I4. o. 4T- y* .MV AU. 

11- 13. 2 

14 ’i:4. 15. nV(a~iu-^). 

Ex. CXXXVI. (pp. 375-377.) 

''C 4 - 2r)‘ ^ - a /-- 

« ~ 1 / ’ 4 - - 4('' ‘ 

■« -i‘ 


1, 

. 2. 

1 - a 

81 

a 


3. 


5. 

+ + 



6. 

] 

8. 



9. 

<1 

a 

11. 

Sa 

4 ■ 

12. 

1 

25 ‘ 


13. 

15. 

- a. 

16. 

0. 


17. 

19. 

a-b 

2 ],haby 

20. 



21. 

24. 

1 

1 -rt * 

25. 



26. 


42«“ 

40^ 


a4-^’ 


14. 

18. 4. 


ab ‘‘ 

~4 "4 ■ 

I 

*5’ 


27 V 


26 

40. 


Ex. CXXXVII. (p. 378.) 

, 3. 2. 1. 3. 4. //w. 5. 4. 6. 4- 

I' I. * 8. 2y*y ; 2Tt' 3*5* ^ J 3* 4 » » 






